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Abstract. Hall and Jarrett [3] listed e�cient generalized cyclic designs, in a sense of

maximizing the overall average e�ciency factors, with the parameters 10 � v � 60

and r < k � 10. We consider a method for constructing a generalized cyclic design

with larger values of the parameters from a generalized cyclic design and we give a

relationship between the e�ciency factors of these designs. We present e�cient larger

generalized cyclic designs with v � 100 and r < k � 25, applying the method to the

e�cient cyclic designs listed by John [9], the e�cient generalized cyclic designs listed by

Hall and Jarrett [3] and the dual designs of these e�cient designs. Most of the resulting

generalized cyclic designs have fairly high e�ciency factors, it therefore seems that the

method is useful to construct e�cient larger generalized cyclic designs, provided that

the original designs of this method are e�cient.

1. Introduction

Let V be a v-set and B be a collection of k-subsets of V . The elements of V and B are
called treatments and blocks, respectively. A designD(v; r; k) is a pair D = (V;B) such that
every treatment occurs in precisely r blocks. In particular, if every pair of distinct treat-
ments occurs in precisely the same number of blocks, (V;B) is called a balanced incomplete

block (BIB) design.

Generalized cyclic designs were �rst considered by Jarrett and Hall [5]. Let v = mn. A

design D(v; r; k) is said to be generalized cyclic and denoted by GCDm(v; r; k), if it has an
automorphism consisting of m cycles with the same length n. In this case, without loss of
generality, we may assume that V = Zv = f0; 1; � � � ; v�1g (mod v), the residues of modulo

v, and that if B = fb0; b1; � � � ; bk�1g is a block, then B+m = fb0+m; b1+m; � � � ; bk�1+mg
(mod v) is also a block. For any block B of a GCDm(v; r; k), the generalized cyclic class

containing B is the set of blocks fB + mj (mod v) j j = 0; 1; � � � ; n � 1g. A generalized
cyclic class can be represented by any one of its blocks, which is called an initial block.

The number of blocks contained in a generalized cyclic class is called the cycle length of the
class. If the cycle length is n, the generalized cyclic class is said to be full, and otherwise it
is said to be short. In a case when m = 1, the generalized cyclic design is the usual cyclic

design.

Consider the usual model of the intra-block analysis using a design D(v; r; k). A v � v

matrix

C = rI � 1

k
NN 0
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is well known (cf. Raghavarao [15]) as the C-matrix of the design, where I is the identity

matrix of order v, N is the incidence matrix of the design and N 0 is the transpose of the
matrixN . The overall average e�ciency factorE is de�ned (cf. John [9], John andWilliams
[10]) by

E =
v � 1

v�1X
j=1

e�1j

and it is used as a criterion for comparing di�erent designs, assuming that the design is

connected, that is, rank(C) = v � 1. We consider only connected designs throughout this
paper. Here e1; e2; � � � ; ev�1 are v � 1 positive eigenvalues of a matrix

C� =
1

r
C = I � 1

rk
NN 0;

which are called the canonical e�ciency factors.

John, Wolock and David [11] gave an e�cient cyclic design, in a sense of maximizing the
overall average e�ciency factor, for a given set of the parameter values, and they catalogued

e�cient cyclic designs extensively. For a case when r � k, John [8,9] improved the catalogue
for practical use and he listed e�cient cyclic designs with the parameters 4 � v � 30, r � 10,
k � 2 and r = `k (` � 1). Lamacraft and Hall [14] also listed e�cient cyclic designs with

10 � v � 60 and 3 � r = k � 10. Kuriki and Miyauchi [13] considered a method for
constructing an e�cient cyclic design with larger values of the parameters from an e�cient

cyclic design, which was an analogy of the recursive construction for cyclic BIB designs
given by Colbourn and Colbourn [2] and Jimbo and Kuriki [7]. For the other case when
r < k, Jarrett and Hall [5] paid attention to generalized cyclic designs and Hall and Jarrett

[3] listed e�cient generalized cyclic designs with 10 � v � 60 and r < k � 10, because cyclic
designs were often relatively ine�cient in terms of the overall average e�ciency factor and

it was frequently possible to �nd more e�cient generalized cyclic designs. In this paper,
we give a generalized cyclic version of the results obtained by Kuriki and Miyauchi [13].

