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Introduction of Mathematics Department of Harbin Institute of

Technology

1. Historical Background

As early as 1950s, there were undergraduate students enrolled in the major of Compu-
tational Mathematics in Harbin Institute of Technology.

In 1987, the Department of Mathematics (the former Department of Mathematics and
Mechanics) was established although Harbin Institute of Technology was founded in 1921.



Now the Department is one of the four departments in the School of Science.

2.construction

The Department of Mathematics is now composed of one institute: the Institute of
Mathematical Science; four researching and teaching groups: Mathematical Analysis, Al-
gebra and Geometry, Computational Mathematics, Probability and Statistics; and one
laboratory. There are nearly ninety teachers including over twenty professors and over

thirty associate professors.

3. Complete and Rich Teaching Programs

All students from the department will take approximately the same compulsory courses
during their first two years. These courses include: mathematical analysis, high algebra,
high geometry, theory of probability, computer sciences, English, political science, physics
and physical sciences. Beginning in their third academic year, students can select part of
the courses according to the requirements of different majors. The Department offers many
special courses: ordinary differential equation, partial differential equation, real function,
complex function, functional analysis, abstract algebra, differential geometry, topology,
mathematical statistics, applied multivariate statistical analysis, mathematical modeling,
numerical value algebra, numerical value analysis, data structure, discrete mathematics,
general introduction to information science etc.

Graduates trained at the Department have established a solid foundation of basic the-
ories and amassed a wide range of knowledge. Having undergone rigorous mathematical
training, they can adjust themselves to different circumstances. Some graduates can fur-
ther their studies by pursuing Master’s and Doctoral degrees; outstanding undergraduates
can be recommended to continue for Master’s degree without taking qualifying examina-
tions.

The Department of Mathematics is able to confer Doctoral degrees to students in every
field of the mathematical sciences as long as the student has completed the required
courses and dissertation, and meets the requirements for Doctoral degrees. According
to the short term plan, each year the Department enrolls 30 Doctoral candidates, 60
Master’s candidates, and 60 undergraduates. Presently, 90 Doctoral students, 120 Master’s
students, and 240 undergraduates are students of the Department. The Pure Mathematics

doctoral subject has a post-doctoral research station.

4. High Qualifying Teachers and Excellent Research Environment

The Department not only has many old professors who are outstanding scholars and
academic leaders in mathematical circles around the nation, such as Wu Congxin who
founded one of the two research centers on Orlicz Spaces, but also a number of knowl-
edgeable middle-aged teachers, who have high academic attainments and are specialized in
different fields. With the support and assistance from elder professors, these young schol-

ars play an important role in research and teaching; some of them have become academic



leaders in their respective fields.

Faculty members have a wide range of research fields including dynamical systems,
nonlinear analysis, harmonic analysis, complex analysis, topology, group theory, number
theory, partial differential equations, mathematical physics, information science, compu-
tational mathematics, probability and statistics, etc.

Faculty members in the Department have frequently produced original research results
and published numerous academic papers. Since 2006, the Department has published over
300 papers on famous mathematical journals, such as Proceedings of Royal Society A,
Archive of Rational Mechanics and Analysis, Mathematics of Computation, Journal of

Differential Equations, Journal of Algebra, etc.

5. Excellent Student Sources
Highlighted by the first class teaching and research environment, strong faculty, and glo-
rious history, the Department attracts outstanding students from all over China. Excellent

student sources have ensured the first rate quality of the Department.

6. International Cooperation

The Department has close relationships with scholars from universities in 12 countries,
for example: Professor Wu Congxin, Fu Yonggiang and Chen Minghao have a lot of coop-
eration with Professor Hiroaki Ishii and Seiji Saito in Japan. Cooperation and exchanges
are carried out via exchanging students, faculty and research staff, holding academic con-
ference and cooperating in scientific research.
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T.Furuta, A > B > 0 assures (BTApBr)l/q > B+2r)/q forr>0,p >0, q>1 with
(1+2r)q > p+ 2r, Proc. Amer. Math. Soc., 101 (1987), 85-88.

