




Professor Jan Mikusiński - life and work

by

Krystyna Skórnik

On July, the 27th 2007 twenty years will have
been passed since the death of Jan Mikusiński, a
world famous mathematician, the creator of the
operational calculus and the sequential theory of
distributions.

Professor Jan Mikusiński (03.04.1913 - 27.07.1987) belongs to the generation of out-
standing Polish mathematicians who appeared in science shortly before the World War II.
He was born in StanisÃlawów (now Ukraine), as the second of four sons. His parents - father
Kazimierz, and mother Anna BeÃldowska - were both teachers. In 1917 the family moved to
Wienna, and after a year moved to Poznań (Poland). Therefore Jan attended a school and
studied in Poznań. At first he attended a J. Paderewski Humane Secondary School (1923 -
1928). After his talent for mathematics appeared he was sent to a G. Berger Mathematical-
Natural Secondary School (1929-1932). In his youth he dreamt of becoming an engineer.
His frail health however did not allow him to follow engineering studies. Therefore he de-
cided to study mathematics. He finished studies at the University of Poznań (given up due
to a three years lasting illness), on the 3rd of December 1937 and he obtained the M.Sc.
degree in mathematics. Till his death technology, engineering and its achievements were
one of his numerous passions.

After graduation from the university he started to work at the University of Poznań were
he was an assistant professor till the war. He spent the German occupation in Zakopane
(Poland) and Cracow. He took an active part in secret education of secondary school pupils
and students in Cracow. Because of the teaching activity he was arrested twice by the
occupying Nazi force. He also took part in Professor Tadeusz Ważewski’s underground
seminar together with a group of Cracow mathematicians. The participants of Ważewski’s
seminar, in 1943, were the first persons to come in contact with a new theory which is now
very well known in the world of mathematics as the Mikusiński operational calculus. The
objects of the theory, operators, provide a common generalization of numbers and locally
integrable functions on the positive halfline. The author first called them ”hypernumbers”
and gave this title to a paper containing the main ideas of the theory.

Academic career. Scientific life of Jan Mikusiński fell on the years after the war. Just
after the liberation in 1945 he started his teaching and research work on the Jagiellonian
University in Cracow, where on 25th of July 1945 he obtained the Ph.D. degree for the thesis
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”Sur un problème d’interpolation pour les intégrales des équations diffèrentielles linéaires”
supervised by Professor Tadeusz Ważewski. In the academic year 1945/46 he worked as an
assistant professor at the University in Poznań and at the same time as a professor at the
Engineering School in Poznań.

He received a postdoctoral degree on 28th February 1946 on the Maria SkÃlodowska-Curie
University of Lublin (Poland), where he was made an associate professor of mathematics
and worked from 15th of October 1947 to 29th of October 1948.

During the period 1948-1955 Jan Mikusiński was a professor of the University of WrocÃlaw
(Poland) and then (1955-1958) of the University of Warsaw. At the same time he worked at
the National Institute of Mathematics (later Mathematical Institute of the Polish Academy
of Sciences) from the very moment it was founded in 1948. On December the 10th 1955
he obtained the Doctor in Mathematics degree for a collection of papers under a common
title ”A new approach to the operational calculus”. At that time there were two scientific
degrees (similarly as in Soviet Union, which was contrary to Polish tradition): a lower -
candidate of sciences and a higher - doctor of sciences. He was made full professor on the
4th of February 1958. Because of an eye disease he was forced to resign from teaching
and research work. His application for a sick leave was rejected therefore on the 10th of
September 1959 he quitted his job at the Warsaw University. Nevertheless he remained an
employee of the Mathematical Institute of the Polish Academy of Sciences.

Professor Mikusiński in Silesia. When in 1960 Professor Mikusiński moved from
Warsaw to Katowice (Silesia, Poland), he has already been a world famous mathematician.
His arrival to Katowice was an event of great importance for the mathematicians working
there. Shortly afterwards a group of young mathematicians from Higher Pedagogical School
in Katowice got in touch with him. Professor delivered for them a series of lectures on
operational calculus. After a year, the lectures turned to a regular seminar, first held at
the Higher Pedagogical School, then at his place (at Mikusiński’s home). The participants
of this seminar (P. Antosik. W. Kierat, K. Skórnik, S. Krasińska, J. Ligȩza) remember a
unique atmosphere of these meetings, discussions at the blackboard hanged in the garage
or on the terrace, the rooms replacing a seminar room. The informal scientific contacts
of Professor Mikusiński with silesian mathematicians became formal only in 1966 when
the Mathematical Laboratory (now the Branch of the Mathematical Institute of the Polish
Academy of Science) was established. The fact that the Mathematical Laboratory of the
Institute of Mathematics of the Polish Academy of Sciences (MI PAS) was opened was an
expression of recognition of Mikisiński’s accomplishments and activity in Silesia by the most
important representatives of Polish mathematics. Professor Mikusiński was the head of the
Mathematical Laboratory (later IM PAS) till 1985. The Institute owns him world wide
recognition and regular contacts with scientific centers abroad. The settlement of Professor
Jan Mikusiński in Silesia was of great importance, especially at the beginning, when the
region was deprived of an academic center and young mathematicians searched for scientific
support in other centers: Cracow, Lublin or WrocÃlaw. His arrival gave them the possibility
of contact with great mathematics. After the Silesian University was founded in 1968 and
after the arrival of many new mathematicians from other centers, Professor Jan Mikusiński
was a person who connected dispersed society. Thanks to his effort in the Mathematical
Laboratory the monthly Thursday mathematical discussions (at tee, chess, drafts) with
the participation of mathematicians representing various silesian scientific institutions took
place.

