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ABSTRACT. The criteria for locally weak-star uniform rotundity of [3; and l(i[ are given.
For lp;, locally weak-star uniform rotundity is equivalent to locally uniform rotundity,
and for lgd,locally weak-star uniform rotundity is weaker essentially than locally weak
uniform rotundity.

In the last years, there were a lot of discussion on the criteria for various rotundity
of Orlicz sequence spaces, and many satisfactory results were obtained, such as rotun-
dity (R)[l][m, uniform rotundity (UR)[Z][Z?”%], K-uniform rotundity (KUR)BA}, locally
uniform rotundity (LUR)[E”G], locally weak uniform rotundity (LWU R)[:“ﬁ}, weakly uni-
form rotundity(TVUR)[?’S}, uniform rotundity in every direction (URED)[Q’N}, mid-point
locally uniform rotundity (‘MLUR)[“}, H-rotundity (HR)UQ}, Fully-K rotundity®, P —
convezityl", B — convexity">=171[26] and so on. In this paper, we will discuss the unsolved
problem namely, the criteria for locally weak-star uniform rotundity. The results and the
method of the proof seem to be interesting. This concerns especially 19, ,where LW xUR is
weaker essentially than LUR and LWUR.

A Banach space (X,|| - ||) is said to be LUR(LWUR,LW*UR) provided for any z,{z,}

with [|z|| = ||z.]| =1 (n=1,2,...),if ||z +2,|| = 2(n = o0), then ||z, —z| = 0(x, —2 W,

0,2y — 2 5 0)118), Tt is obvious that LUR = LWUR = LW*UR.

Let M(u) be a N-function and N(v) its complementary function,p_(u) and p(u) be
the left derivative and the right derivative of M (u),q—(v) and g(v) be the left derivative
and right derivative of N(v), respectively. The condition M € A means that there exist
ug > 0,k > 2, such that M(2u) < I.LM(U) for 0 < u < ug. M € v» indicates that
N € Ay, M € 5C[a,b] means that M (u) is strictly convex in [a, b], i.e.,u,v € [a,b] and
u # v imply A[(U—é—v) < M) _5 *M(’U). Let o = (J(J))Joil be a real sequence. Then
pu(x) = E;il M(x(j)) is said to be the modular of x with respect to M(w). The linear
space {x : AN > 0, pp (Az) < 00} endowed with the Luxemburg norm

|z]| = inf{c>0: pM(;) <1}

or the Orlicz norm 1
0 = inf{r 1+ par(hr)) < > 0)

are both Banach spaces, denoted by I and 1, respectively, and called an Orlicz sequence
space .In this paper, the following known results will be quoted.

Lemma 11" For any 0 < \,6 < 1 and [a,b] € (0,1), there exists 0 < §’" < 4, such that if
u,v > 0and M(Au+(1—=XN)v) < (1—38)(AM (u) 4+ (1 —A)M(v)), then M(Nu+(1—XN)v) <
(1 =8V XNM(u)+ (1 —N)M(v)) for any X € [a,b].
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Lemma 21201 For any 2,0 # x € 14, the equality ||z||” = —(1 + pum(kz)) holds if and only
if ke K(x) = [k, k*], where

k‘l =inf{k>0:pn(p(kz)) > 1} and k" = sup{k > 0: py(p(kz)) < 1}.

Lemma 32 If M € SC[0,q- (N7 (1))], 1 = ||=|| = %(1 + pu(ka)), 1 = |lz.]|” =
Ll (14 par(kny)), (n = 1,2,...), ||lon + || = 2 (n = o0) and {k,} is bounded, then

k L,l( 1) = kx(j) as n — oo for every j .
See [20],[21] for other knowledge about Orlicz sequence space.
Main Results:
Theorem 1: The space Iy is LW*UR if and only if

DM € Aoy M € SC[O, M~ ( );
)M € w2 or M e SCIM™Y(F), M '(1)].