gbobooobgoobooboobbobobobbobbooboobooboobo
ooo

1 Lowner-Heinz U0 0OUO0O0O0OOO0OODOO

OUODO0OOHibert D ODO00D0O0O0O0O0OOO0OO0OODOOHIbert 0 ODOOOODOO
0000000000000 00O0000oooOO000oooODOO00 (A=A*0000)
000000000 00000(Az,2) 0000000 DOOOOOOOOOO(Az,z)>0
00000000 0000000 0ODOO0D0DAODOODOODODA>O0O00DDOOO
O0o0o00Oooooooooo0g A>BO0A-B>0000000000O0O

gbobobobobooboobooboboouobobooboobooobooon
gbooooooooooooob

Example. 2 000000000000000O
A>B, A®># B?
D000 ADBOODDDODOOOOODODDOOOOOOO;
2 1
A= , B= L0
11 0 0

0000000000000000000000000000000000000000O0
000000000 [20], [23] and [24]:

Theorem 1.1 (Léwner-Heinz 000 (LH)). 0<p<100000# 000000000
0oooo
A>B>0 = AP > BP.

000000000000 Uo00(LH) 0000000000 oooUooUOooo
trgooooboooboooboobobobo<Lp<L1obogon
DDDDDDDDDDDD(LH)DDDDDDDDDp:%DDDDD:

A>B>0 — A7 > B3,
000000000000000000: 4, B>00000,

AB2A <1 — AIBAz < 1.



000 AB2A<100000000 |[AB||<10000000000000000000
000 () 000000 #(XY)=r(YX)OO,

|A2BA2|| = r(A2BA?) = r(AB) < |AB| < 1.

0D00000000000000 Pedersen 000 Léwner-Heinz 000000000000
0oo .
L:@emELAzBZO:>A%zB%}

O0000/00000000000000000000000
000 APBAP <10 A9B%*A1<100000||APBP|| < 10||B49| <1000000
oooooooo

ptq ptq ptq ptq

|A"Z! BPraA™s || = r(A"3  BPHIA"SY) = r(APHIBPHD) = (AP BPB1AY)

< [|APB[[[| B*A%]| < 1.

00002,2¢eI000,p+¢el0000000000000/ 0000000000
oooooo

O00(LH)ODOOO p:%DDDDDDDDDChan-Kwong[4]DDDDDDDDDD
ooo
A>B>0 = (AB%A)2 < A2

000000000000000000000000000000000000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
oooo;

A>B>0 = (BA%B)1 > B®.

00000000000000000000000000D000000
Lemma 1.2. pc ROODODO, (X*A2X)P = X*A(AXX*AP-'AX 00000D0D0O0O0
A>00X0O0O00000O

Proof. 00O Y*YY*)"Y = Y*Y(Y*Y)" (n € N) D000000000000000
Y*F(YYH)Y =Y*Yf(Y*Y)O0OOO f000000000000000000000 f
00000000000000000000 f(z)=2""'0Y=AX000000O0O0OO
000000000000 O

00000000 Chan-Kwong OO OO OOOOOD0OODOODOODOODOOO
(AB?A)i = AB(BA*B) " iBA = AB((BAB) 2)2BA
< ABB 'BA=ABA < A%
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ooooo (FI) IfA> B >0, then for each r > 0,

®) (ABAPAB)s > (A5BPAS)s
and
(i) (B3 APB%)a > (B5BPBS)s

hold for p > 0 and ¢ > 1 with

(%) (1+r)g=p+r.

(I+r)g=p+r

[14], [15], [5], [21], [25], (19) 0000000000
Berberian 00 (*) D0OO0O0O0O0O0DOOO "Rosetta Stone” D00 ODO0O0O00OO0OOO

00000 (*)UO ¢p-00000000000000000 BerberianOOOOOOOO
gbooooooooooooooogg



DDD(FI)DDDDDDDDDDDD,DDDDDDDDDDDDDDDDDDDDDD
DDDDDLéwner—HeinzDDDDDDDWDDaG[O,l]DDDDDDDDDDDDDDD
0-0000D0000000000000D0 0000 4, 0000000 aG[O,l},A>0
ogoooa

At, B=A2(A"3BA 2)*A2
DDDDDDDDDDDDDDDDDDDDDDDaﬁab:CLI*O‘baDDDDDDDDDD
22], [1].
gooooooooooooocooobooboooboooobooooa

Lemma 1.3. For X, Y >0 anda, b€ [0,1],

(i) monotonicity: X < Xy andY <Y} = X 4, Y < X3 §, 11,

(i) transformer equality: T*XT $, T*YT =T*(X 8, Y)T for invertible T,
(iii) transposition: X ., Y =Y 14 X,

