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ABSTRACT. The fuzzification of pseudo-BCT ideals is considered, and some of their
properties are investigated. Characterizations of pseudo-BC1I ideals are provided. Also
the homomorphic image and preimage of pseudo-BC/T ideals are discussed.

1. INTRODUCTION

Georgescu and Iorgulescu [1] introduced the notion of a pseudo-BCK algebra as an
extended notion of BCK-algebras. In [4], Jun, one of the present authors, gave a charac-
terization of pseudo-BCK algebra, and provided conditions for a pseudo-BCK algebra to
be A-semi-lattice ordered (resp. N-semi-lattice ordered). Jun et al. [7] introduced the notion
of (positive implicative) pseudo-ideals in a pseudo-BCK algebra, and then they investigated
some of their properties. In [2], Dudek and Jun introduced the notion of pseudo-BCT al-
gebras as an extension of BCT-algebras, and investigated some properties. Jun et al. [5]
introduced the concepts of pseudo-atoms, pseudo-BC1T ideals and pseudo-BCT homomor-
phisms in pseudo-BCT algebras. They displaied characterizations of a pseudo-BC1T ideal,
and provided conditions for a subset to be a pseudo-BC1T ideal. They also introduced the
notion of a ¢-medial pseudo-BC'I algebra, and gave its characterization. In this paper, we
consider the fuzzification of pseudo-BCT ideals, and investigate some of their properties.
We give characterizations of pseudo-BCT ideals. We also discuss the homomorphic image
and preimage of pseudo-BC ideals.

2. PRELIMINARIES

Definition 2.1. [2] A pseudo-BCI algebra is a structure X = (X, =<, %, ¢, 0), where “<” is
a binary relation on a set X, “«” and “¢” are binary operations on X and “0” is an element
of X, verifying the axioms: for all z,y,z € X,

(al) (xxy)o(z*2) Zzxy, (Toy)x(xo2) X zov,

(a2) zx (zoy) 2y, zo(z*ry) 2y,

(a3) z 2z,

(ad) z =2y, y Rz =z =y,

(ab) r=y<=zxy=0<=zoy=0.

Note that every pseudo-BCI algebra satisfying x xy = z oy for all z,y € X is a BCI-
algebra. Every pseudo-BC K algebra is a pseudo-BC'I algebra.

Proposition 2.2. [2] In a pseudo-BC1I algebra X the following holds:
(pl) 20 = z=0.

(pP2) 2 Xy = zxy<z*x, 20y I 20T.

(P3) vy, y=2 =z =22
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(p4) (xxy)oz=(xo2)*y.

(pD) xxy <z & xoz =y.

(p6) (z*xy)x(zxy) Jx*xz, (xoy)o(zoy) I x02.
PN 2=y => x*x23y*xz, 0z 3Yoz.

(p8) zx0=z=2x00.

(P9) zx (zo(zxy)) =x*y andxo (x* (zoy)) =z oy.

3. Fuzzy PSEuDO-BCI IDEALS

In what follows let X denote a pseudo-BC algebra unless otherwise specified. For any

nonempty subset J of X and any element y of X, we denote
x(y,J)i={reX|xxyecJ} and o(y,J)={r e X |zoyc J}

Note that *(y, J)No(y,J) ={r € X |zxy e J xoyec J}.
Definition 3.1. [5] A nonempty subset J of X is called a pseudo-BCI ideal of X if it
satisfies
(I1) 0 € J,
(12) Yy € J, *(y,J) C J and < (y,J) C J.

Note that if X is a pseudo-BC/T algebra satisfying x xy = x oy for all x,y € X, then the
notion of a pseudo-BCT ideal and a BCI-ideal coincide.

Definition 3.2. A fuzzy set u : X — [0,1] is called a fuzzy pseudo-BC1I ideal of X if for
every t € Im(u), U(u;t) is a pseudo-BCT ideal of X.

Theorem 3.3. A fuzzy set u: X — [0,1] is a fuzzy pseudo-BCI ideal of X if and only if it
satisfies:

(i) u(0) = p(x), Vo € X.

(i) p(z) = min{u(z «y), p(y)}, Vo, y € X.