We consider a method for constructing a generalized cyclic design with larger values of the
parameters from a generalized cyclic design and we give a relationship between the e�ciency
factors of these designs. We present e�cient larger generalized cyclic designs with v � 100

and r < k � 25, applying the method to the e�cient cyclic designs listed by John [9], the
e�cient generalized cyclic designs listed by Hall and Jarrett [3] and the dual designs of these

e�cient designs.

2. A method for constructing larger generalized cyclic designs

First of all we summarize some known results, which will be used in the succeeding
paragraphs. Let N be the incidence matrix of a D(v; r; k) D. A design D0 which has N 0 as

its incidence matrix, is said to be dual of D. Obviously, D0 is a D(b; k; r), where b is the
number of blocks of D and b = vr=k. A relationship between the e�ciency factors of D

and D0 is well known (cf. John and Williams [10]).

Lemma 2.1. Let E and E0 be the overall average e�ciency factors of a D(v; r; k) D and

its dual design D(b; k; r) D0, respectively. Then

E =
v � 1

v � b+
b� 1

E0

(2.1)

holds.
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Consider a generalized cyclic design GCDm(v; r; k) D. If the treatments i and i0 occur in

a block, then treatments i+mj and i0+mj also occur in a block for each j = 1; 2; � � � ; n�1.
We can therefore express the concurrence matrix NN 0 of D in a circulant manner, that is,

NN 0 =

2
6664

�0 �1 � � � �n�1

�n�1 �0 � � � �n�2

...
�1 �2 � � � �0

3
7775 ;(2.2)

arranging the treatments in standard order, where �j is anm�mmatrix for j = 0; 1; � � � ; n�
1. The concurrence matrix NN 0 may be denoted by [[�0j�1j � � � j�n�1]], for brevity. Then

we can write the C-matrix as

C = [[�0j�1j � � � j�n�1]];(2.3)

where

�0 = rI � 1

k
�0 and �j = �1

k
�j(2.4)

for j = 1; 2; � � � ; n� 1. Here the identity matrix I is of order m and �j is an m�m matrix
for j = 0; 1; � � � ; n � 1. Jarrett and Hall [5] de�ned an m�m complex matrix

��

` =

n�1X
j=0

!j`�j(2.5)

for ` = 0; 1; � � � ; n � 1, where !` = exp(2�i`=n) and i =
p�1, and they obtained the

following:

Lemma 2.2. For a generalized cyclic design GCDm(v; r; k) D, the canonical e�ciency

factors of D coincide with the eigenvalues of n matrices ��

0=r;�
�

1=r; � � � ; ��

n�1=r including
multiplicities.

Note that the eigenvalues of ��

`=r such that ` > n=2 coincide with those of ��

n�`=r including
multiplicities.

Hall and Jarrett [3] proved that the dual design of a generalized cyclic design is also a

generalized cyclic design.

Lemma 2.3. Let D be a GCDm(v; r; k) with no short generalized cyclic class. Then the
dual design D0 of D is a GCDmr=k(b; k; r).

Now we consider a method for constructing a generalized cyclic design from a smaller

generalized cyclic design. Firstly we require a di�erence matrix introduced by Bose and
Bush [1]. A k � p� matrix � = [�ih] is called a (p; k; �) di�erence matrix, if �ih 2 Zp and
every element of Zp occurs exactly � times among the di�erences f�ih� �i0h (mod p) j h =
0; 1; � � � ; p��1g for any two rows i and i0. It is easily veri�ed that, without loss of generality,
we may assume �0h = �i0 = 0 for any i and h. In the sequel of this paper, we consider

only such a normalized di�erence matrix. We note that k � p� (cf. Jungnickel [12]) and
that every row contains each element of Zp exactly � times, except for the �rst row. For
example, if p is an odd prime, let �ih = ih (mod p) for i; h = 0; 1; � � � ; p� 1, then � = [�ih]

is a (p; p; 1) di�erence matrix, which implies the existence of a (p; p; �) di�erence matrix for
any �. For the constructions of di�erence matrices, we refer to Bose and Bush [1], Jimbo

and Kuriki [7] and Jimbo [6].
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LetD be a GCDm(v; r; k) with no short generalized cyclic class. We construct new initial

blocks of a generalized cyclic design D1 with V = Zpv from the initial blocks of D and a
(p; k; �) di�erence matrix � = [�ih]. For an initial block fb0; b1; � � � ; bk�1g of D, construct
the following p� initial blocks of D1:

