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FURTHER EXTENSIONS OF CHARACTERIZATIONS OF CHAOTIC
ORDER ASSOCIATED WITH KANTOROVICH TYPE INEQUALITIES
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ABSTRACT. We showed characterizations of chaotic order via Kantorovich inequality
in our previous paper. Recently as a nice application of generalized Furuta inequality,
Furuta and Seo showed an extension of one of our results and a related result on operator
equations. In this paper, by using essentially the same idea as theirs, we shall show
further extensions of both their results and the following our another previous result
which is a characterization of chaotic order via Specht’s ratio. “Let A and B be positive
invertible operators satisfying MI > A > mlI > 0. Then log A > log B is equivalent to
M, (p)AP > BP holds for all p > 0, where h = % > 1 and

D
hRP—1

Mp(p) = —————"
elog h?P=1

1. INTRODUCTION

An operator means a bounded linear operator on a complex Hilbert space H. An oper-
ator T is said to be positive (denoted by T > 0) if (T'z,z) > 0 for all z € H and also an
operator T is said to be strictly positive (denoted by T' > 0) if T is positive and invertible.
The following Lowner-Heinz theorem is well known: A > B > 0 ensures A > B® for

any « € [0,1]. For the sake of convenience on application, the following Theorem F was
established.

Theorem F (Furuta inequality [9]). P (1+r)g=p+r
If A> B >0, then for each r > 0,
(i)  (BAPB%)i > (B:BPB%)s

and

(1,1)

(i)  (AEAPA%)s > (AEBPAE).

hold forp >0 and ¢ > 1 . (1,0) q
with (1+7)q 2 p+. o) FIGURE

We remark that Theorem F yields Léwner-Heinz theorem when we put » = 0 in (i) or (ii)
stated above. Alternative proofs of Theorem F are given in [6][18] and also an elementary
one-page proof in [10]. Tt is shown in [23] that the domain drawn for p, ¢ and r in the Figure
is best possible one for Theorem F.

As an extension of Theorem F, the following Theorem G was obtained in [13].
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Theorem G ([13]). If A> B > 0 with A > 0, then for each t € [0,1] and p > 1,
Fpi(A,B,r,s) = A7 {AS (A7 BPAT )° A5} T AT

is decreasing for v >t and s > 1, and Fp (A, A,r,s) > F, (A, B,r,s), that is, for each

tel0,1] andp>1,

(1) ALTHT > (A5 (AT BPAT )P AR o or
holds for any s > 1 and r > t.

Ando-Hiai [2] established excellent log majorization results and proved the following
useful inequality equivalent to the main log majorization theorem: If A > B > 0 with
A >0, then

A" > {AB(AT BPAT ) A%}
holds for any p > 1 and r > 1. Theorem G interpolates the inequality stated above
by Ando-Hiai and Theorem F itself, and also extends results of [7][11] and [12]. A nice
mean theoretic proof of Theorem G is shown in [8] and one-page proof of (1.1) is shown in
[15]. In [16], we showed equivalence relation among the inequality (1.1), monotonicity of
the function F,+(A, B,r,s) in Theorem G and related results. The best possibility of the
outside exponents of both sides in (1.1) is shown in [24] and [26].

On the other hand, related to Lowner-Heinz theorem, the following proposition is also
well known: A > B > 0 does not always assure A* > B for any o > 1. As a way to settle
this inconvenient, the following result is given in [14].

Theorem A.1 ([14]). If A> B >0 and MI > A > mlI > 0, then

MNP
<—> AP > K (m,M,p)A? > B? forp > 1,
m
where
-1t -y

PP (M —m) (mMP —mpM)P
We remark that Theorem A.l is related to both Hélder-McCarthy inequality [19] and

Kantorovich inequality: If MI > A > mI > 0, then (A_la:,x) (Az,z) < % holds

(m+M)*
R 4mM

Ki(m,M,2) = % where K (m, M,p) is stated in (1.2), so that K (m,M,p) is a
generalization of Kantorovich constant. Many authors investigated a lot of papers on Kan-
torovich inequality, among others, there is a long research series of Mond-Pecarié¢, some of

them are [20] and [21].

The order between positive invertible operators A and B defined by log A > log B is said
to be chaotic order which is a weaker order than usual order A > B. As an application of
Theorem F, the following characterization of chaotic order is well known.

(1.2) K. (m, M,p) =

is called Kantorovich constant and

for every unit vector x in H. The number

Theorem A.2 ([7][12]). Let A and B be positive invertible operators. Then the following
assertions are mutually equivalent:

(i) log A > log B.
(i) AP > (AEBPA%)3 for all p > 0.

