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ABSTRACT. This paper considers replacement polices for an extended cumulative damage
model with minimal maintenance at each shock and minimal repair at failure: A system
is replaced at time 7T or at shock number N, and undergoes maintenance or repair
between replacements. The expected cost rate is obtained and each optimal 7™ and N*
to minimize the cost rate is discussed. It is shown that this model would be applied to
the backup of secondary storage files in a database system as an example.

1. Introduction.

We consider the stochastic model where shocks occur at random times and each shock
causes the damage to a system. These damages accumulate additively. A system fails when
the total amount of damage exceeds a failure level K. This stochastic model generates a
cumulative process [1]. Some aspects of such cumulative damage models from reliability
viewpoints were discussed by Esary, Marshall and Proschan [2].

It is of great interest to study the problem when to replace a system before failure as
preventive maintenance. Optimal maintenance policies where a system is replaced at time T’
[3], at shock IV [4], or at damage Z [5, 6] were studied. Nakagawa and Kijima [7] applied the
periodic replacement with minimal repair [8] to a cumulative damage model and obtained
optimal values T*, N* and Z* which minimize the expected cost.

In recent years, the database in computer systems has become very important in a highly
information-oriented society. In particular, the reliable database is the most indispensable
instrument in on-line transaction processing systems such as real-time systems used for
account of bank. The data in a computer system are frequently updated by adding or
deleting them, and are stored in floppy disks or other secondary media. However, data files
in secondary media are sometimes broken by several errors due to noises, human errors and
hardware faults. In this case, we have to reconstruct the same files from the beginning.

The most simple and dependable method to ensure the safety of data would be always
to make the backup copies of all files in other places as total backup, and to take out them
if files in the original secondary media are broken. But, this method would take hours and
costs, when files become large. To make the backup copies efficiently, we make the backup
copies of only updated files which have changed or are new since the last full backup when
the total updated files do not exceed a threshold level K. We call it incremental backup.
This would reduce significantly both duration time and size of backup [9]. Conversely, we
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perform full backup at periodic time T or at backup number N, whichever occurs first. It
is assumed that the database system returns to an initial state by the full backup.

This paper considers an extended cumulative damage model with minimal maintenance
at each shock and minimal repair at each failure. Reliability measures of this model are
derived, using the theory of cumulative processes. Further, this is applied to the backup of
files in a database system.

2. Problem Formulation. Suppose that shocks occur in accordance with a nonhomoge-
neous Poisson process having the intensity function A(¢) and the mean-value function R(t),
i.e., R(t fo u)du. Then, the probability that the shocks occur exactly j times during
(0,4] is

(1) H;(t) = [ je—RW (j=0,1,2,---).

Further, an amount Y; of damage due to the j-th shock has a probability distribution
Gj(x) = P{Y; <z} (j =1,2,---) with finite mean. Then, the total damage Z; = 7_, Y;
to the j-th shock where Zy = 0 has a distribution

(2) GY(z) =Pr{Z; <a} =Gy *Gox---5Gj(z) (j=0,1,2,---),

where G (z) = 1 for x > 0, 0 for z < 0, and the asterisk mark represents the Stieltjes
convolution, i.e., a * b(t fo (t — w)da(u) for any functions a(t) and b(t). Then, the
probability that the total amount of damage exceeds a failure level K at the j-th shock
is GU-D(K) — GU(K). Let Z(t) be the total amount of damage at time ¢. Then, the
distribution function of Z(t) is

(3) Pr{Z(t) <x}_ZH )GV (z

Consider the system which should operate for an infinite time span and assume: When the
total damage does not exceed a failure level K, the system undergoes minimal maintenance
at each shock. The maintenance cost is ¢z + ¢o(z) when the total damage is z (0 < z < K),
where co(x) is continuous and strictly increasing and c¢o(0) = 0. When the total damage
exceeds a failure level K, the system undergoes minimal repair at each shock, and the repair
cost is c3, where ¢3 = ¢2 + ¢o(K). The system is replaced at periodic time T or at shock
number N, whichever occurs first, and the replacement cost is ¢;, where ¢s < ¢;. The
maintenance time, the repair time and the replacement time are negligible, i.e., the time
considered here is measured only by the total operating time of the system.