The seminar led by Professor Jan Mikusiński entitled Generalized Functions and the
Theory of Convergence was hold in the seat of the Katowice Branch of the MI PAS. The
research subject was connected with the interests of J. Mikusiński and embraced:
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• operational calculus;
• theory of distributions, sequential approach;
• theory of convergence;
• the method of diagonal theorem;
• the Lebesgue and Bochner integral.

To the participants of the seminars belonged among others: Piotr Antosik, Jan BÃlaż, Józef
Burzyk, Cezary Ferens, Piotr Hallala, Andrzej Kamiński, WÃladysÃlaw Kierat, CzesÃlaw Klís,
Stefania Krasińska, Marek Kuczma, Sabina Lewandowska, Jan Ligȩza, Zbigniew Lipecki,
StanisÃlaw ÃLojasiewicz, Piotr Mikusiński, Jan PochciaÃl, Zbigniew Sadlok, Krystyna Skórnik,
Wilhelmina Smajdor, Zygmunt Tyc, Zbigniew Zieleźny, Kazimierz Zima.

To the peculiarity of these seminars belonged the so called mountain seminars, usually
a week lasting trips to the mountains. On average two seminars of this kind took place in
a year, also with participation of foreign scientists.

Mountain seminar in 1978

kneeling (from left): Anzelm Ivanik, Czesaw Klís, Cezary Ferens; standing (from left):

Zbigniew Lipecki, Viktor V. Zharinov (Moscow), Zygmunt Tyc, WÃladysaw Kierat, Steven

Piligović (Novi Sad), Krystyna Skórnik, Jan Mikusiński, Piotr Antosik, CzesÃlaw Ryll-Nardzewski

The participants of Mikusiński’s seminar published 11 new books and over 300 papers
after 1966. During that time 9 foreign reprints of their books came out. Prof. J. Mikusiński
was the superviser of 8 Doctor Theses, among them 5 during this Silesian period. There are:
• Zbigniew Zieleźny, • Zbigniew ÃLuszczki, • M. Kowalski, • Piotr Antosik, • WÃladysÃlaw
Kierat, • Krystyna Skórnik, • Andrzej Kamiński, • Jan PochciaÃl.
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Professor Mikisiński played an inspiring role in creating a mathematical center in Upper
Silesia. He took an active part in organization of this mathematical center. During his stay
in Silesia he became • a corresponding member of Polish Academy of Sciences (since 4th of
June 1965), • a full member of Polish Academy of Sciences (since December 1971).

Independently of the seminar in Katowice, there

was a second MIKUSIŃSKI’s seminar in Warsaw.
This seminar was held each two weeks (four hours
each time) in the Institute of Mathematics of the
Polish Academy of Sciences at Śniadeckich street.
It was all-country seminar. In these meetings the
following mathematicians took part: Adam Biele-
cki, Roman Sikorski, StanisÃlaw ÃLojasiewicz,
CzesÃlaw Ryll-Nardzewski,

Krzysztof Maurin, Jan Mycielski, Danuta Przeworska-Rolewicz, Zbigniew Zieleźny, Hanna
Marcinkowska, Jan Kisyński, Piotr Antosik, Krystyna Skórnik, WÃladysÃlaw Kierat, Zbigniew
ÃLuszczki, Stefania Krasińska and later Andrzej Kamiński.

Research interests of Jan Mikusiński. At first Jan Mikusiński took up differen-
tial equations referring to his teacher, professor MieczysÃlawa Biernacki. His main results
concerned interpolation of solutions and distance of their zeros. Also in his Ph.D. thesis
he followed that direction. In his research on differential equations he had striven for sim-
plified methods of solutions and their mathematical justification. In his search for easy
methods J. Mikusiński arrived at a notion of ring of operators, that allowed to solve differ-
ential equations (also partial) in a wider range than the Laplace transform. Because of the
operational calculus Mikusiński was also interested in other problems of classical analysis,
e.g., the theory of moments and analytical functions. He gave also a few proofs of the
Titchmarsh theorem that was the basis of his algebraic approach to operational calculus
(see Operational Calculus, 1953) and concerned the convolution of continuous functions on
a positive halfline. A new view on the operational calculus initiated also certain problems of
abstract algebra. He presented their solution in a series of papers on the algebraic derivative
(see [MJ4]). In these papers he presented algebraic derivative in an arbitrary linear space
in contrast to the Ritta theory that concerned algebras.

At the same time when operational calculus was born, mathematicians took great in-
terest in the theory of distributions initiated by S. Sobolew (see [Sob]) and L. Schwartz
(see [Sch.1], [Sch.2], [Sch.3]). This theory was based on difficult tools of functional analysis.
In order to make the theory of distributions closer to physicists and engineers, Professor
Mikusiński gave its elementary definition based on commonly known notions of mathemati-
cal analysis. Theory of distributions based on that definition was developed on Mikusiński’s
seminar in WrocÃlaw and Warsaw and was worked out in a form of two volume treatise. This
treatise was edited together with Roman Sikorski and was published in English and then
translated into other languages (see [MS.1], [MS.2]). There were several editions of the book
”Elementary Theory of Distributions” in Polish, English, Russian, Chinese and French. In
comparison to the functional approach, a new element in the theory of distributions devel-
oped by Mikusiński was, apart from original approach, the study of regular and irregular
operations (see [Mi.4]).