Proof:

Sufficiency. From]8] it follows trivially that {5y is LUR , then it is trivial that 1, is
LW*UR.

Necessity. Since LW*UR = R , by Th.2.7 of [20], the necessity of i) is obtained im-
mediately. Suppose (ii) is not true. Then there exists a M(u)'s affine interval [a,b] C
[Af’l(%),ﬂf’l(l)] and u, < %, such that j\,[(ll,,) > (1- —)Mﬂl 2,...). Take
m, € N satisfying

M) — M(a) — 1 <mpM(u,) < M(®)— M(a) (n=1,2,...)
n

and ¢ > 0 satisfying M(b) + M(c) = 1. Put

=(¢,b,0,0,...),
My
e N
By = (C 0 Uy, Upyyoen 4 Uy, 0,0,0.0) (n=1,2,...).

Then  pu(x) = Lom(x,) = M(c)+M(a)+m,M(u,) < M(c)+Mb)=1(n=1,2,...).
So [|z]| = L,||za|l £ 1(n=1,2,... ). Moreover,

par (L5E) = M(e) + M(TFL) +mobr(tp)

,, ,, M (b) = M(a) — —
, M + M(b ‘

> M (c) + M M) gL 5

= M(c)+ M()=1 as n— oo,

7

whence ||z, + z|]| = 2 (n = o). But 2(2) — 2,(2) = b —q, so z, W, 2 does not hold, a
contradiction.
Corollary 1: For Orlicz sequence space [y there holds the following:

LUR <— LWUR < LW*UR.
Theorem 2: The space 1%, is LW*UR if and only if

i\M € SC[0,q—(N~L(1))];
M € a;

iti)For any € € (0,1), there exist a > 1, and § € (0,1), such that
the conditions 0 < su <v <u < 1/z, M(u) > zsup_(u)

M(u + M(v)

and M( uf 7’) > (1—94) ,imply p—((1 —e)u) < ap_(v).
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Proof:
Sufficiency. Let

1
L= lfell = L+ par(he) = llzall” = (14 par(pa))(n = L.2....) and

|z + 2,]|® = 2(n = o). From ii), we get k = sup,, k, < co. By lemma 3, it follows that

lim k,2,.(j) =ka(j) (j=1,2,...) (1)
n—oo
If limy— o0 by = k can be proved, then lim, o 2,(j) = 2(j) (7 =1,2,...) can be obtained

immediately. So z, DN & can be casily get, i.e. x, W 2. Therefore, we only need to prove
kn =k (n = o0).
Since M € v/a.there exists 0 < n < 1, such that if 1 < v < KM~'(1) and X €

1 142k o
{1-1—]1 2_{_)]1} C(O,l)‘ we have

M{Au) < (1 —n)AM(u). (%)

Let € be an arbitrary number satisfying 0 < £ < min{ﬂ l} Let @ > 1 and é € (0,1) be

oo

chosen according to  in conditioniii). By lemma 1, for this 4, A =

there exists 4’ > 0 such that if AM(L'QF—U) <(1- J)M;i then

MAu+ (1= X)o < (1=38")(AM(u) + (1 — X)M(v)) (2)
for any A € [—L— L],
or any A € T Tan

Since Z;il M(k2(j)) < 2;1 Elz(i)p=(klx(5)]) < E||z||” = K, so we can choose j, large
enough such that

2
5
ZM(kL <> k() p-(ka(4)) < —<e. (3)
J>Jo J>Jjo
If we fix jo, then ( 1 ) implies that ’2;0:1 M(kn(zn(7)) — M(kz(j))| < ¢ for n large

enough. So, if n is large enough,

|k — k| = |pm(Enzn) — pu (k)]
< ’ZJO (M (knx,(j) — M(Ex(j )‘+E]>]]J\[(kT ) +2J>]i M(kpan(5))
< Visjo M(knrn(h)) + 2=