(iii) A" > (A% BPA%)# 7 for allp >0 and u > 0.
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(i)<(ii) of Theorem A.2 is shown in [1]. Recently a simple and excellent proof of (i)=-(iii)
is shown in [25] by only applying Theorem F, and a simplified proof of (ii)=-(i) is shown in
[17].

As other characterizations of chaotic order, we prove the following two results as appli-
cations of Theorem A.1 and Theorem A.2 in [27].

Theorem B.1 ([27]). Let A and B be positive invertible operators satisfying M1 > A >
ml > 0. Then the following assertions are mutually equivalent:

(i) log A > log B.

(ii) (o2 + Mr)?
4mp MP
Theorem B.2 ([27]). Let A and B be positive invertible operators satisfying M1 > A >
ml > 0. Then the following assertions are mutually equivalent:
(i) log A > log B.

AP > BP for all p > 0.

(ii) Mn(p)AP > BP for all p > 0, where h = % >1 and

h th— T

(1.3) Mu(p) = ———.

elog h»P—1

Theorem B.2 gives a more precise sufficient condition for chaotic order than Theorem

(mP+MP)?
4mP MP

Lemma B.3 ([27]). Let Ky(m, M,p) be defined in (1.2). Then

B.1 since > Mp,(p) holds for all p > 0 by the following two lemmas.

F(p,?“,m,M) = K+<mT7MTap+T>
r

is an increasing function of p, v and M, and also a decreasing function of m for p > 0,
r >0 and M >m > 0. And the following inequality holds:

M P
(1.4) (-) > K, (mT,Mr,p+r> > 1.
m T

Lemma B.4 ([27]). Let M >m >0, p > 0 and K (m, M, p) be defined in (1.2). Then

) = Mh(p),

p+r
r

lim Ky (m’“, M,
r—+0

where h = % > 1 and My (p) be defined in (1.3).

1
We remark that M (1) = % is called Specht’s ratio [4][22], which is the best
upper bound of the ratio of the arithmetic mean to the geometric mean of numbers x;

satisfying M > x;, >m >0 (¢=1,2,--- ,n ), that is, the following inequality holds:

(h—l)hﬁ 1+ a2+ +xn
7"1;1%‘2...1;”2 .
elogh n

In [3], we showed a simplified proof of Theorem B.2 by using determinant for positive
operators defined in [4] and [5]. Moreover we showed the following result which interpolates
(i)=(ii) of both Theorem B.1 and Theorem B.2 in [27].

Theorem B.5 ([27]). Let A and B be positive invertible operators satisfying M1 > A >
ml > 0. Iflog A > log B, then

K (mT,MT,w> AP > BP holds for p >0 and r > 0,
r
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where K (m, M, p) is defined in (1.2).

As a nice application of Theorem G, Furuta and Seo established the following result in
[17].

Theorem C.1 ([17]). Let A and B be positive invertible operators. Then the following
assertions are mutually equivalent:

(i) log A > log B.

(ii) For each a € [0,1], p > 0, u > 0 and s > 1 such that (p + au)s > (1 — a)u, there
exists the unique invertible positive contraction T satisfying
TA@ewsp — (A% BP A )s.
(iii) For each o € [0,1], p > uw > 0 and s > 1, there exists the unique invertible positive
contraction T satisfying

au

TAWPtowsp — (A% BPAS ),
(iv) For each p > 0, there exists the unique invertible positive contraction T satisfying
TAPT = BP.

Moreover as an extension of Theorem B.1, Furuta and Seo also showed the following
result based on Theorem C.1 in [17].

Theorem C.2 ([17]). Let A and B be positive invertible operators satisfying MI > A >
ml > 0. Then the following assertions are mutually equivalent:

(i) log A > log B.

(ii) For each a € [0,1], p > 0 and u > 0,

(M+aws 4 m(p+au)s)2

au

Alptou)s > (A% BPA%)®

AM (ptau)sy, (p+au)s
holds for s > 1 such that (p + au)s > (1 — a)u.

(iii) For each o € [0,1] and p > u > 0,
(MProws - mp+aws)?
AM (ptau)sy (p+au)s
holds for s > 1.
2
(iv) %AP > BP? holds for p > 0.

