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A NOTE ON LEFT (RESP. RIGHT) SIMPLE poe-SEMIGROUPS

NIOVI KEHAYOPULU

Received June 22, 1999

Abstract. An ordered semigroup S is called left (resp. right) simple if S does not

contain proper left (resp. right) ideals. In particular, a poe-semigroup S is left (resp.

right) simple if and only if S does not contain proper left (resp. right) ideal elements.

Each left (resp. right) ideal element is a bi-ideal element. An ordered semigroup S is

left and right simple if and only if S does not contain proper bi-ideals. In particular, a

poe-semigroup S is left and right simple if and only if S does not contain proper bi-ideal

elements.

A left (resp. right) simple ordered semigroup is an ordered semigroup which does not

contain proper left (resp. right) ideals. We have seen in [5] that an ordered semigroup S is
left and right simple if and only if S does not contain proper bi-ideals. A poe-semigroup is

an ordered semigroup (: po-semigroup) having a greatest element "e" (i.e. e � a 8 a 2 S:)
Unless otherwise is stayed, we denote by "e" the greatest element of the poe-semigroup
S. In this note we introduce the concept of left (resp. right) simple poe-semigroups: If S

is a poe-semigroup, we call S left (resp. right) simple if for every left (resp. right) ideal
element a of S, we have a = e. A left (resp. right) ideal or a bi-ideal element a of S is

called proper if a 6= e. Thus a poe-semigroup S is called left (resp. right) simple if S has
no proper left (resp. right) ideal elements. When we speak about an ordered semigroup we

assume that it does not have a greatest element, in general. Otherwise, we speak about a
poe-semigroup. We prove here that a poe-semigroup S is left and right simple if and only
if S does not contain proper bi-ideal elements. We have two de�nitions of left (resp. right)

simple poe-semigroups. The question is: Are these two de�nitions equivalent ? Yes, they
are. Propositions 2,3 below give the answer.

We give the necessary de�nitions: Let (S; :;�) be a poe-semigroup. An element a of S

is called a left (resp. right) ideal element if ea � a (resp. ae � a) [1]. An element a of S is
called a bi-ideal element if aea � a [2]. A bi-ideal element a of S is called subidempotent if
a2 � a. If (S; :;�) is an ordered semigroup, by a bi-ideal of S we mean a non-empty subsetB

of S such that 1) BSB � B. 2) b 2 B;S 3 a � b imply a 2 B [3]. A bi-ideal B of S is called
subidempotent if B2 � B. For H � S, we denote (H] := ft 2 S j t � h for some h 2 Hg.

A semigroup (S; :) is called regular if for every a 2 S there exists x 2 S such that a = axa.
Equivalent De�nitions: 1) A � ASA 8 A � S. 2) a 2 aSa 8 a 2 S.

An ordered semigroup (S; :;�) is called regular if for every a 2 S there exists x 2 S such
that a � axa. Equivalent De�nitions: 1) A � (ASA] 8 A � S. 2) a 2 (aSa] 8 a 2 S [3].
In particular, a poe-semigroup (S; :;�) is regular if and only if a � aea 8 a 2 S.

The left and right simple semigroups (ordered semigroups) are regular. In regular semi-
groups (ordered semigroups) the bi-ideals and the subidempotent bi-ideals coincide (cf.
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also [5]). Similarly, in regular poe-semigroups, the bi-ideal elements and the subidempotent

bi-ideal elements are the same.

Proposition 1. Let (S; :;�) be a poe-semigroup. The following are equivalent:
1) S is left and right simple.

2) S does not contain proper bi-ideal elements.

3) S does not contain proper subidempotent bi-ideal elements.

Proof. 1)) 2). Let a be a bi-ideal element of S. The elements ea and ae are left and right
ideal elements of S, respectively. By 1), we have ea = e, ae = e. Then e = ea = (ae)a � a.

Thus a = e.
2)) 3). It is obvious.
3)) 1). Let a be a left ideal element of S. Since ea � a, we have

a(ea) � a2 � ea � a.
Thus a is a subidempotent bi-ideal element of S. By 3), we have a = e. Similarly, S is right

simple.

Proposition 2. A poe-semigroup (S; :;�) is left simple if and only if S does not contain

proper left ideals.

Proof. ). Let A be a left ideal of S. Let a 2 S. Let b 2 A (A 6= ;). The element e(ab)

is a left ideal element of S. Indeed: e(e(ab)) = e2(ab) � e(ab). By hypothesis, e(ab) = e,
then (eab] = (e], and e � (ea)b 2 SA � A. Since A is a left ideal of S, we have e 2 A. Since

S 3 a � e 2 A, A a left ideal of S, we have a 2 A.
(. Let a ba a left ideal element of S. The set (ea] is a left ideal of S (cf. also [4; the

proof of Proposition 1]). By hypothesis, (ea] = S. Since e 2 S, we have e � ea � a. Then

a = e.

Proposition 3. A poe-semigroup (S; :;�) is right simple if and only if S does not contain

proper right ideals.

Remark. The Proposition 1 in [5] can be also proved by a modi�cation of the proof

of Proposition 1 above, using only sets and not elements. An ordered semigroup S is left
and right simple if and only if S does not contain proper bi-ideals. In fact: ). Let A be
a bi-ideal of S. Since (SA] is a left ideal, (AS] a right ideal of S, by hypothesis, we have

(SA] = S; (AS] = S. Then S = (SA] = ((AS]A] = (ASA] � (A] = A. (. Let L be a
left ideal of S. Since SL � L, we have (LS)L � SL � L. So L is a bi-ideal of S. By

hypothesis, L = S. We note that, moroever, the ordered semigroups which do not contain
proper subidempotent bi-ideals are left and right simple.

A semigroup S is a group if and only if it is left and right simple (: S does not contain
proper left ideals and proper right ideals). A group does not contain proper bi-ideals.
"Conversely", the semigroups which do not contain proper subidempotent bi-ideals, are

groups (cf. the Theorem 3 in [6]). We prove it, by an easy modi�cation of the proof given
above for ordered semigroups, ommiting the parentheses "( ]" and just putting X instead

of (X]. On the other hand, the same result can be obtained either applying the Proposition
1 to the poe-semigroup (P(S); :;�) or applying the Proposition 1 in [5] to the ordered
semigroup (S; :;�) where " � " is the relation on S de�ned by �:= f(x; y) j x = yg. (P(S)

is the set of all subsets of S).

As a conclusion: The study of poe-semigroups gives information about ideal elements,

as well. The beauty and simplicity of the order helps to �nd very simple proofs of the
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results. Moreover, one can pass from the results of ideal elements of poe-semigroups to the

results of ideals of ordered or algebraic semigroups by easy modi�cations, using only sets
and not elements. Which shows the pointless character of the results.
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