Distributions embrace, as a special case, integrable functions in the sense of Lebesgue.
This made Mikusiński become interested in the theory of integrable functions (see [MH]).
Professor is an author of the definition of the Lebesgue integral which is not based on the
notion measure. This definition carries onto the Bochner integral, elaborated in his book
entitled ”The Bochner Integral”, 1978 (see [MJ10]). Apart from his main interests such

4



as operational calculus, the theory of distributions, the theory of measure and integration,
Jan Mikusiński was also interested in real and complex analysis, differential and functional
equations, functional analysis, algebra, problems of elementary geometry, number theory,
general topology, mechanics, electrical engineering and chromatography. He was interested
in practical problems. He was the author of a project of a reconstruction of the church vault
in a destroyed chapel of the cathedral in Lublin that allowed preserving original interesting
old acoustics. He occupied himself with the theory of music scales, photography, theoretical
problems of optics (see [MSk]) and with environmental protection.

He had considerable scholarly achievements. He published over 150 papers in prestigious
mathematical journals in Poland and abroad and 11 books that were translated into many
languages. Among them there are:

• ”Operational Calculus”, 1953 (20 editions in 6 languages);
• ”Introduction to Mathematical Analysis”, 1957;
• ”The Theory of Lebesgue Measure and Integration”, 1957 (with StanisÃlaw Hartman);
• ”Elementary Theory of Distributionsi”, 1959 (with Roman Sikorski, editions in 5
languages);

• ”Theory of distributions. The sequential approach”, 1973 (with Piotr Antosik & Ro-
man Sikorsk);

• ”The Bochner Integral”, 1978;
• ”On Axially Symmetric Optical Instruments”, 1979 (with Krystyna Skórnik);
• Hypernumbers, 1983;
• ”From Number to Integral”, 1993 (with Piotr Mikusiński).

Books and papers of Jan Mikusiński on various topics in mathematics have several com-
mon features: originality, simplicity of approach, usefulness of applications and elegance.
Especially ”Operational Calculus” enjoyed worldwide renown, which was published in Pol-
ish, English, Russian, German, Hungarian and Japanese and it had numerous editions. The
book contained a new mathematical theory, which gained quickly deserved fame in the world
and was developed in many foreign mathematical centers under the name Mikusiński’s op-
erational calculus. The Mikusiński’s name is now widely used in mathematics in connection
with a notion that was created by him - ”Mikusiński’s operators” (see Mathematical Review
1991 Subject Classification - 44A40).

International cooperation, Organization activity. Scientific achievements of Pro-
fessor Jan Mikusiński are remarkable and highly priced in the mathematical world. Numer-
ous invitation to deliver lectures and talks in well known scientific centers abroad confirm
this recognition. He was a UNESCO expert in Argentina (1962), and a visiting professor to
Germany (Aachen, 1961), Turkey (Ankara, 1967), USA (Pasadena, 1964; Gainesville 1968-
1970; Santa Barbara, 1983; Orlando, 1987). He received many invitations to the Soviet
Union, East and West Germany, Hungary, Holland, Bulgaria, Romania, Yugoslavia. He
was also a visiting professor to France, the Netherlands, the Switzerland, Israel, Canada
and Japan. He was the organizer and a participant of numerous international conventions,
conferences and symposia.

Professor Mikusiński valued contacts with the Japanese mathematicians which were ini-
tiated in 1959. He received from Japan papers on operational calculus and on the theory
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of distributions to review. There were 12 editions of his book ”Operational Calculus” in
Japan. Besides, his papers on music scales were published there. He visited Japan on an
invitation of JSPS (Japan Society for Promotion of Science) in September 1980. He spent
most of his stay there on Kioto where he met professors form the RIMS (Research Institute
for Mathematical Science), among others professors Matsuura, Sato and Hitotumatu. He
also took part in the JMS (Japan Mathematical Society), symposium where he delivered
a talk ”From Number to Integral”. He was on Nagoi with a lecture ”Sequential approach
to integration”; in Tsukubie, where he gave a talk ”Operational Calculus in Chromatogra-
phy”; in Tokio, where he met many mathematicians, e.g., Kôsaku Yosida and Hikosaburo
Komatsu. He gave a lecture on the Tokio University ”Integration”, and on the Waseda
University on ”Sequential Approach to Distributions”.

J. Mikusiński & K. Yosida

Mikusiński with his wife Urszula & Suzuki
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Professor Mikusiński performed many functions, e.g., he was • the head of the Depart-
ment of Mathematical Analysis at the University of WrocÃlaw (27.06.1953-04.08.1955), •
an expert of the Central Qualifying Commission of the Polish Academy of Sciences (from
27.11.1953 to its end), • a member of the Scientific Council of the Institute of Mathematics
of the Polish Academy of Sciences (from 1954 till his death), • a member of the Scientific
Council of the Institute of Physics of the Polish Academy of Sciences (from 09.01.1956), •
a member of the Mathematical Sciences Committee (from 13.06.1960), • the head of the
Department of Mathematical Analysis in Mathematical Institute of PAS (from 01.12.1962),
• the head of Mathematical Laboratory (later Branch of Institute of Mathematics) PAS (
from 1966 till 1985), • a member of the Scientific Council of the Institute of Mathematics of
the Silesian University, • a member of the Scientific Council of the Institute of Mathematics
of the Silesian Technical University, • a member of the editorial boards: ”Studia Math-
ematica” and ”International Journal of Mathematics and Mathematical Sciences”, and •
reviewer of Mathematical Reviews and Zentralblatt für Mathematik.

