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ASYMPTOTIC IMPROVEMENT OF THE SAMPLE MEAN VECTOR FOR
SEQUENTIAL POINT ESTIMATION OF A MULTIVARIATE NORMAL
MEAN WITH A LINEX LOSS FUNCTION
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ABSTRACT. This paper considers sequential point estimations of the mean vector of
a multivariate normal distribution under a LINEX loss function. It is shown that a
sequential procedure with the sample mean as an estimate is asymptotically improved
by the procedure with another estimate.

1 Introduction This paper considers a sequential point estimation of the mean vector
of a multivariate normal distribution under a LINEX (Linear Exponential) loss function.
The LINEX loss function was first proposed by Varian (1975) when it is appropriate to use
asymmetric loss functions. Zellner (1986) showed that the sample mean vector is inadmis-
sible for estimating the normal mean vector with known covariance matrix. Furthermore,
he showed that the inadmissibility holds even though the covariance matrix is unknown.
The purpose of this paper is to show that the same phenomena occur in sequential settings,
that is, the sequential procedure with sample mean vector is asymptotically improved by
that with another estimate.

Let X1, X5, - be independent and identically distributed (i.i.d.) p-dimensional normal
random vectors with unknown mean vector ¢ and unknown covariance matrix X (N, (¢, 3)).
We consider two sequential point estimation problems of p under the LINEX loss function.
One is the minimum risk problem and the other is the bounded risk problem. For the
univariate case, see Chattopadhyay (1998) and Takada (2000) for these problems. Nagao
(2002) considered its extension to a linear regression problem. For another multivariate
sequential estimation problems, see Woodroofe (1977) and Nagao and Srivastava (2002).

Zellner (1986) showed that for fixed sample size n, the sample mean vector X, =
(Xn1,..., Xnp) is inadmissible under the LINEX loss function,

(1) L(6,p) =Y bi{exp (a;(8; — i) — ai(8i — ps) — 1}
=1

where § = (d1,...,0p)" is an estimate of u = (p1,...,pp) and a; #0, b; >0, i =1,...,p.
If ¥ is known, then the sample mean vector is dominated by

— A
2 577, - Xn S
(2) o
where A\ = (a1011, . .., apopp)’ and X = (0y;). The sample mean vector is also inadmissible
even though ¥ is unknown, and is dominated by
R _ A
3 511 = Xn Y]
(3) o
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where A, = (@1511,n, -, ApSppn)’ and Sy = (8ij,0) = =25 S (X — X)) (Xi — X))

The minimum risk problem is as follows. Consider the problem of estimating p with the
LINEX loss function for estimation error and cost ¢ > 0 for each observation. If ¥ were
known, we would estimate p by 4, given by (2) for sample size n. Then the risk would be

R, = Eg{L(6n,p)+cn}

T
= o + cn,

where 6 = (1, %) and 7 = Y. | a?b;0y;. Then the risk would be minimized at n. = /5

with R,, = 2cn.. Unfortunately, ¥ is unknown and hence the best fixed sample size

procedure with n = n. can not be used. However, motivated by the formula for n., we

propose the following stopping time

(4) T.=inf{n >m; n >, %},

where m > 2 is the initial sample size, 7, = > ., a?b;s;;, and {£,} is a sequence of
constants such that '
1
(5) én:1+—+o<—> as — 00.
n n
So we consider a sequential estimation procedure with the stopping time 7. that estimates
w by o7, in (3) where n is replaced by T.. Then the risk of the procedure is

(6) Ry, = Ey {L(STN#) + cTC} .

and the regret is Ry, — R,,,. We also consider another sequential estimation procedure with
the same stopping time 7, that estimates 1 by the sample mean vector X 7., and compare
two procedures.

The bounded risk problem is defined as follows. For a preassigned positive constant W,
we want to determine the sample size n and the estimator d,, such that for all 8

(7) EOL((STL’,M) < w.