Lemma 2.1 Let Pr denote the probability that the system is replaced at time T, and Py
denote the probability that the system is replaced at shock number N. Then,

ZH
/ Hy_4( t)dtz i Hj(T

Jj=N

(4) Pr

(5) Py

and Pr + Py = 1.
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Lemma 2.2 Let Ni(T,N) denote the expected number of minimal maintenances until re-

placement, and No(T, N) denote the expected number of minimal repairs until replacement.
Then,

(6) Ni(T,N) = = G Z Hy(
(7) No(T,N) = [1— GO(K)] Y Hi(T).
Proof: From Lemma 2.1, we have

Pro= H(T)GY(K) + Y Hy(T) Y [GV(K) - G (k)]

=
|

T T N-1
| Eva@rx0ac )+ [ @A@Y 60(0) - 6 (K),
0

=0

Ni(T,N) = FHHT)GD(K) + ) Hi(T) Y ilGY(K) — GUD(K))

+/T Hy 1 ()At)dt Y i[GW (K) — GUHD(K)]
0 ;
N—1 J 00 N-1

i=1 j=N i=1

and

No(T,N) = H;(T) Y (i —1)[GW(K) - GUHI(K)]

N-1

= H;(T) zj:[ (z) ) + i Hj( Z (z)

i=1
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Lemma 2.3 Let E[U] denote the mean time to replacement. Then,
N-1 T
(8) B =Y / H, (t)dt.
=070
Proof: From Lemma 2.1, we have
N-1 T
E[UI =T Y H;(T) +/ tHn_1(t)A(t)dt.
7=0 0
Then, using the relations

T T T
/ Hj(t)dtzTHj(T)—/ tHj_l(t))\(t)dt—i—/ L (OAB)dE (= 1,2,--),
0 0 0

and
T T
/ Ho(t)dt = THy(T) + / LHO (OA(E)dt,
0 0
we have
E[U]
T N—-1 N-1 T N—-2 T
=THyT) +/0 tHo(t)A(t)dt + 2 TH;(T)+ Z:l /0 tH;(t)A(t)dt — ;) /0 tH;(t)A(t)dt
N-1
=THy(T)+ /T tHo(t)A(t)dt + [TH;(T) — /T tH;_1(t)A(t)dt + /T tH; () A(t)dt]
0 = 0 0
N-1 .rT
= ;0 /0 H;j(t)dt

From Lemma 2.2, we easily have:

Lemma 2.4 Let E[C] denote the expected cost to replacement. Then,

N-L T K . .
OFC)=a+ Y [ Ha@xO@( | e+ @@lde? @)+ alt - GO (K],

From Lemma 2.3 and Lemma 2.4, by using the theory of renewal reward process [10], we
have:

Theorem 2.5 Let C(T, N) denote the expected cost per unit time in the steady-state. Then,

(10) (T, N) = %

where

E[C]zcl+z_:/0 Hj_l(t))\(t)dt{/o les + co(2)]dGD (2) + 51 — GO (K]},
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and

N-1

/O ' H;(t)dt

J=0

Suppose that shocks occur according to a Poisson process with rate A, i.e., A(t) = A,
R(t) = M and H;(t) = [(At)7/j!le™™ (j = 0,1,2,---). Further, assume that the cost
of minimal maintenance is proportional to the total damage, i.e., ca + co(x) = 2 + cox
(0<z < K).

Corollary 2.6 When \(t) = A and co(x) = cox, the expected cost per unit time is

Cl+>\Z] 1 Jo ijl( )dt 3—Cof0 )d:L']
St fy Hy(tdt

(11) C(T,N) =

3. Optimal Time T™.

Lemma 3.1 Let C(T') denote the expected cost per unit time when the system is replaced
only at time T'. Then,

¢ — oAy fOK G (z)dx fo i1 (t)dt

(12) C(T) = ]\}im C(T,N) =c3\+

T
Theorem 3.2 If fo x)dx > c1/co then there exists a finite T uniquely which minimizes
C(T), and it satisfies
(13) S )Y [ 169 @) - 69 @)ds = erfeo
j=1 i=1 70
The resulting cost is
(14) C(T*) /A =¢3—co ZH / GUH(
where M (z) = 3772 L GO (2). If fo x)dx < c1/cg then T* = oo and C(o0) = c3A.

Proof: We easily have that C(co0) = limp_.oc C(T') = c3A. Thus, there exists a positive T
(0 < T* < o0) which minimizes C(T'). A necessary condition that a finite T* exists is that
it satisfies (13) and is given by differentiating C(T") with respect to T' and setting it equal
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to zero. Let U(T) be the left-hand side of (13), we have

U = 71“1Ln0U(T):O’
= = G)( _
U(o) = Tlgr;oU hm Z/ G deH JH;(T))
K
= / ZG(J) dm—/ M (x
(-
v(T) = AZ T - DY / GO (@) - GO (@)
i=1
K j+1 '
_ AZHJ' / ng G+ DG ZG@) + GO (1)) da
= Z j/ (G (z) — GUTD (z)]dz > 0.
Thus, U(T) is a strictly increasing function from 0 to fOK x)dz. If fo x)dx > c1/co

then there exists a finite T* uniquely which satisfies (13), and the resulting cost is given in
(14).