For his scientific activity Professor Mikusiński received numerous prices and awards.
He was awarded • a Polish Mathematical Society Banach Price in 1950 for his works on
operational calculus; • the National Price of II Kind in 1953; • Honorary Doctorate of the
University in Rostock in 1970; • he was elected member of the Serbian Academy of Sciences
and Art in 1975; • Honorary Member of the Polish Mathematical Society in 1984 ; • he was
awarded a Sierpiński Medal in 1985. Apart from these awards he received many national
awards among others • Knight Cross with Star of Poland’s Renaissance.

Professor Jan Mikusiński was closely connected with Silesian scientific center from the
beginning of 60ties of the XX century. He supported organization of the scientific life in
Katowice with his authority. Thanks to his effort there was an international conference on
Generalized Functions organized in Katowice after the international congress in Moscow in
1966. Many famous specialists on that field took part in it: L. Schwartz, S. Soboleff, G.
Temple, T.K. Boehme, J. Dieudonnè, J. Wloka, A.P. Prudnikov, I.H. Dimovski and others.
Professor Mikusiński actively supported the organization of the Silesian University and of
the Branch of the Polish Academy of Sciences in Katowice. He delivered series of lectures
on the meetings of the Uppersilesian Branch of the Polish Mathematical Society. He gave
lectures and took an active part in the scientific life of the Silesian University. His presence
in Silesia was for many mathematicians an argument to move to Katowice.

Professor Jan Mikusiński educated many mathematicians working in Silesia. He initiated
new directions of research and created the school of generalized functions in Katowice. In
recognition of his services the General Meeting of the Polish Mathematical Society conferred
on him the rank of the honorary member in 1984.
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Professor Jan Mikusiński died on 27 July 1987 and was buried on the cemetery in
Katowice. His death was a great loss to Polish mathematics and for Polish science.

Main directions of research of Professor Mikusiński

I. Mikusiński’s operational calculus and its applications

1. Introduction. Operational Calculus has got a rich history. The first ideas of ”sym-
bolic” operational calculus come from Leibniz and were developed to some extend by Euler,
Laplace, Cauchy and many others. Nevertheless, it is O. Heaviside who is regarded to be the
father of the operational calculus. In his ”Electromagnetic Theory” London (1899) [He.1,
He.2], he first successfully applied it to ordinary linear differential equations connected with
electromagnetical problems. Heaviside’s theory was first justified by Laplace transform. In
his calculus, however, certain operators appeared whose interpretation is difficult to justify.
The original operator view-point of Heaviside was displaced by the works of Carson [Car],
Doetsch [Do], Van der Pol [VB] and others who took either Laplace transform or the Mellin
integral as the basis of their investigations.

A complete return to the original operator view-point was made by Jan Mikusiński
who in 1944 [MJ1] gave entirely new foundations to the operational calculus. He based
his calculus on convolution quotients without referring it to the Laplace transform. His
calculus, known as Mikusiński’s operational calculus, awoke wide interest not only in Poland.
Many articles concerning operational calculus and its applications have been published
since then. Let me mention some names: L. Berg, T.K. Boehme, R. Bittner, J. Burzyk,
I.H. Dimovski, V.A. Ditkin, E. Gesztelyi, G.L. Krabbe, W. Kierat, A.P. Prudnikov, D.
Przeworska-Rolewicz, C. Ryll-Nardzewski, K. Skórnik, W. SÃlowikowski, R. Struble, A. Száz,
J. Wloka, K. Yosida.

Operational calculus has also found wide application in a great variety of disciplines:
mathematics, physics, mechanics, electrical engineering, informatics, etc. There is a large
amount of literature concerned with both special problems in the theory of operational
calculus and its various applications.

The work of V.A. Ditkin ”Operational Calculus” which appeared in 1947 [DV1] belongs
to the pioneering works in USSR. V.A.Ditkin together with A.P. Prudnikov [DV2, DV3],
published several handbooks about Laplace transforms and operational calculus. Among the
most important results obtained by Prudnikov we find the solutions, by operator methods,
of a number of specific problems in mathematical physics (related, for example, to heat
transfer and thermal diffusion).
2. Mikusiński hypernumbers. The work ”Hypernumbers” by Jan Mikusiński [MJ1,MJ7]

was written and published in 1944 in Poland under wartime conditions. Only seven copies
were made. In fact, it is the ”first edition” of Mikusiński’s ”Operational Calculus”.

A pair of elements (α, f), consisting of a complex number α and a vector f , belonging
to the abstract space W , is called a hypernumber; it is written in the form

(α, f) = α+ f.

The set of all possible pairs of complex numbers and vectors of the space W is called the
hypernumber space and is denoted by [W ]. A particular realization of the spaces [W ] is the
set C of complex-valued continuous functions f(t) defined for t ∈< 0,∞ >.

3.The field M of Mikusiński operators. The basis for the Mikusiński operational cal-
culus is the Titchmarsh theorem concerning the convolution of functions continuous on the
positive halfline.
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Let C denote the set of all real- or complex-valued continuous functions of a real variable
t, defined in the interval 0 � t <∞. If f, g ∈ C, then by the convolution of f and g, denoted
in the operational calculus by the symbol fg of the usual product, we mean the function

(fg)(t) =

Z t

0

f(t− τ )g(τ )dτ .