(iv) multiplicativity: X Y = X 8o (X th Y).

gboooooooooboooooooooooooooooooooon:
(FI) If A> B >0, then

A" 1y BP<A for p>1andr>0. (1)

p+r

00000 (F)0000O00O0OO0O0O0O0OO0OOO [21)000000O0O0OO0OOOOO
000000000000 asatellite inequaqlity of (FI), (SF)ODO0OO0O0O00OO:

Theorem 1.4 (Satellite inequality (SF)). If A> B >0, then

A" t14r BP<B<A for p>1andr>0. (2)

p¥r

Proof. As the first stage, we assume that 0 < r < 1. Then the monotonicity of f, (a €
[0,1]) implies that
AT Bitr BP < BT Bir BP = B.

p+r p+r

Next we assume that for some r > 0,

A>B>0 = A" . BP<B<A

p+r

holds for all p > 1. So we prove that it is true for s = 1 +2r. Since A > B > 0 is assumed,

we have
f1_1 ﬁAZ, B? < 137

1
so that
< A% = A

N|=

BA

=

By = (A:BPAZ)#T < A
By the assumption, it follows that for p; > 1

AT 140 BP < B) < AZBA3.

p1+T



Arranging this for p; = 1%1, we have

A2 4,0, AZBPA> < B, < A2BA:?.

p+1+427

Furthermore multiplying A~3 on both sides, it follows that for s = 2r + 1

AT ﬁﬁ BP < Ba

pts

as desired. O

2 0Oo-0boon

O00-00 [38]000000 log-majorization 0 00000000000 0OOOOO,O00
00o000oo0o0o0o0oU0o0o0oO0o0oOo0LD oo-00000 (AHOOoOooo
ugboogan

Theorem 2.1 (Ando-Hiai Inequality (AH)). IfAf, B <1I for A,B >0, then A" §, B" <
I forr>1.

Proof. Tt suffices to show that A" §, B" < T for1 <r <2 Putp=r—1¢€][0,1] and
C=A"32BA 3. Then, since the assumption A f, B < I is equivalent to C* < A~! and
so C™% > A, it follows from Lemma 1.2 that

A"2B"A2 = A3 (A2CAZ) A™2 = C2(C2AC2)PA 2

=A
< 03 (C3C0C3)PC0E = ClH1-p,
Hence we have

1

A", B = A3 (AP §, A2 BTA73)A2 < A2(COP #, O1H(1-e)p) 43
— AzC(HPa—aP 45 — A3CAz < A2 A A2 =,

N

O

D00000000000000000000000000000-000000000
00000000 [11] and [12):

Theorem 2.2 (Generalized Ando-Hiai inequality (GAH)). For A, B > 0 and o € [0, 1],
if A, B<I, then
A" _ar B*<I for rs>1.

ar+(l—a)s

oobooboobogbr=sb000oobobObOO0O DO-0D0000O000DbO0OO0DbDbO
obooboooooooooobooooooo

Proposition 2.3. For A, B> 0 and a € [0, 1], if A §, B < I, then

A"H_aor  B<I for r>1.

ar+l—a

10



Proposition 2.4. For A, B>0 and o € [0, 1], if Ao B <1, then

At

gboboooooooooooooooooooooooboooobooboonn

B°<I for s>1.

(e
a+(l—a)s

Theorem 2.5. (1) Propositions 2.3 and 2.4 are equivalent.
(2) Theorem 2.2 follows from Propositions 2.3 and 2.4

Proof. (1) We first note the transposition formula X 4, ¥ =Y #g X for § =1 — .
Therefore Proposition 2.3 (for () is rephrased as follows:

BigA<I = DB°f s A<LI for s>1

Bs+a

Using the transposition formula again, it coincides with Proposition 2.4 because

Bs o «

1— = = .
Bs+a fs+a (Q1-a)s+a

(2) Suppose that A #, B < I and r,s > 1 are given. Then it follows from Proposition 2.3
that A" 8., B <[ for a = —2F We next apply Proposition 2.4 to it, so that we have

ar+l—a”

1>A"% o B =A"§ o _ B

a1+(1—aq)s ar+(l—a)s ’

as desired. ]

OO000OProposition 23 00000000 O0-0000000O00ODO0OODOOOOO
googo

Theorem 2.6. Proposition 2.3 is equivalent to the Furuta inequality.

