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ABSTRACT. In this note we prove the non-existence of a positive solution for the nonlin-

ear problem: —Apu = Au?4+W(z)u" in Q, v = 0on 9Q, where A > 0,0< ¢ <r < xtj,

1<p< Sig Q) is an unbounded domain in RY (N > 3) with some properties and

W e W (Q).

1. Introduction. Let O C RY (N > 3) be an unbounded domain with smooth boundary
and with the property
(%) there exists o = (ay,--- ,ay) € RY such that n(z)-a > 0(# 0) on 9, where n(z) =
(n1(z),--+ ,ny(2)) denotes the unit outward normal to 99 at the point z.

For A >0, 0<¢g<r< /xti, 1<p< mgfz and W(-) € WH>(Q) we consider the
following problem:

—Apu = —div(|Vul[P2Vu) = Au? + W(z)u"  in Q
(13) u>0 in Q
u=20 on Of).

Our result in this note, under the above assumptions, is the following:

Theorem 1. If 3N o; 2W

? a’(L

wit)N W'OZZ* (Q), where 2* = %

0 then the problem (1) does not admit solutions in

There is a large literature on problem (1,). After initial works of Pohozaev [5] and
Yamabe [6] there has been, in the last times, a great number of contributions to the study
of that kind of problems (see for example: [1],...,[4] and others). The review, even partial,
of their results is out of the scope of this note. We would like nevertheless to point out the
following facts. The proof of the above theorem uses only elementary tools. Similar ideas
are used in [3] for proving various existence and non-existence results for certain semilinear
elliptic problems in unbounded domains. As it turns out, the condition (%) about the
domain 2 is the same as the condition (3) in [3].

2. Proof of the Theorem 1. Denote by Bg the ball of radius R and center 0 in RV,
Suppose that there exists A > 0 such that the problem (1)) admits solutions.
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Multiplying (1) by

gl:’[, and integrating by parts on () Br, we obtain that

Au O 7]
_/ . |VulP~ zdS-l-/ |VulP~2VuV( " Yz =
a2 Br) n Ox; o) Br Ox;
= / Auf Ou (T)u Ou dr =
- QﬂBR 81 rl
A r+1‘ 4 ’,‘+1
= / O (At ey — / AL
2 Br Ox; q+1 r+1 2 Br Ovir+1
Hence:
: g 7o, r+1
/ Ou du N\ ufr2as +/ oW u dp —
a(gzﬂuR an Ox; SszR or;r+1
A r+1 1
= / i( utt 4 W(=) ¢ — —|Vul|P)dx =
JaBr 0vi g +1 r+1 p
; 11 w1
= ni(z)( u?™ 4 W{(zx) — =|Vul|F)ds
a(QﬂBR) qg+1 r+1 p

From this and from the fact that v = 0 on 9€), we have that:

-1 f " OW yrt!
L / n;i(z)|VulPds + / Y e =

p o2 Bx Qﬂ By Orir+1

A T ou O

- / i) (W () — —|v P)+ e [ Vulds
2 2Br qg+1 e +1 on ox;
Now observe that:

T 1 Ou Ou

A
W — —|Vul? VulP~2ds| <
'/QmaBR”(”(qH” + W) p| u|>+0 go vl *ds

" A 1
< / ——— T |W ||OO p—l— |VulPds
ooBr 47T 1 r 1
Since u € W2 (Q)N WYOQ’T (€2) we have that:
A 1
—1ufl+] + ||IV||9¢ 1+1 P+ |V |I) e L (Q)

Then we obtain that there exists a sequence (Rn)n21 such that R, — o0, as n — o0,

and:
A p ’7
/ (——u?t 4+ ||V - |P)ds — 0,
Joyomn, 1+ 1 Pt
as n — oo.
Hence:
011/7 r—41
lim n;(x)|VulPds = lim / AL
n—o0 a0 ﬂ Br,, p— 1 n—oc Q m Bg,, awi r 4+ 1

Or equivalently:

v
/ “/i(l')|vu|pds — p a .‘ u l
o0 ) p—1 01 T+ 1
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From this we conclude that:
N

. 2) o)V D i oW urtl -
/E?sz(n(!r) . a)lv'lﬂpd,s = sl /Q(Z QZO—L)T n 1dl? =0

i=1

Obviously this implies that:
(n(z)-a)|[VulP =0 on 09.

Since n(z) - o > 0 (# 0) it is easy to conclude that there exists a non-empty ball B,
sufficiently small, such that Vu = 0 on 9Q () B and

—Apu= !+ W(z)u" >0 on QN DB, since g < r.

Since, by the well known Strong Maximum Principle for the p-Laplacian, we have that
g—'r’l < 0 on Q) B, we obtain a contradiction with the fact that Vu = 0 on 92 B. This
contradiction means that (1) cannot have solution for all A > 0.
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