The Titchmarsh theorem (in its weaker so-called global version) states that if fg = 0 in
[0,∞), then f = 0 on < 0,∞) or g = 0 on < 0,∞), i.e., the set C is the commutative
ring with the usual addition and the convolution as multiplication without divisors of zero.
Therefore this ring can be extended to a quotient field: i.e., to a set of fractions f

g (g 6= 0)
(f, g ∈ C), where the division denotes the converse operation to the convolution.
The elements of this quotient field are called Mikusiński operators. This field is denoted

by M. Mikusiński’s field contains all continuous functions f on < 0,∞), because they
may be represented by the fractions f = f ·g

g , where g is an arbitrary nontrivial continuous

function on < 0;∞). It contains also all elements α of the initial numerical field which can
be identified with the functions {α}

{1} .
Here and in the sequel, to distinguish the value f(t) of the function at the point t from

the function f itself, the symbol {f(t)} is used, i.e., {α} and {1} are constant functions
equal to α and 1 on < 0;∞).

According to the definition of convolution we have

(1) {1}{f(t)} = {
Z t

o

f(τ )dτ},

what distinguished the function {1} is that the formation of its convolution with arbitrary
function {f(t)} causes the integration of the latter in the interval from 0 to t. Consequently
the function {1} will be termed the integral operator and denoted by l: l = {1}. It is easy
to prove that

(2) ln =

½
tn−1

(n− 1)!
¾
.

A fundamental role in the operational calculus is played by the inverse of the integral
operator l = {1}, which will be denoted by s = 1

l and called differential operator. By this
definition we have ls = sl = 1.

An important role is played by the theorem:

If a function x = {x(t)} has a derivative x0 = {x0(t)} continuous for 0 � t < ∞, then
we have the formula

(3) sx = x0 + x(0),

where x(0) is the value of the function x at the point t = 0.

The latter formula can be easily generalized, thus we have the following theorem:

If a function x = {x(t)} has an n-th derivative x(n) = {x(n)(t)}, continuous in the
interval 0 � t <∞, then

(4) snx = x(n) + sn−1x(0) + sn−2x(1)(0) + · · ·+ sx(n−2)(0) + x(n−1)(0).
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4. Operational linear differential equations. The greatest number of results J. Mikusiński
([MJ2, MJ3, MJ9]) has obtained for linear differential equations of order n with constant
coefficients of the form

(5) anx
(n)(z) + an−1x(n−1)(z) + · · ·+ aox(z) = f(z),

where ai, i = 1, 2..., n, (an 6= 0), are Mikusiński operators and f(z) is an operator function.
The identity (4) makes it possible to solve ordinary differential equations with constant

coefficients in a strictly algebraic manner. Let us consider a differential equation (5) of order
n with given continuous function f , the constant coefficients an, an−1, · · · , ao (an 6= 0)
and the initial conditions:

(6) x(0) = c1, x0(0) = c2, . . . , x(n−1)(0) = cn−1,

In view of (4), the problem given by (5) and (6) reduces to a simple algebraic equation
whose solution is of the form

ans
nx+ an−1sn−1x+ · · ·+ a0x = bn−1sn−1 + bn−2sn−2 + · · ·+ b0 + f,

where bi = ai+1c0 + ai+2c1 + · · ·+ ancn−i−1 for i = 0, 1, . . . , n− 1. Hence the solution is
of the form

x =
bn−1sn−1 + · · ·+ b0
ansn + · · ·+ a0 +

1

ansn + · · ·+ a0 f.
To represent the above solution in the form of a function in variable t one can use the
standard technique of decomposing fractions into simple fractions of the types 1

(s−a)k ,
1

[(s−a)2+b2]k ,
s−a

[(s−a)2+b2]k ( b 6= 0). If k = 1, we have 1
s−a = {eat}, 1

(s−a)2+b2 = {1b eat sin bt},
s−a

(s−a)2+b2 = {eat cos bt}. It is equally simply to reduce a system of ordinary differential equa-
tions with constant coefficients to a corresponding system of algebraic equations [MJ8].
The operational calculus provides us with convenient methods of solving linear differential
equation (5), when the coefficients ai are continuous functions or operators. In order to
solve the homogenous equation

(7) anx
(n) + an−1 x(n−1) + · · ·+ a0 x = 0

we first seek the solutions in the form of exponential function x = eλω ([MJ2], p. 254),
where ω is a root of the characteristic equation

(8) anω
n + an−1 ωn−1 + · · ·+ a0 = 0.

The general solution of equation (7) is of the form

(9) x(λ) =
nX
k=1

ck e
λωk ,

where ck are arbitrary constant operators, ωk (k = 1, . . . , n) are the roots of (8) ([MJ2], p.
259). It may happen that the function eλωk does not exist. Namely, for certain operators
ωk a function identically equal to zero may happen to be the only solution of the differential
equation x0 = ωkx; consequently the additional condition x(0) = 1, which should be satisfied
by every exponential function, cannot be satisfied ([MJ2], p. 255, p. 217). If there exists
the exponential function eλωk , then the operator ωk is called logarithmic. In the general
solution (9) of the equation (7) the number of arbitrary constants is equal to the number
of logarithmic-roots of the characteristic equation.
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Operational calculus makes it also possible to solve certain types of partial differential
equations, e.g., the equations of string, heat, telegraphy [MJ8, MJ9].
It should be stressed that the method of operational calculus allows one to find solution
of full generality while the method of the Laplace transform imposes restrictions on the
growth of the solution at infinity.
Let us consider the differential equation (7) where ai (i = 0, 1, 2..., n − 1) are complex-
valued continuous functions defined on the interval (α,β). It is known that there exists
exactly one solution of the differential equation (7) satisfying the initial conditions

x(to) = xo, x(1)(to) = x1, · · · , x(n−1)(to) = xn−1,

to ∈ (α,β), xi ∈ R. Professor Mikusiński has proved that a similar theorem concerning
uniqueness is true, when the real valued functions are replaced by functions with values
from a commutative ring without divisors of zero (M) and a relevant derivative (D) [MJ3,
MJ5]. The following theorem is true (see [AKS]):

The set of all solutions of the differential equation (7) in M (ai ∈ M, an = 1) is at
most a n-dimensional space over C.