In this paper, we shall show a further extension of Theorem C.1. And also we shall show
a further extension of Theorem C.2 which interpolates both Theorem B.1 and Theorem B.2.

au

Alptow)s > (A% BPAT)®

2. EXTENSIONS OF THE RESULTS BY FURUTA AND SEO

Firstly, as an extension of Theorem C.1, we have the following characterization of chaotic
order via operator equations.

Theorem 1. Let A and B be positive invertible operators. Then the following assertions
are mutually equivalent:

(i) log A > log B.
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(ii) For each natural number n, o € [0,1], p >0, u >0, s > 1 and r > 1 — « such that
{nr + (n+ 1)atu > (p + au)s, there exists the unique invertible positive contraction
T =T(n,a,p,u,r,s) satisfying
(2.1) T(A (D+(:L1/:2T+T1L T)n _ A —(P‘gzx‘:j_sl-;—nru (A%BPA%)SA —(P‘g?ril«_*)_slg%—nru
(iii) For each natural number n, o € [0,1], p > nu >0, s > 1 and real numbers r such that
{nr+ (n+ 1)a}u > (p+ au)s, there exists the unique invertible positive contraction
T =T(n,a,p,u,r,s) satisfying
T(Ai(pﬂﬁf”“ )" = A (A% BPA%)SA;(”ZETET'M
(iv) For each natural number n and p > 0, there exists the unique invertible positive
contraction T = T'(n, p) satisfying

T(A=T)" = BP.
The following Corollary 2 is easily obtained by Theorem 1.

Corollary 2. Let A and B be positive invertible operators. Then the following assertions
are mutually equivalent:

(i) log A > log B.

(ii) For each natural number n, o € [0,1], p > 0, u > 0 and s > 1 such that (p + au)s >
n(l — a)u, there exists the unique invertible positive contraction T = T(n,a,p,u,s)
satisfying

(2.2) T(APT ) = (A% BPAS ).
(iii) For each natural number n, o € [0,1], p > nu > 0 and s > 1, there exists the unique
invertible positive contraction T = T (n,a, p,u,s) satisfying

(ptau)s 2 au

(2.3) T(A~+ T)"= (A% BPAY ).

(iv) For each natural number n and p > 0, there exists the unique invertible positive
contraction T = T(n,p) satisfying

T(AT)" = BP.

Remark 1. Corollary 2 can be proved by Theorem 1. And (ii), (iii) and (iv) of Corollary 2
implies (ii), (iii) and (iv) of Theorem C.1 respectively when we put n = 1, that is, Theorem
1 includes Theorem C.1 as a special case.

Secondly, as an extension of Theorem C.2; we have the following Kantorovich type char-
acterization of chaotic order.

Theorem 3. Let A and B be positive invertible operators satisfying MI > A > mI > 0
and K4 (m, M, p) be defined in (1.2). Then the following assertions are mutually equivalent:
(i) log A > log B.

(ii) For each natural number n, o € [0,1], p > 0 and u > 0,

(ptauw)s+ru (ptauw)s+ru au au

Ky (m n+1 7 A ,n+ 1) Alptau)s > (ATBPAT)S

holds for all s > 1 and r > 1 — « such that {nr + (n+ 1)a}u > (p + au)s.
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(iii) For each natural number n, o € [0,1] and p > nu > 0,

(p+ou)s+ru (ptau)stru

(2.4) Ky (m nt1 S M et ,n 4 1) Alptau)s > (A%B;DA%)S

holds for all s > 1 and real number r such that {nr + (n + 1)a}tu > (p + au)s.

(iv) For each natural number n and p > nu > 0,

ptru

K+(m e 7M;:r%,n+1) Aszp

holds for real number r such that nru > p.

Remark 2. Theorem 3 implies Theorem C.2 as follows. We have (ii) [resp. (iii)] of
Theorem C.2 when we put n = 1 and r = M in (ii) [resp. (iii)] of Theorem 3. And
put n =1 and r = £ in (iv) of Theorem 3, then we have (iv) of Theorem C.2.

As mentioned above, Theorem 3 yields Theorem C.2 and Theorem C.2 yields Theo-
rem B.1. Moreover Theorem 3 also yields the following Theorem 4 and Theorem 4 yields
Theorem B.2, which is a more precise estimation than Theorem B.1.

Theorem 4. Let A and B be positive invertible operators satisfying M1 > A > ml > 0,
and K1 (m, M, p) and My(p) be defined in (1.2) and (1.3), respectivery. Then the following
assertions are mutually equivalent:

(i) log A > log B.