In the following, we only need to prove that

limsup Y M(knzn(j)) = 0(2). (4)
neree J>Jo
For each n, denote

Ap={j:7> ]o,knlrn(z)l < Klx(5)] or M(kn(2n(7)) < 2knlzn(G)] p-(Fnlzn (7))},
B, —k{]z J >10,an( v(7) <0 or klz(j)] < eknlzn ()| or i
M(}H_k v (1)) < (1= ) (s M kaa () + 722 M (ka() ) 1
Cn = {J J> ]0}\ 471\3
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When j € A,, by the definition of A4,,, it follows that

Mbwira(§)) < MU(3)) + Frn ()] p—(ala ().
By (3), we have

> M(knan(j)) < =+ ekljan® = (1+F) (:
JEA,

If j € C,, we get j > jo, 0 < k|, ( )| k() < knlza()], 2())an(i) > 0, M(kpza(5)) >
k()] p(ealen (D)) and M (G () + (7)) > (1= ) (5 M(knza () +
#nknw(kl(ﬂ)) By(2), we have

.M(knw"(j);— k‘l‘(_])) S (1_5)111(1%;5"(]'))2—1— M’(k:L(J))

V4

Enza(5)]) < ap—(k|2(5)])- Hence,

ot
~

By condition(iii), p_((1 — &)
Af[(kn!Ln(J)) AI((]' - 5)]‘17111(])) ’(]‘1n|:)n]‘(J“L () |[)( )dé

(1= &)nlen ()] p-((1 = 2)knlwa()]) + hnlwn ()] p-(enln ()])

Lo (i) ap— (Kl (G)1) + T (5)] p—(aln ()

IA AN I

By (3), we have
> M(knwa(f)) < =+ ckllea|’ = c(1+F). (6)
JEC,
If j € By, and x,(5)z(j) <0, by (x)
Mg+ o) <M (e (s 0D)
<(1-n) ( T M (k7)) + 2 M (k).

When j € B, and k|z(j)| < kp|z,(7)| is satisfied, noticing that T —I——i_kl‘i <

M (e on ) 2(i))) < M (2w ()
< (1_”)2 _|—_|_k J[(knwn(’)) = (1 _r/) k+ ’ kn]:_kA/I(AnLn(./))
<=1+ ~k)k—_|_kM(lv xn(J))

< (U ) (e Mo () + g M () ).

Denote 0" = min{n?,6’} .Then for j € B,, we have

k. k k k
2 (e (D) +2()) <(1=46" Mk, 2z, (7 2 M(kx(5))).
M (72 () 2() < (1= (e M (§)) + g M(ka())
From
0 [[=I” +[|lzall® = [l + 2n]”
k+k, kk,
el kl (1+p11(l'n u))+ %(1"'[)’\/’1(]'“"77))_ +” /)M(l +k‘ (T+Tn))

we have

Ok k., kk,

- l+ [%k”M(k,,a,,(J)H T Mke(5)) = ’”(k+1 )+ (5)) )}

Z k""‘ll)vn Z]EUn I:]{—él’ J[(l’vn?’n(]))'i' = _]I_k A[ kT(]) _J[(l{ +T”(]))):|
k-t b : 3

Shthy s ""(m"u(l‘ () + e Mk ())) 2 % EJEB M (kyan(4)),



115

(7)
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> M(knaa(j)) < =
JEB,
for n large enough. From (5), (6) and (7), we obtain (4), finishing the proof of the sufficiency.
1
g (n =

we get

Necessity:

Since LW*UR = R , by Th2.9 of [20], the necessity of (i) follows.
Assume that (ii) is not true. Then there exist u,, — 0, N(p(u,))/unp(u,) <

1,2,...) .Without loss of generality, let w,p(u,) < ,—ll We can choose positive integers m,,

PV/ParN

mnN(p(un)) =1. Clearly, p_(c) + n < p(c), p—_(cn) +nn < plen)(n=1,2,...), because
(n=