5. Linear differential equations with linear coefficients. Now, we are concerned with the
linear differential equations with linear coefficients

(10) antx
(n)(t) + (an−1t+ bn−1)x(n−1)(t) + ...+ (aot+ bo)x(t) = 0,

where ai, bi ∈ C, i = 0, 1, ..., n, t ∈< 0;∞).
We know that if a function x :< 0,∞)→ C is n-times continuously differentiable, then

x(n) = snx− sn−1x(0)− ...− sx(n−2)(0)− x(n−1)(0).

Differential equation (10) can be written in the following operational form

−anD[snx− sn−1x(0)− ...− sx(n−2)(0)− x(n−1)(0)]+

+(−an−1D + bn−1)[sn−1x− sn−2x(0)− ...− sx(n−3)(0)−
x(n−2)(0) + ...+ (−aoD + bo) = 0,

where operator D is defined in the following way (see [MJ4]):

Df = D{f(t)} = {−tf(t)}, for f = {f(t)} ∈ C,

which, when applied to function f , involves the multiplication of their values by −t.
Note that the above equation takes the compact form

(11) −P (s)Dx+Q(s)x = R(s),

where P,Q,R are polynomials,

P (s) = ans
n + an−1sn−1 + ...+ a1s+ ao

and degQ and degR are less than n. For some initial data the right hand side of the equation
(11) vanishes, i.e., R(s) = 0.

If R(s) vanishes, then the operational equation (11) can be written as follows

Dx

x
=
Q(s)

P (s)
, for x 6= 0.

11



Naturally, if • there exists an operator v ∈ M such that Dv = w and • there exists the
exponential function ev(·) (see [MJ9]) then cev (c being a number) is a solution of the
operator equation Dx

x
= w (see [MJ6]). It is known, that if w = Q(s)

P (s) , where P and Q

are polynomials, then there exists an operator v ∈ M such that Dv = w (see [Ge]). If
degQ > degP , then the operational function ev(·) does not exist (see [MJ9], p. 217). The
operator v = {−teαt ln t}

{teαt} is a solution of the operational equation Dv = 1
s−α and operator

v = {−t ln t}
{t} is a solution of the operator equation Dv = s−1 (see [Ge]).

In general, the existence of the exponential function ev(·) is an open problem. For
example, there exists the exponential function e−s(·) for real argument but the exponential
function eis(·), i =

√−1 does not exist. In both cases the series

1 +
(−s)2
2!

+
−s
1!
+ · · · ; 1 +

is

1!
+
(is)2

2!
+ · · ·

are divergent (see [MJ8], p. 160, 168).

II. Distributions

1. Introduction. Distributions are a generalization of locally integrable functions on the
real line, or more generally a generalization of functions which are defined on an arbitrary
open set in the Euclidean space.

Distributions were introduced as a result of difficulties with solving some problems of
mathematical physics, quantum mechanics, electrotechnics, etc. In these domains there are
many theoretical and practical problems where the notion of function is not sufficient in
this or that sense.

In 1926 the English physicist Paul Dirac introduced a new element of mathematical
formalizem into quantum mechanics, [Dir]. He named it the Delta function and denoted it
by δ(t). Dirac assumed that the delta function is on the real line and fulfills the following
conditions:

(1) δ =

(
0, for t 6= 0,

+∞, for t = 0,

and

(2)

Z +∞

−∞
δ(t)dt = 1.

In the theory of real functions the two conditions (1) and (2) are contradictory. No
real function exists to fulfill both conditions at the same time. On the other hand both
conditions give a not proper but highly convincing evidence of a physical intuition, δ(t)
represents an infinitely large growth of electric tension in the infinitely short time where a
unit electric load. Nevertheless, the existence of mathematical models for that the search
of mathematical description would lead naturally to Dirac delta does not give an excuse to
use the imprecise mathematical notion that hides under δ(t), treat it as a function and at
the same time assume that it fulfills conditions (1) and (2). Despite all formal objections
many important results were achieved with help of Dirac delta function.

At the thirties of the XX century it became obvious that Dirac delta function has
its fixed position in theoretical physics. As a result scientists sought new mathematical
theory that would give tools to a precise definition of the Dirac delta function as it was
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previously with precise definition of real numbers, etc. The mathematical theory called the
theory of distributions that enabled introducing the Dirac delta function without any logical
restrictions was built in the 40ties of the XX century. This theory allowed to generalize the
notion of function as it was once done for the real number.

There are many ways to define distributions (as generalizations of functions), e.g., I.
Halperin [Hal], H. König [Kö.1], J. Korevar [Kor], J. Mikusiński [Mi.1], R. Sikorski [Sik.1],
W. SÃlowikowski [SÃlo], S. Soboleff [Sob], L. Schwartz [Sch.1], G. Temple [Tem.1, Tem.2]. The
two most important in theory and practice are: • functional approach given by Soboleff
(1936) and L. Schwartz (1945), where distributions are defined as linear functionals con-
tinuous in certain linear spaces; • sequential approach given by Mikusinski (1948), where
distributions are defined as classes of equivalent sequences.

