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ABSTRACT. Let X be a nowhere-zero C™ complex vector field defined near the origin in R2.
We may suppose that X has the form of % + 2'7“(15,:(:)8—6I7 where 7(t,x) is a real-valued C'*°
function. Up to now the investigations on local integrability for vector fields X satisfying
r(0,z) = 0 have been focused. This paper treats the vector field X of the form of

o 4 o
5 +z(t +a(w))a,

where d is a positive integer and a(x) a real-valued C°° function satisfying a(0) = 0. Under
certain assumptions on a(z), the following properties are shown:

Property A. Every Cl solution u of the equation Xu = 0 in a neighborhood of the origin
which satisfies that w(0,z) is constant is identically constant.

Property B. Every C? solution u of the equation Xu = 0 in a neighborhood of the origin
which satisfies u(t, z) — u(—t, ) = o(t2)(t — 0) is identically constant.

1. INTRODUCTION

Let X be a nowhere-zero C> complex vector field defined near the origin in R2. It is said
that X is locally integrable at the origin if there exist a neighborhood w of the origin and
function u satisfying X« = 0 in w such that du # 0. We may suppose that X has the form
of 2 +i(t?+a(x))Z, where r(t,z) is a real-valued C* function. X is locally integrable at
the origin if r(¢,z) = 0 in a neighborhood of the origin. There are several studies on local
integrability for non-solvable vector fields X ([3],[4],[5],[7].[8],[9],[10], - - -).

On the other-hand, Nirenberg [6](see also [2]) gave an example of X of the form of

% +it(1+ tp(ﬁ,x))%
such that the Xu = 0 admits only constant solutions in any neighborhood of the ori-
gin, where p(t,z) is a real-valued C*° function satisfying some conditions. (Incidentally,
L.Hoélmander[1] gave an example of X (satisfying 7(0,2) = 0 ) such that the Xu = 0 ad-
mits a C*° solution in a neighborhood wy of the origin which vanishes for ¢ £ 0 with the
suppu = {(¢,x);t = 0} Nwy.)
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Up to now the investigations on local integrability for vector fields X satisfying 7(0,x) = 0
have been focused. In this paper we present an operator X of the form of

o, 0
a—i—z(t +a(x))%

which has the following properties:

Property A. Every C! solution u of the equation Xu = 0 in a neighborhood of the origin
which satisfies that u(0, z) is constant is identically constant.

Property B. Every C? solution u of the equation Xu = 0 in a neighborhood of the origin
which satisfies u(t,x) — u(—t,x) = o(t?)(t — 0) is identically constant.

2. THEOREMS

Let ¢, and d,, be real constants satisfying

0<dns1 <cn<dn<ln=1,2,---), lim d, =0,

n—oo

or
—l<ep<dp<epy1 <0(n=1,2,--+), lim ¢, =0.

n—oo

We assume:
(a.1) a(z) € C=((-1,1)).
(a.2) a(z) =0in [cp,dp](n=1,2,---) and a(z) > 0 in (—1,1) \ UL, [cn, dn].
(a.3) d is a positive integer.

Then we obtain the following:

Theorem A. Let X be % + i(td + a(x))a%. Then every C solution u of the equation
Xu =0 in a neighborhood of the origin which satisfies that u(0, x) is constant is identically
constant.

Theorem B. Let X be % + i(td + a(x))a%. Then every C? solution u of the equation
Xu = 0 in a neighborhood of the origin which satisfies u(t,z) — u(—t,x) = o(t?)(t — 0) is
identically constant.

Remark 1. Whatever a positive integer d, the vector field X = % +itd% has the property
such as stated in Theorem A but does not have the one such as stated in Theorem B:
td+1

u = gy + iz is a non-constant solution of Xu = 0 which satisfies u(t,z) — u(—t,2) =

o(t?)(t — 0).

Remark 2. Whatever an even number d, we know that the equation Xu = % + i(td +
a(x))% = 0 has a smooth solution u in a neighborhood of the origin such that u, #
0. So, there exists a non-constant solution u annihilated by X which does not satisfy
u(t,x) —u(—t,z) = o(t?)(t — 0).
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3. Proor
Proof of Theorem A. Suppose the contrary. Then we may suppose that Xu = 0 has a
C! solution u in a neighborhood of the origin w such that % # 0. Noting that the

operator X = % + it + a(x))a% is elliptic in {(t,z);t? + a(z) # 0}, we find that u €
C>®(wN{(t,z);t + a(x) # 0}).

Differentiating the Xu = 0 with respect to x and setting v = u,, we obtain

O it b a@) 9 i (@ =0 in WO {(ta)i + a(e) £ 0}

Taking a sufficiently large integer n such that [c,,d,] C w N {(¢,z) : t = 0}, we have

(% + itd%)v —0

in wn (—00,00) X [cn,dn] N {(t,x);t # 0}.

Since v(0, z) = uz(0,2) = 0 in [cp, dy], at first, we find that v must vanish identically in
w N (—00,00) X [en, dn].

On the other hand, we may suppose that there exists a point Py € wN{(t,z);t? +a(z) #
0} such that v (Pg) # 0. We take a simply connected domain D C w with a smooth
rectifiable boundary such that D does not intersect with {(¢,z);t? + a(x) # 0}, Py € D,
and D N (—o0,00) X (¢, dp) # 0.