Proof. For a given p > 1, we put a = %. Then A > B(> 0) if and only if
A 4, By <1, for By = A2 BPAz. (3)

If A> B >0, then (2.1) holds for A, B > 0, so that Proposition 2.3 implies that for any
r>0

15> A0 ¢ L B = A0 g By = A=UHD 4, A—iprA—E
Hence we have (FI);
AT ﬁﬁ BP < A.

p+r

Conversely suppose that (FI) is assumed. If A~! f, By < 1, then A > (A%BIA%)O‘ = B,
where p = 1. So (FI) implies that for ry =7 —1>0

A>A"f,, BP=A"0"D¢ . A3B A3
p+ry ptr—1
Since p+:_1 = 1+g:_a, we have Proposition 2.3. O

11



O000b0o0o0ooboOooogbg, Proposition 2300000 Theorem 2.2 00000
ugobbobuoooobobooobbboooboboooobboooabobobogan
OO0O0O00 Proposition 230 0000000000000 0OO0OOODLOOOODODODO
gobooboobogobbbooooobooooboboooboboooboobbooobon
OooDoog0oOoooOoOoD %DDDDDDDDDDDD

Proof of Proposition 2.3. For convenience, we show that if A= f, B < I, then

A4 _ar  B<I for r>1. (4)

(1—a)+ar

Now the assumption says that
C* = (A2BA2)* < A.
For any € € (0, 1], we have C?* < A€ by the Lowner-Heinz inequality and so

A0y o B=A"3(A fausg A2BAZ)A2

(I=a)ta(l+e) Itae
< A (07 fan O)AT2 = A72C°A 2 = A 4, B< I
1+ae
Hence we proved the conclusion (2.2) for 1 < r < 2. So we next assume that (2.2) holds
for 1 <r < 2", Then the discussion of the first half ensures that

(A" Ij(l—ail)ilaﬂl B<I forl<rs <2, where a; = ﬁ.
Thus the multiplicative property of the index
a1m B arry
1—o)+arm  (1—a)+arr
shows that (2.2) holds for all r > 1. O

00000000000 SF)Osatellite of (F) 0000 (AH)-0000000000
1
DO00A™' 4, B<IO00D000000a=100000000000C = (AZBA3)» <A
000000000000 (SF) 00

ATt CP<C, 0000 A0+ 4, B<A3CA 3 =A"1% B

p+r p+r

O00000000000000000000(SF) 0 (AH)-000000oooooooo
goooo:

Theorem 2.7. Let A and B be positive invertible operators. Then

Ao BSI = A" { ar B<At, B(<I) for r>1.

ar+1—

12



3 Grand Furuta Inequality

000000 (AH) O (F) 00000000000000000000 (AH)OOOO
0000000O0000000(AH)0000000, (AH)000O0O

By =C®=(A"2BA 2)* < A\ = A,.
0000000000000 p=o'0000000, (AH) O
A>B>0 = A" > (A5(A3BPA AR r>1,p>1 (1)

0000000000

(AH)DOO0OO00O00O(F) 00000000, A 2in(1)0 A% (t€[0,1))0 T =10
00000000000000000000000000 Grand Furuta inequality 0 (GFI)
0000000000cf. [17], [18], [10], [13], [26], [28)].

Theorem 3.1 (Grand Furuta inequality (GFI)). If A> B >0 and t € [0,1], then
[A5 (A3 BPA=5)5 A5Gt < ALt
holds forr >t and p,s > 1.

(GFI) O (AH), (F) 000000000000 000000000000000000
ggoog
(GFI) fort =1, r=s <= (AH)
(GFI) for t =0, (s=1) < (FI).

