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Abstract. In this note we prove the non-existence of a positive solution for the nonlin-

ear problem: ��pu = �uq+W (x)ur in 
, u = 0 on @
, where � > 0, 0 � q < r � N+2

N�2
,

1 < p � 2N
N�2

, 
 is an unbounded domain in R
N (N � 3) with some properties and

W 2 W 1;1(
).

1. Introduction. Let 
 � R
N (N � 3) be an unbounded domain with smooth boundary

and with the property

(�) there exists � = (�1; � � � ; �N ) 2 R
N such that n(x) � � � 0(6= 0) on @
, where n(x) =

(n1(x); � � � ; nN (x)) denotes the unit outward normal to @
 at the point x.

For � > 0, 0 � q < r � N+2

N�2
, 1 < p � 2N

N�2
and W (�) 2 W 1;1(
) we consider the

following problem:

8><
>:
��pu � �div(jrujp�2ru) = �uq +W (x)ur in 


u > 0 in 


u = 0 on @
:

(1�)

Our result in this note, under the above assumptions, is the following:

Theorem 1. If
PN

i=1 �i
@W
@xi

� 0 then the problem (1�) does not admit solutions in

W
2;1
0

(
)
T
W

2;2�

0
(
), where 2� = 2N

N�2
.

There is a large literature on problem (1�). After initial works of Pohozaev [5] and
Yamabe [6] there has been, in the last times, a great number of contributions to the study
of that kind of problems (see for example: [1],: : : ,[4] and others). The review, even partial,
of their results is out of the scope of this note. We would like nevertheless to point out the
following facts. The proof of the above theorem uses only elementary tools. Similar ideas
are used in [3] for proving various existence and non-existence results for certain semilinear
elliptic problems in unbounded domains. As it turns out, the condition (�) about the
domain 
 is the same as the condition (3) in [3].

2. Proof of the Theorem 1. Denote by BR the ball of radius R and center 0 in RN .
Suppose that there exists � > 0 such that the problem (1�) admits solutions.
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Multiplying (1�) by
@u
@x

i

, and integrating by parts on 

T
BR, we obtain that

�

Z
@(

T

B
R
)

@u

@n

@u

@xi
jrujp�2ds+

Z



T
B
R

jrujp�2rur(
@u

@xi
)dx =

=

Z



T
B
R

�uq
@u

@xi
+W (x)ur

@u

@xi
dx =

=

Z



T
B
R

@

@xi
(

�

q + 1
uq+1 +W (x)

ur+1

r + 1
)dx�

Z



T
B
R

@W

@xi

ur+1

r + 1
dx

Hence:

�

Z
@(

T

BR)

@u

@n

@u

@xi
jrujp�2ds+

Z



T
BR

@W

@xi

ur+1

r + 1
dx =

=

Z



T
BR

@

@xi
(

�

q + 1
uq+1 +W (x)

ur+1

r + 1
�

1

p
jrujp)dx =

=

Z
@(

T

BR)

ni(x)(
�

q+ 1
uq+1 +W (x)

ur+1

r + 1
�

1

p
jrujp)ds

From this and from the fact that u = 0 on @
, we have that:

�
p� 1

p

Z
@

T

BR

ni(x)jruj
pds+

Z



T
BR

@W

@xi

ur+1

r + 1
dx =

=

Z



T
@BR

ni(x)(
�

q+ 1
uq+1 +W (x)

ur+1

r + 1
�

1

p
jrujp) +

@u

@n

@u

@xi
jrujp�2ds

Now observe that:

j

Z



T
@BR

ni(x)(
�

q+ 1
uq+1 +W (x)

ur+1

r + 1
�

1

p
jrujp) +

@u

@n

@u

@xi
jrujp�2dsj �

�

Z



T
@BR

�

q + 1
uq+1 + kWk1

ur+1

r + 1
+
p+ 1

p
jrujpds

Since u 2W
2;1
0

(
)
T
W

2;2
�

0
(
) we have that:

�

q + 1
uq+1 + kWk1

ur+1

r + 1
+
p+ 1

p
jrujp 2 L1(
)

Then we obtain that there exists a sequence (Rn)n�1 such that Rn ! 1, as n ! 1,
and: Z




T
@BRn

(
�

q + 1
uq+1 + kWk1

ur+1

r + 1
+
p+ 1

p
jrujp)ds! 0;

as n!1.
Hence:

lim
n!1

Z
@

T

BRn

ni(x)jruj
pds =

p

p� 1
lim
n!1

Z



T
BRn

@W

@xi

ur+1

r + 1
dx

Or equivalently: Z
@


ni(x)jruj
pds =

p

p� 1

Z



@W

@xi

ur+1

r + 1
dx
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From this we conclude that:
Z
@


(n(x) � �)jrujpds =
p

p� 1

Z



(

NX
i=1

�i
@W

@xi
)
ur+1

r + 1
dx = 0

Obviously this implies that:

(n(x) � �)jrujp � 0 on @
:

Since n(x) � � � 0 (6= 0) it is easy to conclude that there exists a non-empty ball B,
su�ciently small, such that ru = 0 on @


T
B and

��pu = �uq +W (x)ur > 0 on 
 \B; since q < r:

Since, by the well known Strong Maximum Principle for the p-Laplacian, we have that
@u
@n

< 0 on @

T
B, we obtain a contradiction with the fact that ru = 0 on @


T
B. This

contradiction means that (1�) cannot have solution for all � > 0.
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