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Lowner-Heinz 7% & norm A&,
BEH ER KREBEAE LB

1 (FLC&HIC

AREld, 2 111-19-10 (2 fg# T 7z TR O FE-Lowner-Heinz AE A ] OfefmIZ 2720 £ 9,
ZIZTlE, RV N2 H EOFRMIBAEHFZZ ITEHRLPIZ LIZ LT, FHE A BN
positive (4 > 0) TH 3 & (3,
(Az,2) >0 z€ H

MEONDZ e UET, KT, A B positive 22D invertible D& E, A >0 TRLUET, [7HTE R
X, A D FEEEME (positive semidefinite) Tdh 5 Z & A3 positive (A > 0) 12, IEEMHEN A > 0124720
¥9, ¥/, HOHBIEAZE A BIZHLT, A-B>012k>T, fEHZENEFY A > B EHARITEA
INFT, R ECTEHEI N/EKEE f 12X 5 functional calculus N Z DIEF Z /7T 5. T74bb

A>B>0 = f(A) > f(B)
DeE, fEREHZFRFHEVOET, BRI OWTIE, MOBEHELRFEIMONTVET,
t — t*E ac0,1] DEEDH EFAREATH S,

WHE. Z1iE Lowner-Heinz inequality & EENTWE T, AR (LH) TR L ET, [29], [25], [32]
HIE H RN E U722 (LH) EAEZR Vv AAER 2R > TOWE T, see [12], [22] REFEMZLE DA, IRD
Araki-Cordes R55:0 (AC) TY :

(AC) ||B'A'B!|| < ||BAB] for 0 <t < 1.
(AC) I&, MO XS IZHETEET :

(AC-1) ||B'A'BY|| > ||BAB]|* for t > 1.

(AC-2) ||A'BY|| < ||AB||* for 0 <t < 1.



AR TIE. norm AEARDSHAA S, Lowner-Heinz AERDEG 2R TnEWEHnxd, 20k
HbOU—RKTy TE2ZIZIZHLTEELVWERWET,

Ando-Hiai inequality

/ N
Lowner-Heinz inequality Grand Furuta inequality
N /
Furuta inequality
4

BLP inequality — Grand BLP inequality

2 FRFRZEMATH

Kubo-Ando [28] IZ & B/FHZRFEOMERIZ & - T, IEAMFEHARBEFBEB L FHAREEOMIZIEZ. 7
7 4 -
Ao B=Aif(A"2BA"3)A? for A>0, B>0
ko THRAONE T, KT,
fxy=10=x
TMEFEEY o ORBIBAE IFENTWE T, b, fEHFREEIE, RO 3 &2k~ T 2HER 2 S
WE7

Monotonicity: A<C, B<D = AocB<CoD
Upper semi-continuity: 4, | A, B, | B = A, 0B, | Ao B
Transformer inequality: 7*(A o B)T < (T*AT) o (T*BT) for all T

(Normalization: lo1l)
ST, (LH) &9, a€[0,1] LT, o Fg #, PRO LS LETEHEINE T :
A#,B = A2(A"2BA"2)*A2 for A>0, B >0,

cf. [33], [34], [1]e 2DEDITEHT DL, HMZTIIZHZEITN, AL BAERBAEETHNIE, 8D
LGHEEEL LDIT,
A#.,B = A'7*B®

op

Kz, a= % DGE X,
A#B = VAB
L ET,
7B, BEERIICIE, LEROESITTARD & a- B EEPNEAINZDOTIER L, ETRMES # 23
AZETH RF o TERSINE L A, B>0IZHLT,

A X
A# B= X > 0; >0
s rmmirao (4 3) o0



Z ZT. A W invertible THD LT 5 &,

A X 1 A"IX A3
Z O <:> 1 1 1 1 Z 0
X B A 2XA2 A 2BA 2

- T,

. TE a=1 ORZHEALTVET,
VEF I % > 72 A E RO RE D & LT, ZHE-HEAFADVET SN E T, Ando-Hiai [2]
IZ & % log-majorization theorem &, KD KD IZRINTWVWET: a € [0,1] L IEEMITH] A, B 1T
LT,

(A#aB) = (og) A#aB" (1 > 1).

MWD LD, & IADVEBIZIFHEI N TWS DL, IROEHERER
A#.,B<1 = A"#,B" <1 forr>1

T. Ando-Hiai inequality (AH) IHENTWE T, GIHIZEISICRHBLTVET,)

3 HHAER
TEFBERMTII A S Z 212k 0. L0 ECAHATERH L LT, HHASERARIFE LA TES

CRVWET, HHAERE, ROLS5HBEDOTTA (LH) ORFEZ L TH £T,
Furuta Inequality (FI) (I+7r)g=p+r

If A> B >0, then for each r > 0, 1=r

(i (B5APB%)i > (B B"B)

and (1,1)

(ii) (ABPAS)T > (A5 APA3)s )
(1,0)

hold for p > 0 and ¢ > 1 with (1 +7r)g > p+r. (0, —7)

Furuta inequality (2 B89 % SCiki%, [20], [21], [10], [11], [36]. [16] " &Lz D £,
(FI) &, MERMFICBWTETHLO L EVREEE T, TN % a-geometric mean & N TZENE K
TLEMRDESWHIZELDONET ¢



If A> B >0, then for each » > 0
A" 14 BP< A

p+r

holds for p > 1.
(FI) 22D k5 1z&T &, ITEIT S Kamei [26] & 2 HEEAADOEESHREZ D £9:
Satellite of (FI) (SFI) If A > B > 0, then for each r > 0

A" #1., BP < B (< A)

p+r

holds for p > 1.