(i) p(a) > min{u(aob), u(d)}, Va,b € X.
Proof. Assume that p is a fuzzy pseudo-BCI ideal of X and suppose that there exists
zo € X such that p(0) < p(wo). Taking to := 1(u(0) + p(zo)), we get 1(0) < to < p(xo).
Hence 0 ¢ U(;to), which is a contradiction. Therefore (0) > u(z) for all © € X. Assume
that (ii) is false. Then

p(wr) <min{p(zy+yu), p(y)}
for some x1,y; € X. Putting
1 .
t1 = 5 (p(es) + min{pu(zy *y1), u(ys)}),
we have p(z1) < t1 < min{u(zy * y1), p(y1)}. It follows that xy *y1 € U(p;t1) and y1 €
U(u;ty), but x1 ¢ U(p;tr). This is a contradiction. Hence (ii) is true.
Simliarly we have (iii). O

Corollary 3.4. Let p be a fuzzy pseudo-BCI ideal of X. If x <y in X, then u(x) > u(y).
Proof. The proof is straightforward. O
We give conditions for a fuzzy set in X to be a fuzzy pseudo-BC1T ideal of X.

Theorem 3.5. Let p be a fuzzy set in X such that
(i) 1(0) > u(x), Vo € X.

(ii) p(zoy) = min{u(((zxy) oy) x 2), u(2)}, Vo,y,2 € X.
(iil) p(a *b) > min{u(((aob) *xb) o), u(c)}, Ya,b,c € X.
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Then p is a fuzzy pseudo-BC1T ideal of X.
Proof. Taking y = 0 in (ii) and using (p8), we know that

() = min{p(a « 2), ju(2)}
for all z,z € X. If we take b = 0 in (iii) and use the condition (p8), then
u(a) = min{u(a o c), ju(c)}
for all a,c € X. Hence, by Theorem 3.3, we have that u is a fuzzy pseudo-ideal of X. O

Proposition 3.6. If u: X — [0,1] is a fuzzy pseudo-BCI ideal of X, then

(i) Vo,y,2 € X, zxy 22 = p(z) > min{u(z), u(y)}-
(i) Va,b,c€ X, cob=<a = p(c) > min{u(a), u(b)}.

Proof. (i) Let z,y,z € X be such that z *y < 2. Then u(z *y) > p(z) by Corollary 3.4,
and so
p(z) = min{pu(z +y), u(y)} = min{pu(z), u(y)}

by Theorem 3.3(i). Now let a,b, ¢ € X be such that ¢o b < a. Using Corollary 3.4, we get
u(cob) > p(a). It follows from Theorem 3.3(ii) that

() = min{pu(cob), u(b)} = min{u(a), p(b)}-
This completes the proof. O

The following is obvious from Theorem 3.3.

Theorem 3.7. Let p1: X — [0,1] be a fuzzy set satisfying the following properties
(i) p(0) > p(z), Vo € X.
(ii) Vo,y,z € X, xxy <z = p(x) > min{u(y), u(2)}.

(iii) Va,b,c€ X, aob=<c = p(a) > min{u(b), u(c)}.

Then p is a fuzzy pseudo-BCI ideal of X.

Theorem 3.8. If i is a fuzzy pseudo-BCI ideal of X, then the set
Ii={z e X | p(x)=p0)}

is a pseudo-BCT ideal of X.

Proof. Obviously, 0 € I. For any y € I, let « € #(y,I) and a € o(y,I). Then z xy € I and
aoy € I, which imply that u(z xy) = u(0) = p(a o y). It follows from Theorem 3.3 that

() = min{pu(z *y), n(0)} = p(0) and p(a) = min{pu(a *y), u(0)} = p(0)
so from Theorem 3.3(i) that pu(z) = u(0) = p(a). Hence x,a € I, which shows that x(y, I) C
I and o(y, I) C I. This completes the proof. O
Definition 3.9. A fuzzy set p: X — [0, 1] is called a fuzzy pseudo-BC1I subalgebra of X if
it satisfies

() p(z *y) = min{p(z), u(y)} for all 2,y € X.
(ii) p(aob) > min{u(a), u(d)} for all a,b € X.