If 3 were known, we would estimate p by ¢, given by (2) for a sample size n. Since

.
E9L(5na /L) = %7

(7) is satisfied if and only if n > nw = 5. Unfortunately, ¥ is unknown and hence the
best fixed sample size procedure with n = ny can not be used. However, the formula for

nw suggests us the following stopping time

. Tn

(8) Tw = inf{n >m; n > ¢, 2W}’
where 7, and /,, are the same as in (4). So we consider a sequential procedure which takes
Tw observations and estimate p by STW in (3) where n is replaced by Ty . We also consider
another sequential estimation procedure with the same stopping time Ty, that estimates p
by the sample mean vector Xy, , and compare two procedures.

Section 2 provides Woodroofe’s (1977) results needed in later sections. Section 3 treats
the minimum risk problem. The bounded risk problem is considered in Section 4.
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2 Preliminaries Let
1 k
W= —o X; — kX . k> 1.
S {z }
Then Wy, W, ... are i.id. N,(0,%) and (n — 1)8, = S W;W/. Hence

n—1

(n—17, = ZUk,

where ,
U= a;biWg,
i=1
and W, = (Wkl, .. Wkp) It is easy to see that the expectation of Uy is 7 and the variance
of Uy, is 202 Where o2 =37 Py L 05;a3bia3b;.

It is noted that the stopplng tlmes conbldered are of the form
9) N, =t,+1,

where .
to =inf{n >m —1; Z U; < an“L(n)}.
i=1

For the stopping time T} in (4), a = 2¢, @ = 3 and

2 —
(10) L(n):(n;rizl)=1+2(l £)+0<1> as n — 0o,
nlz n n

for the stopping time Ty in (8), a = 2W, a = 2 and

1 1-— 1
(11) L(n):n+ :1+—€+0<—> as n — o0.
n n

Let 3 = 1/(a — 1) and n, = 7%a=#. Then n, = n. for T, and n, = nwy for Tyy. It
is well known that ¢,/n, — 1 a.e. and that (t, — n,)/\/ne converges in distribution to
N(0,23%02772) as a — 0 (see Bhattacharya and Mallik, 1973). Hence we have the following
Proposition.

Proposition 1 Asa — 0, N,/ng, — 1 a.e. and

N: _ Na — Ng
V1a

converges in distribution to N(0,23%c%172).
Let F denote the distribution function of Uy. Then it is easy to see that
F(z) < BaP/?, for all z >0

for some B > 0. Then Lemma 2.3 and Theorem 2.3 of Woodroofe (1977) give the following
Propositions.
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Proposition 2 For 0 <e <1,
_(m=1)p
Py(N, < eng) =0 <na 28 ) as a — 0.

Proposition 3 If (m — 1)p/2 > 3, then N}? are uniformly integrable.
Propositions 1 to 3 give the following result. See Theorem 3.1 of Woodroofe (1977).
Proposition 4 If (m — 1)p/2 > 283, then
: (No —1a)? _ 9322 -2

ili% Ey { N, =2B%c“T™~.

Let
Ry = atSL(t Z Ui.

Then R, converges in distribution to a distrlbutlon H as a — 0. We denote the mean of H
by v. See Theorem 2.2 of Woodroofe (1977) for the explicit form of v. Let v = v for T, and

v = vy for Tyy. Theorem 2.4 of Woodroofe (1977) and (9) yield the following asymptotic
expansion of the expectation of N, in which Lo = 2(1 —¥) for T, and Lo =1 — ¢ for Ty .

Proposition 5 If (m —1)p/2 > 3, then
Eg(No) =ng + 1+ 877 v — BLy — aB%0?77% 4+ o(1) as a — 0.
Let N = N,. Since the event {N = n} is independent of X,

2
a; Sii,N

R 2
EQL((SN,'LL) = ZbEg{eXp( 2;\](51'1‘,]\]—0'“))4—127]\]’—1}

2(SuN — 04
= ZbEQ{exp( 2N(Sii,N_Uz‘i)>+%_l}

2 ()

Lemma 1 If (m —1)p/2 > 23, then
8 -2
EoL(0n,p) = Ey (2N) +o(ng~) as a — 0.

