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KADEC-KLEE PROPERTY IN MUSIELAK-ORLICZ FUNCTION
SPACES EQUIPPED WITH THE LUXEMBURG NORM
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ABSTRACT. In this paper, a criterion for Musielak-Orlicz function spaces equipped with
Luxemburg to have Kadec-Klee property are given.

$ 1. Introduction

In the following, (7,3, u) denotes a non-atomic o-finite separable measure space, R
denotes the set of reals, L%(p) denotes the space of all (u-equivalence classes of ) > -
measurable real functions defined on T'. Let X be a Banach space and X~ be its dual space.
The unit sphere of X is denoted by S(X).

Satisfactory criteria of some geometric properties of Musielak-Orlicz space have been
obtained in many papers ( see [1], [3], [7] and [8] ). But, more important property, namely
Kadec-Klee property was not characterized. In this paper, we will try to characterize this
property.

{xn} C S(X) and some x € S(X) with rli_l;n |xn + x| = 2 there holds rli_1>n‘ |xn — ]| =0.

Definition 2. A Banach space X 1is said to have the Kadec-Klee property if for any
sequence {x,} C S(X) with x, Bre S(X) we have x,, = x.

It is clear that a Banach space that is locally uniformly convex has the Kadec-Klee
property .

Definition 3. A map ® : T x R — [0,00) 1s said to be a Musielak-Orlicz function if it
satisfies the following conditions:

(1) ®(t,u) is vanishing only at zero, convex and even for p-a.e. t €T ;

(2) ®(-,u) is locally integrable for any u € R ;

Let us first remark that if ® is a Musielak-Orlicz function then ® is of the form

||

O(t,u) = /p(t,s)cls,
0
where p(f,u) is the right-hand derivatives of ®(¢,u) for a fixed t € T" .
For any Musielak-Orlicz function ®, we define its complementary function ¥ in the sense
of Young, i.c.,
U(t,v) = sup{|v|u — ®(t,u) : u > 0}.

Given a Musielak-Orlicz function ® we define on L°(1) a modular I by the formula
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Ip(z) = /q)(tq:v(t))d,u.
T
The Musielak-Orlicz function space generated by a Musielak-Orlicz function & is defined
to be the set of all # € L%(u) for which Iy (Ax) < oo for some A > 0 depending on « and it
is denoted by Lg(p) . This space endowed with the Luxemburg norm

T

ol = int {k>0: Lo (;) <1}

or with the equivalence norm, called the Orlicz norm

||7||g, = sup /;r(t)y(t)dy Ty(y) <1
T

The Amemiya formula for the Orlicz norm is the following:

. 1
llz|ls = inf {E (14 Ip(kx)): k> o}

(see [1] and [2] ).
We define the subspace Eg () of L () by the following formula:

Eo(p) = {z € L°(p) : Is(Ax) < oo for any A >0} .

A% Ea = {Ba(o), -1 Ly = {15}

To simplify notions, we put Lo = {La (),
and E} = {Ep(u), ||||?D}

Definition 4. We say that a Musielak-Orlicz function ® satisfies the As-condition
(B € Ay for short) if there exist a constant K > 2, a set Ty of measure zero and a -
measurable function h:T — (0,00) such that [ h(t)dp < oo and the inequality

T

D(t,2u) < KO(t,u) + h(t)
holds for any u € R and t € T\Ty ([2] and [1] ).

Definition 5. A Musielak-Orlicz function ® is called to be strictly convex if ®(t,u) is
strictly convex for a.e. t €T | 1.e.,

u+v 1
i) (t, 5 ) < 3 (®(t,u) + ®(t,v))

for allu,v € R andu #v .

For more details on Musielak-Orlicz space, we refer to [1] , [3] , [4] and [2] .

$2. RESULTS

We start with some auxiliary lemmas.
Lemma 1. EY is separable (see [1] ).
Lemma 2. Eg = Lg if and only if ® € Ay ( see [1] ).

Lemma 3. The modular convergence and the morm convergence are equivalent in Lg if
and only if ® € Ay ( see [1] ).

Lemma 4. Ly = (E})* (see [1] ).
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Lemma 5. Lg is a locally uniformly convex if and only if & € Ay and $(t,-) is strictly
convezx for a.e. t €T (see [8] ).