Bh = fb0 + �0hv; b1 + �1hv; � � � ; bk�1 + �k�1hvg(2.6)

for h = 0; 1; � � � ; p��1. Add +m (mod pv) to each initial block, then each generalized cyclic

class fBh +mj (mod pv) j j = 0; 1; � � � ; pn � 1g is full, since D has no short generalized
cyclic class. For the other initial blocks of D, construct the initial blocks of D1 in the
similar manner. Obviously, the resulting D1 is a GCDm(pv; pr�; k), and we consider the

dual design D2 of D1, which, from Lemma 2.3, is a GCDm0(v0; r0; k0) such that

m0 =
mpr�

k
; v0 =

p2vr�

k
; r0 = k; k0 = pr�;(2.7)

because we are interested in a GCDm0(v0; r0; k0) with r0 < k0, especially.

Since D1 is a GCDm(pv; pr�; k), the concurrence matrix N1N
0

1 and the C-matrix C1 can
be expressed as

N1N
0

1 = [[	0j	1j � � � j	n�1j	nj	n+1j � � � j	2n�1j � � � j	(p�1)nj	(p�1)n+1j � � � j	pn�1]]

and

C1 = [[�0j�1j � � � j�n�1j�nj�n+1j � � � j�2n�1j � � � j�(p�1)nj�(p�1)n+1j � � � j�pn�1]];

like (2.2) and (2.3), where N1 is the incidence matrix of D1,

�0 = pr�I � 1

k
	0 and �j = �1

k
	j(2.8)

for j = 1; 2; � � � ; pn � 1. Here the identity matrix I is of order m and 	j and �j are
m �m matrices for j = 0; 1; � � � ; pn � 1. For a treatment bi0 contained in an initial block
B = fb0; b1; � � � ; bk�1g of D, suppose that bi0 � u (mod m). Then, in the blocks of the

generalized cyclic class containing B, the treatment u occurs with treatments

fbi � bi0 + u (mod v) j i 6= i0; i = 0; 1; � � � ; k � 1g:

From the de�nition of the di�erence matrix, in the blocks of the generalized cyclic classes
containing the initial blocks B0; B1; � � � ; Bp��1 ofD1, which are given in (2.6), the treatment

u occurs with treatments

fbi � bi0 + u+ cv (mod pv) j i 6= i0; i = 0; 1; � � � ; k � 1; c = 0; 1; � � � ; p � 1g

� times. We therefore have

	j =

8>>>><
>>>>:

(p� 1)r�I + ��0; if j = 0;

�(�0 � rI); if j � 0 (mod n) and j 6= 0;

��j0 ; if j � j0 (6= 0) (mod n)

(2.9)
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for j = 0; 1; � � � ; pn � 1, and, using (2.4), (2.8) and (2.9), we have

�j =

8>>>>>>><
>>>>>>>:

(p� 1)r�(k� 1)

k
I + ��0; if j = 0;

�r�(k � 1)

k
I + ��0; if j � 0 (mod n) and j 6= 0;

��j0 ; if j � j0 (6= 0) (mod n)

(2.10)

for j = 0; 1; � � � ; pn � 1. Let

��

` =

pn�1X
j=0

e
2�i`
pn

j�j(2.11)

for ` = 0; 1; � � � ; pn � 1. Then we can express ��

0;�
�

1; � � � ;��

pn�1 in terms of ��

0;�
�

1; � � � ;
��

n�1 of (2.5).

Theorem 2.1. For the GCDm(v; r; k) D and the GCDm(pv; pr�; k) D1,

��

` =

8><
>:

p���

`=p; if ` � 0 (mod p);

pr�(k � 1)

k
I; if ` 6� 0 (mod p)

hold for ` = 0; 1; � � � ; pn � 1.

Proof. If ` � 0 (mod p), then, from (2.5), (2.10) and (2.11), we have

��

` =
(p� 1)r�(k � 1)

k
I + ��0 + (p� 1)

�
�r�(k � 1)

k
I + ��0

�

+p

n�1X
j0=1

e
2�i
n ( `p )j

0

��j0 = p�

8<
:�0 +

n�1X
j0=1

e
2�i
n ( `p )j

0

�j0

9=
; = p���

`=p:

Similarly, if ` 6� 0 (mod p), we have

��

` =
(p� 1)r�(k � 1)

k
I + ��0 +

p�1X
x=1

e
2�i`
p

x

�
�r�(k � 1)

k
I + ��0

�

+

p�1X
x=0

e
2�i`
p

x
n�1X
j0=1

e
2�i`
pn

j0��j0 =
pr�(k � 1)

k
I;

using
Pp�1

x=0 e
2�i`
p

x = 0. �

By use of Lemma 2.2 and Theorem 2.1, we can obtain the canonical e�ciency factors of
D1 from those of D.