Proof. From (12) it is enough to show that as a — 0,

2 2(SuN — i _
(13) Ey {exp <_2CL_]1\[(SM,N — Uii)) + % - 1} = o(na2).

Let C = {N > eng} N {|Sii,n — 04| < d} for some 0 < € < 1 and 6 > 0. Let C’ be the
compliment of C'. Note that

PQ(C’) < Pg(N < ena) + Py < sup |S1'i,n — Uu‘| > 5) .
n>eng

From the fact that {(Sin — 04:)?} is a reversed submartingale for any ¢ > 1 and Proposition
2, it follows that

(m—-1)p
(14) Py(C"y=0 (na 2 ) as a — 0.
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Divide the left side of (13) into two parts such that

a; a?(Sii,n — 04i)
/C {exp <__2N(Sii7N - Gn‘)) + By 1} dPy
a; a7 (Sii.n — 0ii)
+ / {eXp (__2N(Sii7N - Uu‘)) + By 1} dPy

= I+1I1 (say)
Then
1 (a?(Si,N — 0ii) ?
I = — A 7 A P,
/02 ( ON exp(An)dPy
a? ng\3 2
= <8n3>L(F) N(SM,N—O'“‘) exp(AN)dPg,
where 25
a’
|An| < 2N|Sii,N — 04| < 2

on C. Note that N/n, — 1 a.e., Ay — 0 a.e. and \/N(SM,N —0;;) converges in distribution
to N(0,20%) by Anscombe’s theorem (Anscombe 1952) as a — 0. Then (n,/N)>N(S;;n —
0ii)? exp(An) converges in distribution to 2023 as a — 0, where x? denotes the chi-
squared random variable with one degree of freedom. It is easy to see that (nq/N)3>N (Si;,n—
0ii)? exp(An) is uniformly integrable on C. Hence it follows that

I=0(n;?) as a — 0,
which means that in order to prove (13), it is sufficient to show that

(15) IT =o(n;?) as a — 0.

By Holder inequality,

ato; ')
0<II < exp Py(C") + ii,N — 0ii|dPp
2m
CL2U .
< 196 py(cr) 4 S gV py oy e
< eXp<2m> 0(C") + 5 0(C")7,

where r > 1 and s > 1 with (1/r) 4+ (1/s) = 1, and K = E|S;; n — 0i|", which is finite for
any r > 1. Hence it follows from (14) that

_p(m-1)
II:O<na 203 > as a — 0.

The condition of the lemma implies that there exists s > 1 such that p(m — 1)/(20s) > 2,
from which (15) follows. o
Next we consider the risk of the procedure with Xy as an estimate of p.

Lemma 2 If (m — 1)p/2 > 203, then

o p 4b0’
EgL(XN,u):(“Tl) 72+E9(2N)+0( %) as a — 0.
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Proof. It follows that

p 2
~ a; 044
EoL(X N, 1) > biEy {exp( et ) - 1}

Hence it is sufficient to show that as a — 0,

2, 20 4,2
(16) Ey {exp (2;") —1- a;;f“} = %n(f +o(n;?).

The left hand of (16) is equal to

B3 (42 expan) | = 2%, { (22) eprary)
V2 \ o ) PN (T g POy ) FREN

where |A| < (a20::)/(2N) < (a?04;)/(2m). So (16) follows if it is shown that

(17) Ey {(%)Qexp(A;v)} —140(1) asa—0.

For any 0 < € < 1, rewrite the left side of (17) as

Jrea, () evtmmns [ (57) easionn,

The first part is bounded by

2 25..
(@) exp <%) Py(N < eng) = 0(1) asa— 0

m

by Proposition 2 and the condition of the lemma. Since (n,/N)? exp(A’y) converges to 1
a.e. as ¢ — 0 and is uniformly integrable on {N > en,},

2
/ (%) exp(Aly)dPy =1+ o(1) as a — 0.
N>en,

Hence (17) is proved.