It follows from the transfer principle ([6]) that

Theorem 3.10. A fuzzy set p: X — [0,1] is a fuzzy pseudo-BCI subalgebra of X if and
only if the nonempty level set U(u;t) is a pseudo-BCI subalgebra of X where t € Im(p).
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Theorem 3.11. For a fuzzy set p in X, let ¥ be a fuzzy set in X defined by
p’(z) :=sup{t € [0,1] | z € (U(u;t))}, Vo € X.

Then " is the least fuzzy pseudo-BCI ideal of X that contains p, where (U(p;t)) means
the least pseudo-BC1I ideal of X containing U (u;t).

Proof. At first we shall show
UpYst) = (Ut —e)).

e>0
Let x € U(pY;t). Since pY(z) > t, for every e > 0 there exists t* such that

xeU(uY;t*) and t* >t —e.
We have U(u";t*) C U(u;t —€) by t* >t — €. It follows that for every € > 0
v €Ut —e) C(U(ust —e))

xeﬂ (15t —€))

e>0
Conversely, for every x € X, we have

and hence that

xeﬂ (st —€)) = x € (U(u;t —€)) for every e > 0
e>0
= t—ce{te|0,1] |z e (U(u;t))} for every € >0

= t—e<sup{t€[0,1] |z € (U(u;t))} = pn”(z) for every ¢ > 0
=t < p(x)
=z e U(p';t)

Hence we have U(uY;t) = (20U (st —€)).

It is obvious that
= (Ut —e).
e>0
Since (U(u;t — €)) is a pseudo-BCI ideal and contains U(u;t), we can conclude that
U(pY;t) = Neso(U(p;t — €)) is the least pseudo-BCT ideal containing U(u;t). It follows

from transfer principle ([6]) that u" is the least fuzzy pseudo-BCT ideal of X containing
. O

Definition 3.12. [5] Let X and 2 be pseudo-BCT algebras. A mapping f : X — 9 is
called a pseudo-BCI homomorphism if f(z * y) = f(x) * f(y) and f(z oy) = f(z) o f(y) for all
z,y € X.

Note that if f : X — ) is a pseudo-BCI homomorphism, then f(0x) = Oy where 0x and
Oy are zero elements of X and 2), respectively.

Let f be a mapping from X to ). If u is a fuzzy set in X, then the fuzzy set f(u) in 9

defined by f(u)(y) = sup u(z) for all y € ), if {~1(y) = 0 then we put f(u)(y) = 0, is
z€f~1(y)

called the image of p under f. Similarly, if v is a fuzzy set in 9), then the fuzzy set y = vo f

in X, i.e., the fuzzy set defined by u(z) = v(f(z)) for all x € X is called the preimage of v

under f.

Theorem 3.13. Any pseudo-BCI homomorphic preimage of a fuzzy pseudo-BCI ideal is
also a fuzzy pseudo-BC1T ideal.
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Proof. Let § : X — ) be a pseudo-BCI homomorphism of pseudo-BCI algebras. Let v
be a fuzzy pseudo-BCT ideal of 9 and let u be the preimage of v under f. Then v(0g) >
v(f(x)) = p(x) for all € X. But v(0g) = v(f(0x)) = p(0%), and so p(0x) > pu(x) for all
x € X. Now we have

Y

v(f(z)) Ve e X
min{v(f(z * y) * v(f(y)} Vo,y €Y
= min{u(z*y),u(y)} vo,y € X,

()

Y

and similarly
u(a) > min{p(aob),ud)} Va,b € X.
Hence, by Theorem 3.3, p is a fuzzy pseudo-BC1 ideal of X. O

Lemma 3.14. [3] Let § be a mapping from a set X to a set' Y and let p be a fuzzy set in

X. Then U(f(p),t) = 0<ﬂ<t f(U(u;t — s)) for all t € (0,1].

Lemma 3.15. [5] Let f : X — 2 be an onto pseudo-BCI homomorphism of pseudo-BCT
algebras. If I is a pseudo-BCT ideal of X, then f(I) is a pseudo-BCI ideal of ).

By Lemma 3.14, Lemma 3.15, it is easy to show that

Theorem 3.16. An onto pseudo-BCI homomorphic image of a fuzzy pseudo-BC1I ideal is
a fuzzy pseudo-BCT ideal.
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