Theorem 2.2. For the GCDm(v; r; k) D and the GCDm(pv; pr�; k) D1, D1 has the canon-
ical e�ciency factor (k� 1)=k with multiplicity (p� 1)v, and the other canonical e�ciency

factors of D1 coincide with those of D including multiplicities.

Proof. By Lemma 2.2, the canonical e�ciency factors of D1 coincide with the eigenvalues
of pn matrices ��

0=(pr�);�
�

1=(pr�); � � � ; ��

pn�1=(pr�) including multiplicities. This fact,

Lemma 2.2 and Theorem 2.1 lead us to the statements of this theorem. �
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Using Theorem 2.2, we easily show the following theorems.

Theorem 2.3. If the GCDm(v; r; k) D is connected, then the GCDm(pv; pr�; k) D1 is also
connected.

Theorem 2.4. Let E and E1 be the overall average e�ciency factors of the GCDm(v; r; k)

D and the GCDm(pv; pr�; k) D1, respectively. Then

E1 =
pv � 1

v � 1

E
+
(p� 1)vk

k � 1

holds.

Note that a special case of Theorem 2.4 with m = 1 is Corollary 2.2 obtained by Kuriki

and Miyauchi [13].

Combining Lemma 2.1 and Theorem 2.4, we can obtain the e�ciency factor of D2 from
that of D.

Theorem 2.5. The overall average e�ciency factor E2 of the GCDm0(v0; r0; k0) D2 with
(2.7) is given by

E2 =

p2vr�

k
� 1

v � 1

E
+
p2vr�

k
� v(k � p)

k � 1

;

where E is the overall average e�ciency factor of the GCDm(v; r; k) D.

For the e�ciency factors E and E2 of the original and resulting designs D and D2 of this
method, Theorem 2.5 yields conditions for E which lead to E2 > E and E2 � E.

Theorem 2.6. Let E and E2 be the overall average e�ciency factors of the GCDm(v; r; k)

D and the GCDm0(v0; r0; k0) D2 with (2.7), respectively. Then

E2 > E; if E < c;

and

E2 � E; if E � c;

hold, where

c =
p2r�=k � 1

p2r�=k � (k � p)=(k� 1)
:

The following example illustrates the above method for constructing larger generalized

cyclic designs.

Example 2.1. Let v = 10, m = 2, r = 3, k = 6, p = 3 and � = 2, and let f0; 1; 2; 3; 4; 7g
be the initial block of the GCD2(10; 3; 6) D. The initial block is seen in the list of e�cient

generalized cyclic designs given by Hall and Jarrett [3] and E = 0:918. From the initial
block and a (3; 6; 2) di�erence matrix

� =

2
6666664

0 0 0 0 0 0
0 0 1 2 2 1

0 1 0 1 2 2
0 2 1 0 1 2
0 2 2 1 0 1

0 1 2 2 1 0

3
7777775
;
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we construct new six initial blocks of the GCD2(30; 18; 6) D1 as follows:

f0; 1; 2; 3; 4; 7g; f0; 1; 12; 23; 24; 17g; f0; 11; 2; 13; 24; 27g;
f0; 21; 12; 3; 14; 27g; f0; 21; 22; 13; 4; 17g; f0; 11; 22; 23; 14; 7g:

The dual design GCD6(90; 6; 18) D2 of D1 has two initial blocks

f0; 1; 2; 3; 4; 5; 6; 8; 12; 16; 37; 39; 45; 47; 70; 71; 73; 74g;
f0; 1; 6; 9; 18; 23; 32; 35; 38; 40; 49; 52; 63; 64; 67; 71; 80; 81g;

which are obtained by a method of Hall and Jarrett [3], and E2 = 0:949 from Theorem 2.5.

This example is the former case E2 > E of Theorem 2.6, because E < c = 0:952.