3 Minimum risk problem Now we consider the minimum risk problem. Noting that
a=2c,n,="n.,a=3 F=1/2 and Ly = 2(1—¥), Proposition 5 gives the following result.

Theorem 1 If m > 1+p~!, then
Eo(T.) = ne + £+ (27) vy — 36%(27) 72 + 0(1) as ¢ — 0.

First we consider the sequential estimation procedure with STC as an estimate of u. It
follows from (6) and Lemma 1 that if m > 1+ 2p~!, then

.
— Lin = K Tc_2 c
Rr, — Rn, 9{2Tc+c cn}+o(c)
Tc_ 02
= cEg{%}—i—o(c) as ¢ — 0.

Hence Proposition 4 yields the following.
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Theorem 2 If m > 1+2p~ 1, then

B 2
w:;?—f—o(l) as ¢ — 0.

Next we consider the sequential estimation procedure with X7 as an estimate of p, the
risk of which is denoted by Rl_pc. Then it follows from Lemma 2 that if m > 14 2p~1, then

Rp, — Ra, = Ezz;%ﬁ@£é+l%{2;;+d}—2mk}+o@)
€ 2ai=1%0i%0 Zf:ij?bm% +cEy {7(:& ;CHC)Q } +o(c) asc—0.
Hence we get the following result.
Theorem 3 If m > 1+2p~!, then
Br, ; B, = f:14cfbm¢2i + ;—:2 +o(1) as ¢ — 0.

Comparing Theorems 2 and 3, it turns out that the sequential estimation procedure
with the sample mean as an estimate is asymptotically inadmissible

4 Bounded risk problem In this section we consider the bounded risk problem, for
which it is noted that a = 2W, n, = nw, a = 2, 8 =1, and Lo = 1 — ¢. Then by
Proposition 5 we get the following result.

Theorem 4 If m > 1+2p~!, then
Eo(Tw) = nw + 0+ 7 vy — 202772 + 0(1) as W — 0.

First we consider the sequential estimation procedure with 5Tw as an estimate of u. It
follows from Lemma 1 that if m > 1+ 4p~!, then as W — 0,

R 2w2 2
EgL (61, p) = Ey (—nw> +o(W?)
T TW
22 { [(TW - le)Q
= Ee _—_—
T TW

}+m@w—ﬂw}+w+dwﬂ

Proposition 4 and Theorem 4 give the following result.

Theorem 5 If m > 1+ 4p~*, then

EeL(gTwa:u) =W+

2W?2 (402
{L—?—é}—i—o(wz) as W — 0.

It is easy to see that o2 < 72. Note that v, > 0. Then the following corollary is obtained.
Corollary 1 Ifm > 1+4p~! and { > 4, then

EoL(b7y, 1) < W 4 o(W?) as W — 0.



78

the

Y. TAKADA and H. NAGAO

This corollary shows that the sequential estimation procedure asymptotically satisfies
requirement (7). o
Next we consider the sequential estimation procedure with X1, as an estimate of p. It

follows from Lemma 2 that if m > 1 + 4p~!, then

_ W2YP atbiok  2W2 (0}
EpL(X - i=1 401 Ep (2 w2
0 ( Twau) 27-2 + T G(TW)+O( )
2w2 Z-), 4[)1 2 T — 2
_ i=1 %904 T Ey M + Eyp (nw — Tw)
T 4T TW

+W 4 o(W?) as W — 0.

Hence we have the following result.

Theorem 6 If m > 1+4p~1, then as W — 0,

EQL(YTW , p,) =W+

At T2

2 p 47 2 2
2W i=1 a; brL Oii 4o 120
T

+——7—€}+0(W2)

Comparing Theorems 5 and 6, it turns out that the sequential estimation procedure

with the sample mean needs more observations to achieve (7) asymptotically.
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