Fi3, £35S LIFHNEEDOFT (SFI) Rz L £ :

If log A > logB for A, B > 0, then
A" #1.. BP<B

p+T

holds for p > 1 and r > 0.

log A > log B 1. chaotic order & FEHENTWETH, logt WMEAZRHFRDT, A>B(>0) L5
WIEFIZ o TWET, (Rl A> B eRINET,)
(SFI) 2R 72 DEED, IROTHMDOAEFEANTY T

(FI) for chaotic order. If log A > log B for A, B > 0, then
T r l LH
(A2BPAz)d < A«

holds for p > 0, ¢ > 1 and r > 0 such that rq > p+r.

q
rg=p+r

(FI) o8& L FMkIC, ERAZBBMEETRBIE, MO LD ITRD £7,
(CFI) If A>> Bfor A, B > 0, then
AT H e B

holds for p > 0 and r > 0.



(CFI) O BE72FEHIX, Uchiyama [37] IZ& D 5 A 6N TWET, AL

1 n
<1+ ng) —z (n— o00)

n

DOHHIZHD ET, A> BIZXNLUT,

log A log B

Ay=1+-—22 B,=1+
n

EHpLE, Ay, >B,(n=1,2,--+) THIT, THREDE niZO2WTIE, A, > B, >0 P LULET,
NIz LT, (FI) z#HT 2L,

nr nr - l4nr 1
(An2 B;LLPAHQ )np+nr > An+nr

WELNETH, 22T
(A,)" — A, (Bp)" — B
L0,
(A2BPAz)pir > A"
NEoNFET, ZHERBMAEHEHWTERTIR

A" #T-T-r B <1T
2D £9, ETIH, (FI) & (CF) EAETHEZ e hb £7,
X T, HRD (SFI) DKEERK

If log A > logB for A, B > 0, then
AT Hitr BP <B

p+r

holds for p > 1 and r > 0.

T, (CFI) & W fIZEEITE 9, ZOMMPERIZRD 2 DT -
Transposition: A#,B = B#1_,A
Multipicativity: A#.sB = A#a(A#5B)

ZO¥fFDO T T, GEHIFMUTO@ED ENHDTT -

A" e BP=BP g0 AT

i ptr
=B 51 (B” #.2 A7) by (Mp)
=B #p1 (A7 # . B") by (Tp)
< B Ho 1 by (CFI)
=14, B"=B.



4 BLPAZR

BLP &, Bebiano-Lemos-Providéncia DX FZ 5726 DT, %5 1F [4] ITHEWTIRD J )V LAAER
ERRULE LU,

Bebiano-Lemos-Providéncia inequality (BLP)
| A B'ATE | < ||A2(A3 B2 A%) A%
holds for A,B >0 and s >t > 0.
ZD—Abl [18) TSN TV E T,
Theorem 4.1. If A, B > 0, then
[ A Bl A |7 < (|43 (45 BrHoas)s AY|
holds forp>1 and s > r > 0.

ZOEHH (BLP) O LT >TWA I LIk, B % BT THEEMA, p=2>1I1TWM5 L,

pts r(p+ )

p(1+7) o147
£, (BLP) gondZ e ibHIoNET,
mh, BOADULNEEZ S XX MOERAZEAEARZR L. D norm AEFEAE U T Theorem 4.1 237
BN onFE T,

Theorem 4.2. If A, B > 0 satisfy A #1 BPT < A1 for some p > 1 and s > 0, then B'+s < At
p
and so BT < AYT for 0 <r < s.

ZORERE, (FI) 2o E T, EBE GE : A5 #1 BPY < A OiigIicilifilh 5 A2 &
T, REZE

By = (A"2BPTA ) < A
LERLTBWT, (FI) 2#WEd, B,

s 1+s

A > (A3 BPA3)ves = BItS

Ly, KERr/onEd,

iz, (FI) & (AH) OFKHEEE TdH % Grand Furuta inequality (GFI) (&, IRD K S 2 TR INT
WY

Grand Furuta inequality (GFI) IfA> B >0 andt € [0,1], then
[A5(A"2BPA 3 )SA2]<p et < AL
holds for r >t and p,s > 1.

INEERAZEEOSETREIE, RO LD £T,



(GFI) IfA>B>0andte€[0,1], then

A7, (A, BP) < A

(p—t)s+r

holds forr >t and p,s > 1.