The functional theory is more general but more complicated. Namely it uses difficult
notions of functional analysis and the theory of linear spaces. L. Schwartz developed and
presented his theory together with applications in a two volume manual [Sch.2, Sch.3].

The sequential approach is easier because it is based on notions of mathematical analysis.
It has a geometrical and physical interpretation that relays on intuitive understanding of
the Dirac delta function which is common in Physics.

Due to that intuition sequential approach is easier to understand and easy in applica-
tions. A formal definition of distribution was given by Mikusinski in [Mi.2]. Basing on that
definition Mikusinski together with Sikorski developed sequential theory of distributions
and published it in [MS.1, MS.2]. The book has been translated into many languages. The
theory was developed and together with P. Antosik a monography ”Theory of distribution,
The sequential approach”, [AMS], was published.

2. Distributions in the sequential approach. The starting point for the definition of
distributions in the sequential approach are sequences of continuous or smooth functions
(i.e. of class C∞) in a certain fixed interval (a; b), (−∞ � a < b � +∞). The definition
given by Mikusiński is analogue to the definition of real numbers in the Cantor’s theory.
The aim of introducing real numbers was the performance of certain mathematical operation
within this set. Similarly, introduction of distributions enabled differentiation which can
not be always performed in the set of functions.

A sequence (ϕn)n∈N of smooth (real-valued) function in R1 is said to be fundamental
if for every finite open interval I in R1 there exist a nonnegative integer k and a sequence
(Φn)n∈N of smooth functions so that Φ

(k)
n = ϕn in I and (Φn)n∈N uniformly converges in I.

Two fundamental sequences (Φn)n∈N and (Ψn)n∈N are equivalent
³
(Φn)n∈N ∼ (Ψn)n∈N

´
if

the sequence ϕ1,ψ1,ϕ2,ψ2, · · · is fundamental. The relation is an equivalence relation and
equivalence classes are called distributions in R1 (an analogous definition can be formulate
for distributions in an arbitrary open set in Rn). Smooth, continuous and locally integrable
functions are easily identified with respective distributions.

An advantage of the sequential approach in the theory of distributions is easiness of
extending to distributions many operations which are defined for smooth functions.

We say that an operation A, which to every system (ϕ1, · · · ,ϕk) of smooth functions
in R assigns a smooth function in R (or a number), is regular if for arbitrary fundamental se-
quences (ϕ1n)n∈N, · · · , (ϕkn)n∈N of smooth functions in R the sequence

³
A(ϕ1n, · · · ,ϕkn)

´
n∈N

is fundamental.

Every regular operation A defined on smooth functions can be extended automatically
to distributions in the following way.

If f1, · · · , fk are arbitrary distributions in R and (ϕ1n)n∈N, · · · , (ϕkn)n∈N the corre-
sponding fundamental sequences, i.e. f1 = [ϕ1n], · · · , fk = [ϕkn], then the operation A on
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f1, , fk is defined by the formula

A(f1, · · · , fk) =
h
A(ϕ1n, · · · ,ϕkn)

i
.

Remark. This extension is always unique, i.e. it does not depend on the choice of the
fundamental sequences (ϕ1n)n∈N , · · · (ϕkn)n∈N representing the distributions f1, · · · , fk. In
other words, if (ϕ1n)n∈N ∼ (

∼
ϕ1n)n∈N , · · · , (ϕkn)n∈N ∼ (

∼
ϕkn)n∈N then³

A(ϕ1n , · · · ,ϕkn)
´
n∈N
∼
³
A(
∼
ϕ1n , · · · ,

∼
ϕkn)

´
n∈N

.

The following operations are regular: • addition of smooth functions; • difference of
smooth functions; • mulitplication of a smooth function by a fixed number λ: λϕ; • trans-
lation of the argument of a smooth function ϕ(x + h); • derivation of a smooth function
of a fixed order m: ϕ(m); • multiplication of a smooth function by a fixed smooth func-
tion ω: ωϕ; • substitution a fixed smooth function ω 6= 0; • product of smooth func-
tions with separated variables: ϕ1(x)ϕ2(y); • convolution of a smooth function with a
fixed function ω from the space D (of smooth functions whose supports are bounded):
(f ∗ ω)(x) = RR ϕ(x− t)ω(t)dt ; • inner product of a smooth function with a fixed function
from the space D: (ϕ,ω) = RR ϕ(x)ω(x)dx.

An advantage of the sequential approach to the theory of distributions is easiness of
extending to distributions many operations which are defined for smooth functions, i.e.,
regular operations. An example of a regular operation is differentiation (of a given order
k ∈ No): A(f) = f (k), which can be performed for an arbitrary distribution f . It is well
known that every distribution is locally (i.e., on an arbitrary bounded open interval in R) a
distributional derivative of a finite order of a continuous function. In the sequential approach
it is a simple consequence of the definition given above and properties of the uniform
convergence. Using this theorem one can define the convergence of sequences of distributions
in a natural way. It is also easy to show that the sequence (f ∗ δn) is distributionally
convergent to f (i.e., fundamental for f) for an arbitrary distribution f ∈ R1. where (δn) is
so-called delta-sequence, i.e., a sequence of nonnegative smooth functions such that

R
δn = 1

and δn(x) = 0 for |x| ≥ αn with αn → 0 as n→∞.
It should be noted that among important in practice operations there are regular and

not regular ones. For instance, the two-argument operations of product A(ϕ,ψ) = ϕ ·ψ and
the convolution A(ϕ,ψ) = ϕ ∗ ψ are not regular operations and they cannot be defined for
arbitrary distributions.