(ii) For each natural number n, o € [0,1], p > 0 and u >0

(p+au)s—au (ptou)s—au

Koy (m T M 1) Arens > (4% Ry

holds for all s > 1 such that (p + au)s > (n + a)u.

(iii) For each natural number n, a € [0,1] and p > nu > 0,

(ptauw)s—au (ptau)s—au au au

K+<m R M ,n+1)A(p+a“)52(ATB”AT)S

holds for all s > 1.

(iv) My(p) AP > BP holds for p > 0, where h = M > 1,

m

3. PROOFS OF RESULTS
Proof of Theorem 1. We shall show (i)=-(ii)=-(iii)=(iv)=-(i) as follows.

(i)==(ii): In case u = 0, (ii) holds obviously since the assumption of (ii) ensures ps = 0
and (2.1) turns out to be 7! = I, so that we have only to show the case u > 0 as follows.
By Theorem A.2, (i) ensures the following inequality:

A" > (A2 BPA% )+ for p >0 and u > 0.

Put A = A" and By = (A%BPA%)ﬁ, then A; and Bj satisfy A; > B; > 0. By applying
Theorem G, we have

(p1—t)s+r

(3.1) Al z{AF(A? BPAP ALY
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holds for ¢t € [0,1], p1 > 1, s> 1, r >t and ¢ > 1 such that (1 —t+17)qg > (p1 —t)s+ .
Wecanputt=1—-a €[0,1], p1 = ’H'T“ >1land g =n+1 > 1 since the hypotheses of (ii)
r>1—aand {nr+ (n+1)a}u > (p+ au)s ensure the inequalities

r>1l—-a=t

and
l-t+r)g=(a+r)(n+)=nr+(n+a+r> WTQU)S +r=({p1—t)s+r
respectively. Then (3.1) can be rewritten as follows:
(3.2) AT > {AF (AT BPAT ) AT bt
Let T be defined as follows:
(3.3) e e (A% D*A%) Ay g lepensiru)
where D = A% BPA% . Then T is an invertible positive contraction and
holds by (3.3). Therefore we have
5) (A A P et Z 4% DA,

It is equivalent to
A(ngﬁj}:'lﬁ)»ru T(A (P+c:Lu+)f+ry-u T)nA% _ A%(A%BPA%)GA%
that is, we have (2.1).
Uniqueness of T' can be shown as follows: Assume that for each natural number n,
a€0,1],p>0,u>0,s>1andr >1—asuch that {nr+ (n+ 1)a}u > (p+ au)s, there
exists an invertible positive contraction S satisfying

)

(3.6) S(Ai(”ffﬁf““ Sy = AT (A% BPAS )SAi_(pZE’fﬁTnm
By (2.1) and (3.6), we have

(3.7) SATSHTE gy = (AT ),

(3.7) is equivalent to

(pHau)st+ru (ptau)stru (ptau)stru (ptau)stru

(A 2n+1) S AT 2(ntD) )”‘H — (A 3(nt1) T A~ 2(ntD) )”‘H.
Then we have S =T.
Hence the proof of (i)==-(ii) is complete.

(if)==(iii): (iii) holds in case u = 0 obviously by the same discussion as (ii). Let p > nu > 0
in (ii), then the condition r > 1 — « follows from p > nu > 0 and the other assumption of
(ii) since
r> (p+au)s —n+1a2p+au—n+1a:£—a21—a,
nu n nu n nu
so that we have (iii).

(ii))=(iv): Put r = %, a=0and s =1 in (iii), then we have
T(AT)" = BP

holds for each nutural number n and p > nu > 0, i.e,, p > 0. (iv) holds in case p = 0
obviously, so that the proof of (iii)==-(iv) is complete.
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(iv)==(i): Put n = 1in (iv), then we have (i) by using (iv)==-(i) in Theorem C.1.
Consequently the proof of Theorem 1 is complete.
Proof of Corollary 2. Put r = % in Theorem 1, then the condition {nr+ (n+1)a}tu >

(p+ au)s in (ii) is satisfied and » > 1 — « in (ii) can be rewritten as (p + au)s > n(1l — a)u.
Then we have Corollary 2.

In order to prove Theorem 3, we prepare the following lemma.

Lemma 5. Let A be a positive invertible operator satisfying MI > A > mlI >0 and T be
an invertible positive contraction. Then

Ky (m,M,p+1) AP > T3 (T3 AT?)T'*
holds for p > 0, where K (m, M,p) is defined in (1.2).
We need the following Lemma D.1 to prove Lemma 5.