3. E�cient larger generalized cyclic designs

Hall and Jarrett [3] listed e�cient generalized cyclic designs with the parameters 10 �
v � 60 and (r; k) = (2; 4); (2; 6); (2; 8); (2; 10); (3; 6); (3; 9); (4; 6); (4; 8); (4; 10); (5; 10). One

of their methods for constructing these e�cient designs was to consider the dual designs
of the e�cient cyclic designs catalogued by John, Wolock and David [11], and they used
Lemma 2.3 for these e�cient cyclic designs. Jarrett [4] gave an upper bound U0 for the

e�ciency factor E of a design D(v; r; k) as

U0 = �e

�
1� n1n2

r(k � 1)fz(v� 1)2 + tv(v � 1) + n1g

�
;(3.1)

where t is the integer part of r(k � 1)=(v � 1), n2 = r(k � 1)� t(v � 1), n1 = v � 1 � n2,
�e = v(k�1)=fk(v�1)g and z = minf1; (n2�1)=n1g. For a case when r < k, Hall and Jarrett

[3] suggested that (3.1) should be applied to the dual design of the D(v; r; k) to obtain an
upper bound U1, and U1 should be converted to an upper bound U on the original D(v; r; k)

by

U =
v � 1

v � b+
b� 1

U1

;(3.2)

using (2.1). Each of the e�ciency factors of generalized cyclic designs listed by Hall and
Jarrett [3] was compared with the corresponding upper bound U .

Now we apply the method for constructing larger generalized cyclic designs discussed

in Section 2 to e�cient cyclic and generalized cyclic designs, and we construct generalized
cyclic designs with v � 100 and r < k � 25, except for the values of (r; k) obtained by Hall

and Jarrett [3]. As the original designs of this method, we use the e�cient cyclic designs
listed by John [9], because these designs can be treated more easily than the designs listed

by John, Wolock and David [11], the e�cient generalized cyclic designs listed by Hall and
Jarrett [3] and the dual designs of these e�cient designs. We note that each of the original
designs used here has no short generalized cyclic class. The resulting larger generalized

cyclic designs are given in Table 3.1. In order to check the e�ciency of the resulting design,
we formally use a ratio E=U , where E is the e�ciency factor of the design and U is the

upper bound given in (3.2). The e�ciency factor E can be obtained by Lemma 2.1 and
Theorem 2.5. In Table 3.1, J(v; r; k; p; �) and HJ(v; r; k; p; �) mean that the resulting
designs are constructed from the e�cient cyclic design GCDm(v; r; k) with m = 1 listed by

John [9] and the e�cient generalized cyclic design GCDm(v; r; k) listed by Hall and Jarrett
[3], respectively, and a (p; k; �) di�erence matrix. Also J 0(v; r; k; p; �) and HJ 0(v; r; k; p; �)

mean that the resulting designs are constructed from the dual designs of these e�cient
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cyclic and generalized cyclic designs GCDm(v; r; k)'s, respectively, and a (p; r; �) di�erence

matrix. Here, as the original design for each of (v; r; k) = (12; 3; 6); (12; 4; 6), we choose the
�rst design of two e�cient generalized cyclic designs listed by Hall and Jarrett [3]. Most
of the generalized cyclic designs in Table 3.1 have fairly high e�ciency factors, it therefore

seems that the method discussed in Section 2 is useful to construct e�cient generalized
cyclic designs with larger values of the parameters, provided that the original designs are

e�cient.

Table 3.1. E�cient generalized cyclic designs

r k v m E U E=U Method

2 12 48 6 0:895 0:898 0:997 J(4; 6; 2; 2; 1)
2 12 60 6 0:887 0:889 0:998 J(5; 6; 2; 2; 1)

2 12 72 6 0:882 0:884 0:997 J(6; 6; 2; 2; 1)
2 12 84 6 0:880 0:880 1:000 J(7; 6; 2; 2; 1)

2 12 90 6 0:878 0:878 1:000 J(5; 4; 2; 3; 1)
2 12 96 6 0:876 0:876 1:000 J(8; 6; 2; 2; 1)

2 16 48 8 0:928 0:933 0:994 HJ 0(12; 2; 8; 2; 1)
2 16 64 8 0:919 0:922 0:997 J(4; 8; 2; 2; 1)

2 16 80 8 0:914 0:916 0:999 J(5; 8; 2; 2; 1)
2 16 96 8 0:910 0:910 0:999 J(6; 8; 2; 2; 1)

2 20 60 10 0:941 0:947 0:995 HJ 0(15; 2; 10; 2; 1)
2 20 80 10 0:935 0:937 0:997 J(4; 10; 2; 2; 1)

2 20 100 10 0:930 0:932 0:998 J(5; 10; 2; 2; 1)

2 24 96 12 0:945 0:947 0:998 J(4; 6; 2; 2; 2)