Since X is elliptic in D, we find that there exists a smooth function Z such that d Z # 0
satisfying XZ = 0in D. Then X = XZ %. We also find that there exists a smooth solution
w satisfying g—% = % in D. Thus we see that 8(1};7:;10) =0 holds in D. Therefore, from
v =01in w N (—00,00) X [¢pn,dy], we can conclude that v vanishes identically in D, which
contradicts v(Pg) # 0.

Proof of Theorem B. Suppose the contrary. Then we may suppose that the Xu = 0 has
a O? solution u in a neighborhood of the origin w such that % # 0. Differentiating the
Xwu = 0 with respect to x and setting v = u,, we have

ov 4 v ., B .
(1) 54_@(75 +a(x))%+za (x)v=0 in w.

By taking the odd part of equation Xu = 0 with respect to t,

8 -.d 8 o __ - e
(2) (E +it %)u = —ia(z)us,

where u® denotes the odd part of u with respect to ¢ and u® the even one. Taking a
sufficiently large integer N such that [c,,,d,] CwN{(t, ) : t = 0} for every n > N, we see
the following

Lemma 1.
us(0,2) Z0 in  [cn,dy)

for every n > N.

Proof. Suppose that exists a positive integer m > N such that

ui(0,2) =0 in  [cm,dm].
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From (1), we have

0 4 0
Sy —) —0
(at i 9z
in wnN (—00,00) X [¢m, dm].

Since v(0,x) = ug(0,2) = u&(0,2) = 0 in [¢m, dy], we find that v must vanish identically
in wN (—00,00) X [¢m,dm] and hence we can conclude that v vanishes identically in w, by
making use of the same method such as used in Theorem A. This yields a contradiction.

From now on we take n such that n > N and fix it. By Lemma 1, there exist real
constants a,, b} (al, < 0 < b)), ¢, d)(cn, < ¢, < d, £ d,) such that Rus(t,z) # 0 or
Sul (t,z) # 0 holds in [a],, b]] x [c},,d],]. We arbitrarily take positive constants £1, e such

that e < g2 < b],. We have the following

- z// a(z)uf dtde =
[51752]X[C;z:d;1]
€2
/ it (w0, dl) — (1, ) ) it

€1

/cd/n (u"(eg, x) — u"(el,x)) dzx.

3
n

Lemma 2.

Proof. Setting v(x,y) = — igfll and making use of (2), we have

—1 // a(x)uf dtde =
[e1,82]x[cr,,d7 ]
—1 // a(x)ufv, dide =
[51152]X[C;17d;z]
// (uf + itu® Bigr)v, dtde =
[81182]X[C{n7d"n]
// (ufvr - ugvt) dtdr =
[51152]X[C,n’d'ln.]
// d(uo(t,x)dv(t,x)) =
[e1,82]x[cr,,d7 ]

74 ul(t, z)dv(t,x) =
8[51752] X [C;wd;z]

j{ u®(t, z)ve(t, x)dt + u®(t, z)v, (¢, z)dx =
8[61752] X[C’n d! ]

d’

/62 —it? (uo(t, d,) —u°(t, c;)) dt + / ! (uo(eg, x) — uo(al,x)) dz.

/
€1 Ch

By this Lemma 3 we obtain the following

Lemma 4. There exist positive constants Cy,Ca, Cs and Cy which are independent of 1
and €9 such that

’ €9 — €1

n

dy, g3 _ od+3
Cl/ a(x) de < CQQ + C3(E1 + 62) + 048%.
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‘// (z)ug dtdx} =
[61762]>< C d/

’ Jiercaixier a(x)%u;dtdx’ + ’ Hier carxier i a(x)%u;dtdx’
\/5 .
Now Rut (t,2) # 0 or Su(¢,x) # 0 in [a),,b),] X [¢,,d,]. Hence, when Rut # 0, we see

n’ n

‘// (z)Rug dtdx // |3‘Eu |dtdx
[61762]>< C d/ 81752 X[C/ d/]
‘// (z)dtdx =

81752 X[C, d,

%uw| (€2 —81)/ a(z)dz,

n

Proof. We see

min
laz,,b2,]x[ct, ,d!]

Hlln
[at, b, X [¢), ]

nn

and when Su$ # 0, in the similar way we have

‘// a(x)%uidtdx‘ =
[81182]X[C{n7d"n]

dy,
Sug — dx.
" b/r]nxlﬁ " |Sug|(e2 81)/0/ a(x)dz

n

Therefore we find that there exists a positive constant C; which is independent of 9 and

€1 such that
d,
‘// a(x)ul dtdx‘ = Ci(eq — 51)/ a(x)dz.
[51152]X[C'Inad,n] C,n
‘(ta) o

Now, by the assumption that u € C? and u® = o(t?), we see that the function “ e
C%(w). Hence we find that there exist positive constants C;(i = 2, 3,4) which are indepen-
dent of 5 and 1 such that

‘/ —ztd °(t,d.) — O(t,c;)) dt‘ < 02/ (d+ 3)tH2 dt = Co(ed™ — £§13)

€1

and

‘ / °(eg,x u"(fsl,x)) d:c‘ < Cs(e3 — €1) + Cyei(ea — €1).

Lemma 4 is thus obtained, by applying Lemma 3.
Finally, letting €2 — 0 in Lemma 4, we get the the contradiction that

dy,
0 </ a(xz)dx = 0.

n
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