J. Mikusiński pointed out a general method of defining irregular operations on distribu-
tions by using delta-sequences (see [Mi.4], [Mi.3] and [AMS], p. 256 - 257).

Let us assume that an operationA is feasible for arbitrary smooth functions ϕ1,ϕ2, · · · ,ϕk
and let f1, f2, · · · , fk be arbitrary distributions in R1.
If f1, · · · , fk are arbitrary distributions in R, we say that A(f1, · · · , fk) exists if for an

arbitrary delta-seqyence (δn)n∈N the sequence³
A(f1 ∗ δn, · · · , fk ∗ δn)

´
n∈N

is fundamental; then the operation A on f1, · · · , fk is defined by the formula

A(f1, · · · , fk) = [A(f1 ∗ δn, · · · , fk ∗ δn)].

14



If A(f1, · · · , fk) exists then, the distribution does not depend on the choice of a delta-
sequence (δ)n∈N. If A is a regular operation then, of course, A exists and coincides with
the earlier defined result of the regular operation. If A is irregular, it needs not exist for
all distributions, but the definition embraces not only earlier known cases, but also new
ones. For instance, for the operation of the product A(f1, f2) = f1 · f2, the definition can
be expressed in the form

(3) f1 · f2 d= lim
n→∞(f1 ∗ δn)(f2 ∗ δn)

and it exists in this sense for a wide class of distributions exist while it not exist in classical
sense of L. Schwartz , [S.2]. For example, the significant in physics product 1

x · δ(x) exists
and equals, according to expectations of Physicists, − 12 · δ(x) (see [Mi.8], [AMS], p. 249).
The generalizations of this formula can be found in [Fs] and [Is].

Another definition of the product ( given by Mikusiński in 1962 see [Mi.5]) is

(4) f · g : d= lim
n→∞(f ∗ δ1n)(g ∗ δ2n)

where the limit is assumed to exist in the distributional sense for arbitrary delta sequences
(δ1n)n∈N, (δ2n)n∈N, is known in the literature under the name of the Mikusiński product.
R. Shiraishi and M. Itano have shown in [ShI] that the definition (4) is equivalent to the
definition given by Y. Hirata and H. Ogata in [HiO] also with use of delta sequences.
Their definition is not as general as (3) because the product 1

x δ(x) does not exist in the
sense (4) (see [It], [Ka.3]). The product of distributions was also of interest to many other
mathematicians, i.e., A. Kamiński ([Ka.1], [Ka.2], [Ka.3]), P. Antosik and J. Ligȩza, [AL].

Among other irregular operations an especially important role is played by the convo-
lution of distributions.

The operations of integration, convolution and a product of distributions can be per-
formed only for certain classes of distributions. The operation of convolution of two dis-
tributions can be done if e.g. their supports are compatible (see [AMS], p.124). These
difficulties were a trigger for further search of new definitions of that operation. This prob-
lem is especially visible in the theory of Fourier transform. In the classical mathematical
analysis the Fourier transformation transforms the convolution of integrable or square inte-
grable functions into the product of their transforms. The question arises, what similarities
can be found for distributions? Some answer to that question can be found in the book
by L. Schwartz [S.2] and the papers by Y. Hiraty and H. Ogaty, [HiO], Shiraishi and M.
Itano, [ShI]. Those results however have not embraced all possibilities or were to general.
R. Shiraishi in [Sh] stated a hypothesis whether a convolution of tempered distributions
is a tempered distribution. A negative answer to that problem was given by A. Kamiński
[Ka.1], and then independently P. Dierolf and J. Voigt in [DV]. But the question of R. Shi-
raishi motivated A. Kamiński to modify the notion of compatibile supports (the so called
polynomial compatible) that guarantees that a convolution of tempered distributions is a
tempered distribution, [Ka.4]. For a definition of tempered distribution see for example
[AMS], p. 165.

III. The Lebesgue and Bochner Integrals

The next area of interest of Jan Mikusiński was the theory of integration. Various
approaches to the theory of the Lenesgue are known in the literature. Jan Mikusiński’s
definition of the Lebesgue integral is particulary simple and has a clear geometrical in-
terpretation. The definition can be formulated at once for functions defined in Rk with
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values in a Banach space and this yields a uniform approach to the Lebesgue and Bochner
integrals.

The function f : Rk → X(f : Rk → R1), where X is a given Banach space, is called
Bochner (Lebesgue) integrable if there exists a sequence of interval In = [a1n, b1n) × · · · ×
[akn, bkn) in Rk and a sequence (λn)n∈N of elements of X such that

(1)
∞X
n=1

|λn|vol(In) <∞

and

(2) f(x) =
∞X
n=1

λnχIn(x)

at those points x at which the series is absolutely convergent, where χl denotes the charac-
teristic function of an interval I.

The Bochner (Lebesgue) integral of a function satisfying conditions (1) and (2) is defined
as: Z

f =

∞X
n=1

λnvol(In).

This definition is equivalent to the classical definitions of Bochner and Lebesgue integrals.
This theory of the Bochner integral based on the definition cited here is developed in

[MJ10]. The most of the theorems in the theory are simpler than in the case of other
approaches to the integral.
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[MJ1] J. Mikusiński, Hiperliczby, Cracow, 1944 (Edition of 7 copies); English transl.: Hypernum-
bers, University of California, Santa Barbara, 1983 and Studia Math. 77(1983), 3—16.
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[Sk.1] K. Skórnik, An estimation of Fourier coefficients of periodic distributions, Bull. Acad. Pol.
Sci., Ser. Sci. Math., 16 (7)(1968), 581—585.
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