3 12 32 4 0:929 0:933 0:995 J(4; 3; 3; 2; 2)
3 12 40 4 0:920 0:925 0:995 J(5; 3; 3; 2; 2)

3 12 48 4 0:915 0:919 0:996 J(6; 3; 3; 2; 2)
3 12 56 4 0:913 0:914 0:999 J(7; 3; 3; 2; 2)
3 12 64 4 0:908 0:910 0:997 J(8; 3; 3; 2; 2)

3 12 72 4 0:904 0:908 0:996 J(9; 3; 3; 2; 2)
3 12 80 4 0:899 0:906 0:993 J(10; 3; 3; 2; 2)

3 12 88 4 0:894 0:904 0:989 J(11; 3; 3; 2; 2)
3 12 96 4 0:893 0:904 0:988 J(12; 3; 3; 2; 2)

3 15 100 5 0:922 0:924 0:998 J(4; 3; 3; 5; 1)

3 18 72 6 0:942 0:945 0:997 J(4; 6; 3; 3; 1)
3 18 90 6 0:939 0:940 0:998 J(5; 6; 3; 3; 1)

3 24 64 8 0:964 0:966 0:997 J(4; 6; 3; 2; 2)

3 24 80 8 0:960 0:962 0:998 J(5; 6; 3; 2; 2)
3 24 96 16 0:957 0:958 0:998 HJ 0(12; 3; 6; 2; 2)
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Table 3.1 (cont.)

r k v m E U E=U Method

4 12 72 6 0:910 0:916 0:993 J 0(4; 4; 2; 3; 2)
4 12 90 6 0:908 0:913 0:994 J 0(5; 4; 2; 3; 2)

4 16 40 4 0:953 0:956 0:997 J(5; 4; 4; 2; 2)
4 16 48 4 0:948 0:950 0:997 J(6; 4; 4; 2; 2)

4 16 56 4 0:945 0:946 0:999 J(7; 4; 4; 2; 2)
4 16 64 4 0:942 0:944 0:998 J(8; 4; 4; 2; 2)

4 16 72 4 0:939 0:941 0:998 J(9; 4; 4; 2; 2)
4 16 80 4 0:937 0:939 0:998 J(10; 4; 4; 2; 2)
4 16 88 4 0:936 0:938 0:998 J(11; 4; 4; 2; 2)

4 16 96 4 0:936 0:937 0:999 J(12; 4; 4; 2; 2)

4 24 72 12 0:965 0:967 0:998 HJ 0(9; 4; 6; 2; 2)
4 24 90 6 0:961 0:963 0:998 J(5; 4; 4; 3; 2)

4 24 96 12 0:961 0:962 0:999 HJ 0(12; 4; 6; 2; 2)

6 12 72 6 0:918 0:923 0:995 J 0(4; 6; 2; 3; 2)

6 12 90 6 0:912 0:920 0:992 J 0(5; 6; 2; 3; 2)

6 16 64 8 0:942 0:948 0:994 J 0(4; 6; 2; 2; 4)
6 16 80 8 0:934 0:944 0:990 J 0(5; 6; 2; 2; 4)

6 16 96 8 0:930 0:942 0:988 J 0(6; 6; 2; 2; 4)

6 18 72 6 0:952 0:954 0:998 J 0(4; 6; 3; 3; 2)
6 18 90 6 0:949 0:950 0:998 J 0(5; 6; 3; 3; 2)

6 24 64 8 0:970 0:971 0:998 J 0(4; 6; 3; 2; 4)
6 24 80 8 0:966 0:967 0:998 J 0(5; 6; 3; 2; 4)

6 24 96 16 0:963 0:965 0:998 HJ(12; 3; 6; 2; 4)

8 16 48 8 0:952 0:955 0:996 HJ(12; 2; 8; 2; 4)
8 16 64 8 0:943 0:950 0:993 J 0(4; 8; 2; 2; 4)
8 16 80 8 0:938 0:946 0:991 J 0(5; 8; 2; 2; 4)

8 16 96 8 0:933 0:944 0:988 J 0(6; 8; 2; 2; 4)

8 18 81 9 0:951 0:953 0:998 HJ(12; 2; 8; 3; 3)

8 24 72 12 0:968 0:970 0:997 HJ(12; 2; 8; 2; 6)
8 24 96 12 0:961 0:966 0:995 J 0(4; 8; 2; 2; 6)

10 24 72 12 0:968 0:971 0:998 HJ(15; 2; 10; 2; 6)
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