DO0O(GF) 0 ¢t+=100000000(AH), (F)000000000000000(AH)
0 (GFLt=1,r=s)00000000000000000000000000(FI) 00
000000000000 (GF) 0000000000000

Theorem 3.2.  Furuta inequality (FI) is equivalent to (GFI) fort =s=1.
Proof. We write down (GFI; ¢t =1) for s =1: If A> B > 0, then
[A5(A 2 BPA™2)A3]im o < A7

for p,r > 1, or equivalently,
A—(r=1) - BP<A

p—1+4r
for p,r > 1. Replacing r — 1 by 1, (GFI; ¢t = 1) for s = 1 is rephrased as follows: If
A > B >0, then
A7 ey BP< A

p+ry

for p > 1 and ry > 0, which is nothing but Furuta inequality. O

00000000 Theorem 22000 (GAH) OO (GFI;t=1) 00000000000
Ooo0:

Theorem 3.3. (GFI; ¢t = 1) is equivalent to Theorem 2.2 (GAH).

13



Proof. (GFL; t = 1) is written as
A>B>0 = [A2(A"2BPA 2) A3 Dot < A" (p,r,s > 1),

We here put

Then we have
A>B>0 < A 't A 2BPA <1 < A '4, B <1
P

and for each p,r,s > 1
A5 (A"3BPA™3)  AB) ot < A7
S ST
(p—1)s+r
AT e Bl

ar+(l—a)s

This shows the statement of Theorem 2.2 (GAH). O

(FyoooOoOOOOO(GFH) OOODOOOOOOOOOODODOODOOODOODOOOO
O0o00o00ouoooDo g, 0oooooo

Af, B=A2(A"2BA"2)°A2 for s¢[0,1],
0000000 4, 000000000000 [0,1]0000000000000000000

Grand Furuta inequality (GFI).

A>B>0,te0,1]=A7"# 1, (A'BP)< A (r>t; p,s>1)

(p—t)s+r
00 (GF)OOooooOo(F)00oo0ooo0ooooooooooog

Satellite of Grand Furuta inequality (SGF).

A>B>0,te[0,1] = A"# 1 . (ABP)< B (r>t; p,s>1)

(p—t)s+r

O000O(GF) OO (SGF) 00000000000 0ooooooooooooooo
Lemma 3.4. I[fA>B>0,t€[0,1] and 1 < s <2, then
Aly, C<B'y, C
holds for arbitrary C > 0, in particular,
At hs BP < B(p—t)s+t

holds for p > 1.

14



Proof. Since A~" < B~! by (LH), we have
Aty C=C(C ' #,, A HC<C(C #,, B HC =By, C.
For the latter, we put C' = BP in above. Then we have
Al §, BP < Bt p, BP = Bp—t)s+t,

O

0000000000000 (LH) Do0000O0U0o0o0oo0ooOoUoUooOoo
O000000oooooOo A>B>00 te0,1]00000O

Ay, C<B'y C
0 C=BOs=200000
A'ly B' < B'fs B' = B,
0000 B'A™'B!< B!, 000 A'>B' 00000000000 (LH)OOOO0OOO

Ubb0soobooobboobooboboobooobooboon:

Lemma 3.5. IfA> B >0 andt € [0,1], then
(AthsBp) (p—tl)s+t < B < A

holds for p,s > 1.

Proof. We fix p>1 and t € [0,1]. It follows from Lemma 3.5 and (LH) that
() A>B>0 = B = (A"3,B")7+ <B< A
for s € [1,2]. So we assume that ({) holds for some s > 1, and prove that
By = (Athszp)m < B; <B.
Actually we apply (f) to B; < A. Then we have
(Atthfl)W < By < B, where py = (p—t)s +t,
and moreover
(A2 B Tora5 = [ Al (A4, BP)|T=57 = (A4, BP) 7057 = By,

which completes the proof. O

15



000000000000 (SFH) 000000000 O(SGF) Doooooooooo

Proof of (SGF). For given p,t, s, we use the same notation as above; p; = (p —t)s + ¢
i
and By = (A'f;BP)?1. Then Lemma 3.6 implies that B; < B < A. Hence it follows from
(SF) for B; < A and r; = r —t that

ATy, (ABP) = A4 14y BY' < By < B.

—Dstr PIFT

O

00000000 (SGF;te0,1) 00000, 000000000000 DOO0OOOO

Theorem 3.6. (SGF; t = 1) implies (SGF; t) fort € [0, 1].

O000O(GF)OOODooOOoooooooooo
Theorem 3.7. (GFL; t = 1) implies (GFL; t) fort € [0,1].

00000000000 (AH) OO (GF)OOOOoOOODoOOOOoooOoooooooo
uboboooboooboboobooboboboboboboboobobbobooobo
gboobooboobooboboobooob
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