Lemma D.1 ([13]). Let A be a positive invertible operator and B be an invertible operator.
Then

(BAB*)* = BA? (A2 B*BA*)* 'A% B*
holds for any real number \.

Proof of Lemma 5. The condition I > T > 0 asserts A > A3TA3 > 0. Put A; = A and
B = A%TA%, then A; and By satisfy Ay > By > 0 with MI > Ay > miI > 0. Applying
Theorem A.1,

(3.8) K (m,M,p+1)A;PT > BPH!

holds for p > 0, where K (m, M, p) is defined in (1.2). (3.8) is equivalent to the following

by Lemma D.1.
3.9 K (m, M,p+1) AP+ > (AST A3 )P+
(39) = AST3 (T3 AT*)PT3 A%,

Multiplying A= on both sides of (3.9), the proof is complete.

Proof of Theorem 3.

(i)==(ii): Let n be a nutural number, o € [0,1], p > 0, u >0, s > 1 and r > 1 — o such
that {nr + (n + 1)a}u > (p + au)s. By (i)=-(ii) of Theorem 1, there exists the unique
invertible positive contraction T' satisfying the following (2.1):

Q1) TSRy L AR (4 gy g

By scrutinizing the proof of Theorem 1, (2.1) is equivalent to the following (3.5):

(3.5) (A(pg?:htm TA(pE((yfrﬁm = AT DA%

where D = A" BPA%". (3.5) can be rewritten as

(3.10) A%T%(T%A%T%)HT%A% — AT DA,

Let A = A% Then MI > A > mlI > 0 ensures M%I > A > m%
> 0 and

(pHau)st+ru (ptau)stru

(8.11) Ky (m ™ SHEE M ) 4 > TH T AT
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holds for each nutural number n by Lemma 5. (3.11) can be rewritten as

(p+au)s+ru (ptau)s+ru {(ptow)s+ruln

K+ (m i1 M nt1 ,n—+ ]_) A 1

1 (ptau)stru

>T2(T2 A et T2)"T.

(3.12)

(ptau)stru

Multiplying A™ 2+D on both sides of (3.12), we have
.n+ 1) A(p+au)s+1“u

(ptau)s+ru (ptau)s+ru
M

K+ (m ntl

(ptau)stru

(3.13) > A%T%(T%A%T%)”T%A Tt T)
= A7 DA%,
Hence the proof of (i)==(ii) is complete.

(il)=(iii): (iii) holds in case u = 0 since the assumption of (iii) ensures ps = 0 and (2.4)
turns out to be K4 (1,1,n+ 1) = I by (1.4) in Lemma B.3. Let p > nu > 0 in (ii), then
the condition r > 1 — « follows from p > nu > 0 and the other assumption of (ii) since

2(p—l—ozu)s_n—i—lazp—i—cm_n—i—loé P

T =——-—a>1—aqa,
nu n nu n nu
so that we have (iii).
(iii)==(iv): Put @ =0 and s =1 in (iii).
. : - (MP 4 mP)?
Proof of (iv)==(i). Put n =1 and r = £ in (iv). Then K (m?, M?,2) = PTIYI by
(1.2), so that
(M? +mP)”
3.14 — AP > BP
( ) 4Amp MP -

holds for all p > nu > 0, i.e., p > 0. By Theorem B.1, (3.14) implies (i).
Whence the proof of Theorem 3 is complete.

Proof of Theorem 4.
In case u = 0, (i)=(ii)=-(iii) holds by Theorem B.5, because (ii) and (iii) can be rewritten
as follows: For each nutural number n,

ps
ps ps DS+
K+ <m",Mn,T

n

)Aps > BPs

holds for ps > 0.

i)==(ii): In the proof of (i)=-(ii) of Theorem 3, we can put r = (ptow)s _ ntl ey gince
nu n

(p+ au)s > (n+ a)u yields r = % — 2tlg > 1 — . Hence the proof of (i)==(ii) is
complete.

(il)=>(iii): Put p > nu > 0, then the required condition (p + au)s > (n + a)u is satisfied.

(iii)==-(iv): Put v = 0 in (iii), we have, for each nutural number n,

(3.15) K. (m—M—n n 1) APS > BPS
holds for ps > 0. (3.15) is equivalent to
ps ps + Bs
K+ <m",M", pSan) APS > BPs.

Tending n — oo (i.e., 22 — 0), we have (iv) by Lemma B.4.
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(iv
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)=(i) is already shown in Theorem B.2.
Hence the proof of Theorem 4 is complete.
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