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SOME PROBLEMS AND COUNTER-EXAMPLES ON
BCI (BCK)-ALGEBRAS
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ABSTRACT. In this note we first show that the answers of the open problems posed in
the paper [3], are positive. Then we give some counter-examples of Theorems 6 of [4],
2.3 of [5] and 1 of [8].

A BCl-algebra is a non-empty set X with a binary operation % and a constant 0 satisfying
the axioms:
(1) {losy)s(os2)) s (z0) =0,
(2) {rx(xxy)}xy=0,
(3) zxax=0,
(4) x+y=0and y+2 =0imply that z = y, for all x,y,2 € X.
A BCl-algebra X satisfying (5) 0 # = 0 for all # € X, is called a BCK-algebra.
From now on X is a BCl-algebra.

Definition 1. A non-empty subset A of X is called an ideal if
i)oeA
(i) zxy € A and y € A imply that € A, for all ,y € X.

Definition 2. An ideal A of X is said to be closed if 0 x 2 € A, for all z € A.

Notation. For any elements x,y in X and positive integer n, let us write  * y” for
(...((x+y) *xy) *...) xy, where y occurs n times.

Definition 3. An element z in X is said to be a nilpotent element if 0 x 2™ = 0, for
some positive integer n.

Definition 4. Let A be any non-empty subset of X. Then for any positive integer k,
we define
Ni(A) ={x € A:0xz" =0},

and
NA)={x e A: 02" =0, for some k € N}.

Open problems ([3]). (1) TIs there an infinite BCI-algebra X such that
{0} C N(X) C X7

(2) Are there an infinite BCl-algebra X and an ideal A of X such that
{0} CNA) CcACX?

Affirmative answers 5. Let C° = C\{0}, where C is the set of all complex numbers.

Research supported by the National Research Council of L.R. Iran (NRCI) as a National Research project
under the grant number 1720.

1991 Mathematics Subject Classification. 06F35, 03G25, 04A72.

Key words and phrases. Ideal, Nilpotent Element, Fuzzy Ideal.



34 M.M. ZAHEDI, A. HASANKHANI, G.H.A. BOZORGEE

Define x on C° as division as general. Then as it has mentioned in [2], (C°,*,1) is an
infinite BCI-algebra. Consider a subset R® = R\{0} of C°, where R is the set of all real
numbers. Then (R°, , 1) is a closed ideal of C°. Now it is easy to check that

N(C°)={z€C®:zF =1, for some k € N}.

Thus {1} C N(C®) C C°. Note that here 1 is the zero of the BCI-algebra (C°, x, 1).
On the other hand we can see that

N(R®) = {1,-1}.

So
{1} c{l,-1} CR° C C°.

Hence the answeres are complete.
At present we give some counter-examples which shows that Theorems 6 of [4], 2.3 of [5]
and 1 of [8] are not correct in general.

Theorem 6 ([8, Theorem 4]). Any Abelian group X is a p-semisimple BCI-algebra
under the operation —, that is

rxy=z-—y, VeyelX.
Counter-example 7. Consider the Abelian group Zs[z], of all polynomials with coffi-
cients in Zs. Now consider the BClI-algebra (Zs[z], *,0), where f x ¢ means f — g in Zs[x]
(see Theorem 6). Since 0% f2 = (0 — f) — f = 0—2f = 0, for all f € Z»[z], then each

element of Zs[«] is nilpotent, that is
N (Zale]) = Zofa],
but (Zs[z], %, 0) is not a finite BCI-algebra. Thus Theorem 6 of [4] is not correct.
Open problem 8. If N(X) = X, then under what conditions is X finite?
Lemma 9 ([7, Theorem 1]). Let X be a BCI-algebra. Then
Ni(X) ={x € X|0x2" =0}
is a subalgebra of X for each k € N.

Theorem 10. (An answer for the open problem 8) Let X be a BCl-algebra such that
N(X) = X. If there is a positive integer n such that |N;(X)| < n for all £ € N, then X is
finite.

Proof. Assume that N(X) = X and there exists n € N such that [N (X)| < n for all
K € N. Then X = U Ng(X). Let € Ng(X) for k € N. Then 0%z, 0%z, ... 0x2"T! ¢

k=1
Nj (X) since Ni(X) is a subalgebra of X (see Lemma 9). Tt follows from |Ni(X)| < n that
there exists s, € N such that 0 <r <s<mn+1and 0*z® =0+ z". Hence we have
0 = (0xz°)*(0*a")
= (0«2 Yxa)* ((0x2""1) xa)
< (02T x (0 2",

and so (0xz*~ 1) * (0x2"~1) = 0 because (0*z*~1)* (0x2"~ 1) is an atom of X. Continuning
this process one can shows that 0 2°~" =0, i.e., v € N;_(X) where 0 <s—r <n+ 1.
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n+1 n+1
Therefore Ni(X) C Ns_,(X) C U N (X) and thus X = U N (X). This means that X
k=1 k=1

is finite. A
The following example shows that the condition ¢; < p(x) < t» must replaced by #; <
p(x) <ty in Theorem 2.3 of [5]. For more details see [T7].

Counter-example 11. Let X be a BCK-algebra. Define the fuzzy subset p of X as
follows:

] 1 ifz=0
plx) = 0 otherwise, Vo € X.
Then py = {0} and po = X, thus p is a fuzzy ideal of X and there is not € X such that

0 < p(z) <1
Finally we give a counter-example of Theorem 1 of [8].

Counter-example 12. Let X = {0,a,b,1}. Consider the following table

* | 0 a b 1
0 0 0 0 0
a a 0 0 0
b b b 0 0
1 1 b a 0

Then according to [6], (X,*,0) is a BCK-algebra. Define the fuzzy subset
X —[0,1] as follows:

1 .
ﬂ(l‘):{i fr=1

1 otherwise.

Then for any ¢ € [0,1],t < p(1), we have gz = X, and hence p; is a dual ideal of X. But p
is not a fuzzy dual ideal of X, because p(1) < p(x), Ve € X, « # 1.
Now we give a correct version of Theorem 1 of [8].

Theorem 13. Let X be a BCK-algebra and p be a fuzzy subset of X. Then p is a fuzzy
dual ideal of X if and only if y; is a dual ideal of X, for all non-empty level subset p; of p.

Proof. The proof is not difficult.

Acknowledgment: The authors would like to thank the referee for giving Theorem 10.
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