Lemma 6. Let H be a measurable subset of T . If f(t) > 0 and g(t) > 0 are integrable
on H | then for any e > 0 there exist Hy, Hy C H with pH, = nH, = %/JH and HHNHy, = ¢

such that
/f(t d,Lt+/J(t du — /f * l(t) < %

Hy
Proof. Put
-1 n
W _Jiemg:. = < flt) < el
= {rem: “he< s < tnel
. , — 1 . n
@ _Jiemg. < gt) < =
e\ { € /JHe_g()</1H€
and /
€nk = 651,1) n e(kQ)
for n,k =1,2

! N —
D1\1de €n k 111t0 two subsets eﬂ . and e/l . such that enk = F’n L Uel s Enp Ny =0
and pe;, . = pel 5 - Set

oo o0
7 1
H, = U Cnk s H; = U Cnk -
n,k=1 n,k=1

Then HHUH, =H, HHNHy;, =¢ and uH, = pHy = %,LLH . Hence

[ s [0 3] f o [ o
1 H 1 H,

S%i /f du—/f(t)du

77,,]\-, ‘n,k

So, we have

/)‘ d,u—l—/ (t)dp — /f +‘](t) dup <§.

Theorem. A Muszelak-()rlzcz functwn space Ly has the Kadec-Klee property if and only
if ® € Ay and O s strictly convex .

Proof. Necessity. Suppose that ® ¢ A, . By Lemma2 , there is a zp € S(L§)\Fo .
Hence there exists Ay > 0 such that I (Azg) = oo when A > Aq .
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Put T,, = {t € T : |xo(t)] < n} . Then Is(Axoxr/7,) = 00 when XA > Ag . This means
that
> €0

lzoxrr,

for any n € N , where ¢y = . For convenience, we put

1
T
m={teT:n<|x(t)] <m}.

Take ng = 0. There exists n; € N such that

€0
ToXxppr || = 5
Notice that
lim ToXTm || = '770,XT\T77 ‘Z €0-
m-—0o 1 !
So, there exists ny > n; such that
€0
ToXT)2 > o5

In such a way, we get a sequence {n;} of natural numbers such that

ToXpritt || 2= 5777 =1,2,---

Put x; = T“AT\T i+1 . Then
(1) lif| = o]

(2) x; X 29 as i — oo . It is well known that for any Musielak-Orlicz function ®, we
have

| as i — oo .

where S is the space of all singular functionas over Eg , i.e.p € S if and only if {p,z) =0
for any x € Eq (see [10]).

Look at z; — 29 € Eg . We have ¢(2; —x9) =0, where p € S. Let y € S(Lq;) It

easily follows from [ @ (t)y(t)dp < oo that (y,z; —xe) = [ @o(t)y(t)dp — 0 asi — oo .
T 7-7:‘1&1

(3) lle: — o]l = > gi=12

This contradiction shows that ® € A, .

Suppose that if ® is not strictly convex. Then there exists Ty € Y, with u(Tp) > 0 such
that ®(¢,) is affine in some intervals if ¢t € Ty . Let (w;) be the set of all rational numbers.
Define

A ={teTy: ®(t,-) is linear on [ag,by] } , where ay, , by € (wy) is rational numbers for
some k .

Since Ty = Up Ay , there exists I € N such that p(A;) > 0 . This mean there exist
a,b € (0,00) with a < b and G C T with uG > 0 such that ®(t, ) is linear on [a, b] for any
fixed t € G .

Since 0 <®(t,b — a) < oo , there exists € > 0 such that uG, < %[LG , where G, =
{teG: ®(t,b—a)<e}. Put T) = G\G. . Then pT} > 0. Without loss of generality,

we may assume that
a+b
< / (t, 5

Ty

Lo X pitt
Ay

Ydp < 1.
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Take ¢ > b such that

b
/@(t./“; Ydp + /q)(t,c)amzl.
17 T\

Take a subset H C T\Tl” such that

. b .
/<I>(t, ?)d/,&—k / O(t,c)dp = 1.
T ) o

By Lemma 6 , there exist T, T4 C TP with T? = TR U Ty, T NTy = ¢ and pTt = pT

such that
" ; " " P(t, ®(t, b 1
/@(t, a)d,u—i—/@(t,b)dy— / Wd,u <3

: 7} T

n—1
we divide into two subsets such that Tl-”‘*l =T UL TE NT) =¢and pIy;_ = pI}}
(i=1,2,---,2"71).
In such a way , we get a partition {17, Ty, - - -, Tot. } of T} with

Suppose that the sequence of sets {7} ~', ;'™ -, T2""_1 }is well defined . Every set 7}~

p(Th) =27"uIy . Ty N T3 = ¢

such that

®(t,a) + B(t,b) 1
/ 2 d’u < 2271—1

/ @(t,a)dft—l—/@(t,b)dy—

. n n—1
2i—1 135 "

forv=1,2,---,2" . Define

T =axy,  +bXg, X,

27171 gn
where T\, = U Ty, . Ton= U Ty}, (n=1.2.---) .
) k=1 k=1 )
Then
P .
|Igp(z,) — 1] = / O(t, a)dp + / O(t,b)dp | + /Cﬁ(t,c)du— 1
=UAmLL 7, I
2n—1

= /<I>(t,a)du+/¢‘(t,b)du— / wdu

k=1 » _
%1 T3, ! !