Example 3.3 Suppose that a database is updated according to a Poisson process with rate
A. Further, an amount of only files, which have changed or are new at the j-th update since
the last full backup, is Y;. It is assumed that each Y; has an identical probability distribution
function Gj(z) = 1 — e ", je., GV (z) = 1 — 37 [(,ux) Jille=H (5 = 1,2,--+) and
M(K) = uK. We replace shock by update, damage by updated files, minimal maintenance
by incremental backup, minimal repair by total backup, and replacement by full backup.

In this case, to compute (13), let g;(s) denote the Laplace-Stieltjes (LS) transform of
Cdf Gj(x), i.e.,

5o = [ a6, a),

for s > 0, and g¥)(s) denote the LS transform of Cdf GU)(z). When Gj(z) = 1 — e H®
(j=1,2,--+), we easily have

g9 (s) = U1 (s)g,(s),

and
() — M
93(3) s+
Thus,
L G-1) ) L o

(15) L9V (s) =gV (o)) = 9 (s).
Inverting the LS transforms of (15),

K . 1 ..
(16) / I (@) = 69 (a)]de = .G ().

0
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From (16), we have
_ZG@ Z/ G dm—/G
i=j+1 i=j+1

and hence,

J K
3 / GO (@) — GO (2)]de = ~ ZZGHD
i=1"0

Thus, the equation (13) is simplified as
J

(17) 3 Hia (1) iGUY ()) = B
7j=1

C
i=1 0

Let Q(T') be the left-hand side of (17),
Q) = Jim Q) =0

Q(x0) (pK)?

K
Jim Q(T) = U(oe) = s [ M(a)do =

Thus, it is easily proved that Q(T) is a strictly increasing function of T from 0 to (uK)?/2.
If (uK)?/2 > pc1/co then there exists a finite 7% uniquely which satisfies (17), and from
(14) and (16), the resulting cost is rewritten as

00 K
CT)/n = CQ—i—coZHj(T*)/ 1 — GO (2)]de
=0 0
oo 7 K ‘ A
= cateoy Hi(T) / (GO (z) — GO (2)|da
=0 =070
- cQ+%iHj(T*)ZG<”(K
=0 i=1

Corollary 3.4 When Gj(x) =1—e " (j =1,2,---), we have the following optimal policy:
If nK?/2 > c¢1/co then there exists a finite T* (0 < T* < o) uniquely which satisfies (17).
The resulting cost is

j+1

(18) C(T*) N = e + 2 ZH (T*) ZG”

If pnK?/2 < ¢1/co then T* = oo, and the resulting cost is c3\.

Example 3.5 It is supposed in example 3.3 that the total volume of files is 5 x 10° trucks
and a threshold level K is 3 x 10° trucks which correspond to 60% of the total volume.
Table 1 gives the optimal full backup times AT™*, the resulting costs C(T™*)/A for ¢; =
40, 50, 75, 100, 150, 200, and pK = 8,12 when c; = 10 and ¢y = 10~%. It is found from the
optimal policy that if 15uK > ¢; then T* < oo, and conversely, if 15K < ¢; then T* = 0o
and C(c0)/A = 40. This shows that both optimal T* and costs C(T*) are increasing with
c1, and C(T*) are decreasing with K. However, T* are smaller for small ¢1, and conversely,
are greater for large ¢, when pK is smaller. This reason would be explained that if the
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cost ¢1 is small then it is better to perform the full backup early, but if ¢; is large then it
is better to do it lately, especially when its mean updated file is large.

Table 1. Optimal full backup times AT* and resulting costs C'(T%)/A

c1 40 50 75 100 150 200

AT 5.144 5946 8.098 11.149 00 00
C(T*)/A | 30.467 32.274 35.878 38.537 40.000 40.000

AT 5.823  6.587 8371 10.163 14.895 00
C(T*)/A | 26.537 28.149 31.505 34.213 38.328 40.000

uK =38

uK =12

For example, when the mean time of update is 1/\ = 1 day, ¢; = 50 and puK = 12, the
optimal full backup time 7™ is about 7 days. In this case, K/(A/u) = 12 days, and note
that it represents the mean time until the total updated files exceed a threshold level K.