PRIz, (GFI) iIZx)59 % BLP AERD— b2 ZERATAET, TDDIT, ROEAFRAEFRREL
9, BROZ M6, THd Theorem 4.2 O (GFI) MZ %7z >TWE T,

Theorem 4.3. Suppose that A,B > 0 and t € [0,1]. If Ar*tul(AThlB(pft)err) < AT for some
p s
D, S > 1 andr > t, then Bl—t-i-r < ALt

RDFRIE, Grand BLP inequality & FEIDIE, HRDKDITZ L LT, FSNDHDEEZET,

Corollary 4.4. Suppose that A,B >0 and t € [0,1]. Then

1—t+r 1—t+r

ATz Blttr AT H% < HA%{A—%(A%B@—UWA%)%A—%}%A%H
holds for p,s > 1 and r > t.

Theorem 4.3 KO Corollary 4.4 T, t=0,s =1 &35 &, Theorem 4.2 U Theorem 4.1 5455 1
9, F72. (GFI) & (AH) DREMRIE,

(GFI) fort =1, r=s <= (AH)
THDZ DO >TVWEITDT, Theorem 4.3 T, t=1,s=r T35,

Let r > 1 be given. If A" 'f1 (A"f1 BP") < A" for some p > 1, then B” < A”.
P T

M, AT B LI £IH, REDH L.
A (I5 A2 B A™2) < ]

E5IT a=1 B = (A"3BPTA~3)r B e, iR, AV 4, B < b ESHAONET, — A,
43 B” < A" &, B" = (A2BJA%)* £ b,

(ARBIAD)" <A & ATH(ABB{AB)ATE <1 & A7 4o B{ <1

B0 T, (ADfRbLIZ AL 2d5L) (AH) BMEonZ T,

5 {EREZEHENTIVMOE—

1961 4£, Nakamura and Umegaki &,
S(A) =—Alog A

IZ&o T, FHEZ VbR E—2B AL Lk, T0%, FHRTVEOMMROFRD FT, 1989 4, J-1
Fujii and Kamei [9] (2L D, fEHIZMES T bov—»

N|=

S(A|B) = Az log(A"2BA™2)A



ELTEAINE L, ZOUWEAZELY bu -0 ThH b Z &Ik,
S(A|I)=S(A)=—Alog A

LoHIonEd, b, FFHAFEMENTY bu—0BEARLEEE U T, Yanagi, Kuriyama and Furuichi
38] 1. Tsallis fEAFZMRTY ba— T,(plo) (a€[0,1]) EHEALE L7 :

pH#Ha0o—p
Ta(plo) = ————

ZZT, pold EEESFATTHY, TOXXEFHARIBETITE, RO LAWKV ILLXT,

Tu(plo) | S(plo) (a]0);

d a0
(pj;)hxo = S(plo)

&Iz, fERAEZEMEN T Y b a ¥ —I1ZB9 % BLP inequality I22WT, HFXTHAZWVWEEWET,
£9. (CFI) DIsHE LT, MOARERPBFONET,

Theorem 5.1. Let A, B >0 and r > 0 be given. Then, if S(A"|APT") > S(A"|BP*")
for some p > 0, then A" > B".

Proof. 3. IS(A"|BPYT) = A2 log(A~5 B+ A~5)r A3 DT, EIR. ROKSICEVEZ ST
9,
T r 1
log A > log(A"2BPT"A72)».

FIT, Bi=(APBPrA R ) b5 E, A B AMREL VWS IR, ZOfE, (CFI) &b
I1>A #mBl A #WA 2BPTTAT 2,
PRSI, T DFER,
A" >1 # r» BPT"=PB"
p+r
RSN, MHIAANK DL I LITHD £7,
X5z, FEAZEMEMTY ba ¥ —IZf9 % GBLP inequality 1. XD LS B THEZOSNET,
Theorem 5.2. Let A,B >0 and t,r > 0 be given. Then, if
S(At+r|Ap+t+r) > S(At+r|Ar ul B(p-l—t)s—i—r)
holds for some p,s > 0 with (p +t)s > t, then A" > BT,
Z DFEHD I B (GF]) BLOFAREARER %2 2T TH E £ [16, Theorem 3.16]:

If A> X for A, X > 0, then
(p4D)str

T > [AB(ASXPAS)S AR
holds for p,t,r,s >0, ¢ > 1 with (t+7)g > (p+t)s+r.

Proof. £3&NZ, IEIFIRD LS IZETEET,

t+r

log A > log[A= 5" (A" BWHIs+) A5 ]s

8



_tgr 1
t+r

IhED, =T and X = [AT T (AT 5y BPHOSTY AT S s T B,

t+r

5 XPA3)SAZ|Grostr

t+r t+r

AT (AT gy BTN AT A% AR T

t+r

(
(

= [A3(A75(A7 5y BT ATE )P AR GO
A3

_ pt+
=B 7’7

& o T, IR T LET,

S 3R
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