271—1

§ 2172" — r)fn
k=1

for all n € N . Hence lim Ip(x,) = 1. Notice that Ip(z,) < ||on]| when ||2,| < 1 and

Ip(wy) > ||on] when ||o,|| > 1. Therefore , we have lim |jz,||=1.
) n—roo

IA
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Using Lemma 1 and Lemma 4, there exists a subsequence {zn,} C{z,} and x € Lg for
which {z,,} converges weakly star to @ , i.e., @y, _¥ x . Next , we will show
w
Ty, — .

Since ® € Ay , we get Lg = Eg . Hence (Lg)" = LY . Since (T,Y", 1) denotes

a non-atomic o-finite separable measure space, there exists an ascending sequence of set
>0

(T)22, such that |J T,, =T . Let n > 0 be given. Then there exists a ng € N such that
n=1
1 when n > ny . For any y € L?I, , there exists ny > ng such that for

|« 5ellylly
F={teTy :|yt)| > n} we have |exr| < 5(||1,\
any u € R, we have Yxr, \r € EY, . Hence there exists ig € N such that

FRTRTER By ®(-,u) is locally integrable for

/(iL'm(t) - ‘l’(t))y(t),)(Tnl\Fd/“l < g’

T

when ¢ > 7y . So

[ )= 2 00| = | [ (@06~ 20 v(0) o, o] +

T T

/(fm(f) —2(t) y(t)x7,, \rdp| + /(Ini(t)—f(f))y(t)vadu

T T

< | [ o) = 2000, o] +| [ 2 (OO0, | +

T T

[ O, du|+| [ 2o utrdn] +| [ 0O dn
T

T T

n 0 0 0 0
< Tt w0+ Joxinan, [ 0% + el + 1 ol
n 0 0 0 0
< o X, || 1l + || eXrir,, || Il +lexe Mgl + llexel vl
n.on.,n, n. N
<dy T T T
=3 + 5 + 5 + 5 + 5 n
whenever ¢ > 4, . This means that z,,, B rasi— .
So, we have ||z|| < lim ||T,,|| = 1. Furthermore, we have||z|| =1 .
i—00

In fact, put y(t) = p(t,a)xro +p(t,c)xn . Theny € LY, and
0 0 '
I = Bl ezl = Vs ] =| [ 2alOh(t)r
5

= / ap(t, a)dp + / bp(t,b)dy—i—/Cp(t,c)dy,
i

T T2
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_ / (1, a)dp + / Tt plt, a))dp + / (1, b)du

+ U(t,p(t,b))dp+ | D(t,c)dp+ .‘I/(t,p(t, ¢))du
/ [rems]

= Is(z) + To(y) = 14+ Iu(y) > |ylly -

This means that {(z,,y) — ?I, . Hence (z,y) = ||y||0q, , that is [|z]| > 1.

Yy

Obviously, Is (2, — x) > inf {<I>(t, b—a): te T()l} “21"1 > 6”2—T”1 . This assures us that
{wn,} is not Cauchy sequence . Hence Lg has not the Kadec-Klee property .

This contradiction shows that ®(t, «) must be is strictly convex if Ly has the Kadec-Klee
property .

Sufficiency. Under this conditions, we get that Lg is locally uniformly convex thanks to
Lemma 5. Of course, Lg has then the Kadec-Klee property .

REFERENCES

1. J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math. 1034, Springer-Verlag, 1983.
2. Wu Congxin, Wang Tingfu, Chen Shutao and Wang Yuwen, Geometric Theory of Orlicz Spaces, Harbin
Institute of Technology Press, 1986.

3. Chen Shutao , Geometry of Orlicz Spaces, Dissertationes Mathemwticae, CCCLVI, 1996.

4. M.M. Rao, Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc. 1991.

5. H. Hudzik, On some equivalent conditions in Musielak-Orlicz Sapces, Comment. Math., 24(1984) ,57-64.

6. H. Hudzik, Strict convexity of Musielak-Orlicz Spaces with Luxemburg Norm, Bull. Acad. Polon. Sci.
Math., 29(5-6),(1981),235-247.

. A. Kamiska, On some convexity properties of Musielak-Orlicz spaces, Supl. Rend. Circ. Math. Pal., 2,
No.5 (1984),63-72.

8. H. Hudzik and A. Kamiska, On uniformly convexifiable and B-convex Musielak-Orlicz spaces, Comment.

Math. 24 (1985), 59-75.
9. J. Diestel, Geometry of Banach Sapces-Selected Topics, Lecture Note in Math., Springer-Verlag , 1975.
10. L. Kantorovitch and G. Akilov, Functional Analysis, MIR, Moscow,1972.

-

HARBIN UNIVERSITY OF SCIENCE AND TECHNOLOGY, HARBIN (150080), P.R.CHINA