4. Optimal Shock Number N*.

Lemma 4.1 Let C(N) denote the expected cost per unit time when the system is replaced
only at shock number N. Then,

_ K .
19) CW) _ . C(T,N) e SN Sy GO (@) da
A T TS0 A N ’

Proof: From Corollary 2.6, using the relation

o0

T
lim Hj(tAdt = lim > Hy(T) =1,
T—o00 0 TS00 Pt
we have
C(N)  a+aN-1)-c E;,V:—ll foK GU) (z)da
A N
c1—C2—Cp Z;\:Ol OK G (z)dx
fr— C3 N .

Theorem 4.2 If fOK M(z)dx > (c1 — c3)/co then there exists a finite N* uniquely which
minimizes C(N) and it satisfies

(20) L(N) > (1 —¢2)/co and L(N — 1) < (¢1 — ¢2)/co,
where

N-1 K
(21) L(N) = / 1G9 (2) — G (2] da.

j=0 70

IffOK M(z)dx < (¢1 — c3)/co then N* = oo.
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Proof: A necessary condition that a finite N* minimizes C(N) is given by forming the
inequalities C(N + 1) > C(N) and C(N) < C(N —1). From these inequalities, we have
(20). Further,

= f 11— a0 e,
K
Leo) = Jim LV) = [+ M)
L(N+1)-L(N) = (N+1) /OK[G<N>(x) — G ()]da > 0.

Thus, L(N) is a strictly increasing function from 0 to fOK[l—I—M(x)]dx It fOK[1+M(J:)]dJ: >
(c1 — c2)/co then there exists a finite N* uniquely which satisfies (20), and if fOK[l +
M(z)]dz < (¢1 — ¢c2)/co then N* = oc.

Example 4.3 In example 3.3, we perform a full backup at backup number N when G, (x) =
1 —e** and M (z) = px. In this case, from (16),

N—-1 .k 1N71 N 1 N
> / (G (z) - M (@)de == Y GI(K)==> jGU(K).
j=0 70 Hi=0 iS5 ris

Thus, the equation (20) is simpfied as

- plon—c) RS pler — )
(22) ng(j)(K) > 72 nd Z JGU(K) <« B =220
j=1 0 j=1 o
=N G0
Let Li(N) = YN, jGW) (K),
Li(1) = 1—e MK,
K 2
Li(oo) = lim Li(N) = pL(sc) = pK + (MQ) .

Thus, Li(N) is a strictly increasing function of N from 1 — e ¥ to uK + (uK)?%/2. If
uK + (uK)?/2 > p(er — c2)/co then there exists a finite N* uniquely which satisfies (22),
and from (19), the resulting cost is

Wy, a-ata S - GY (a)]de
A N*
_a-at SN GO(K)
= 5 + N
o — e+ 2N N GU(K) - I GO (K))
= 9+ N .

Corollary 4.4 When Gj(zx) =1—e " (j =1,2,---), we have the following optimal policy:
If uK?/2 > (c1 — c3)/co then there exists a finite N* uniquely which minimizes C(N), and
it satisfies (22). The resulting cost is

C(N*)

1 - =2y GO (K)
- .

(23 =

-
. c
=+ 236V (K) +
K4
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If pnK?/2 < (e1 — c3)/co then N* = oo.

Example 4.5 It is supposed in example 4.3 that the total volume of files is 5 x 10° trucks
and a threshold level K is 3 x 10° trucks which correspond to 60% of the total volume.
Table 2 gives the optimal full backup number N* and the resulting costs C(N*)/\ for

C1

= 40, 50, 75, 100, 150, 200 and K = 8,12 when ¢ = 10 and c¢g = 1074, It is found from

the optimal policy that if ¢; < 210 then N* < 0o, and conversely, if ¢; > 210 then N* = co
and C(o0)/A = 40, when pK = 12. For example, when ¢; = 50, the optimal number is
N* =6.

Table 2. Optimal full backup number N* and resulting costs C(N*)/A

c1 40 50 75 100 150 200
N* 4 5 6 8 12 00
uK =38
C(N*)/A|23.106 25.440 30.058 33.788 38.913 40.000
N* 5 6 7 9 11 15
uK =12
C(N*)/A120.998 22911 26.770 29.931 34.972 38.839

The change of optimal number N* is similar to the optimal times AT™. It is noted that

AT™* represents the expected number of updates during (0, 7*], and N* < AXT*, C(N*)/A <
C(T*)/A under the same conditions. In general, a replacement policy for backup number

N

would be more economical than that for time T under the same conditions.
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