Take ¢ > 0 satisfying N(p_(c)) < 1 < N(p(c)) and ¢, > 0 satisfying N(p_(c,)) <
of the left continuity of p_(+), n, = 1 (n — o0) can be easily get. Denoting

such that 1 — % < mpupp(un) < lLfor (n=1,2,...).
1—m,N(p(u,)) < N(p(c,)) for each n. Then ¢,, = ¢ (n — oo) follows from m,, N(p(u,,)) <
Take 1,7, > 0 satisfying N(p_(c) + 1) = 1, N(p_(cn) + mn) +

57 = 0 (n & o).
k= C(P—(C) + 7))7 kp = Cn(P—(Cn) + 1) + mnunp(un)

)

we get k, = k+1 (n — co) . Denote
)
(n=1,2,.

1
x = E(C’U’U"“ ;
—_——
(CryUny Uy enn s Un,0,0,...)
. ..Therefore
-t

k

o1
Tn = -
It is know that k € K(x), and ky, € K(x,) forn=1,2,..
(N(p=(c)+n) + M(c))

Tk

1

[l2|* = 7 (L4 pu (k)

In the same way, we can get ||2,||° =1 (n =1,2,...). Setting y,, = (p—(cn) + M,
,p(1,),0,0,...), we have pn(y,) = 1. Hence

(- () )+ Lntpltn)

W

CVI,

p(un), pun).
o+ aall® > (ot ) = (£ + 52
E(p_(cn) +1n) = 2 (n — 00).
. It contradict the condition z,, —z — 0

=14 %
c
E(k+1)
(un) + M(v,,)

Suppose that (iii) does not hold. Then there exist ¢ > 0, uy,, v, = 0 as n = oo, such
1. M
2

My
A

k

But (1) —z,(1) = % — % —
Finally, let us prove the necessity of (iii).
Uy + 771’1,) > (1 B _)
n 2

2

that
and p_((1 — 2)uy) > np_(v,) (n = ). Denote
— AT
& =sup &> 0: limsup
n—od0
. Now, we will discuss the following two cases.

0 <sup <vp <, M(up) > 5unp,(un),ﬂl(
_((1 =¢8)un
0 (( £)un) }

p—(gvu)

1—=¢

(1= )un)
I) limsup =
( ) n~>oo1 P—(fn Un,)

=

Then 1 < & <
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Clearly, v, < (1 — ¢)uy,. For any A > 1, since

oo = lim sup p- (1= un) = lim sup p=((1 = e)un) . p=(Movn)
n—00 p—(‘f(]'un) n—00 p—(A‘f(]'Un) p—(‘fOUn)
and lim sup,,_, ., p=((1—c)un) < 00, so limsup,, p=QAvn) _ co. Hence, without loss

p*(/\f[)vn) p*(f[)vn) -
of generality (passing to a subsequence if necessary), we can assume that p_((1+ %)Egvn) >
2"y (&uy). Denoting &yu, = w, , we have

1
vp S wp < (1= 2)up, p((1+ ;)wn) > 2™y (wy) (8)

. p—{((1—2)uy)
II) limsuyp——~= <
( ) n—)ocI ])7(601%)

Obviously & > 1. For any A > 1,

(I —¢)uy, . (1 ==)uy, '—h'/‘w,

00 =1inlsupp((£# = lim sup p—(( = )7)1 ) P (?1; ) _
n—o00 . So0VUn n—o00 P—-{CoUn 0Un

o () % p-(%52)

So limsup,,_,~ L—(&otn) = oo. Without loss of generality (passing to a subsequence

)

. . v . nuy,
if necessary ), we can assume that p_(&u,) > 2" ip_ (i—f).Denotmg NL—FT = wy, ,

inequality (8) can be obtained.
Choose positive integer m; such that

1 i T
57z < m;N(p(w;)) < XS] (i=1,2,...).

By (8), for n large enough
; 1, 1 ;
N(p-(un)) 2 N(p- (14 2) (1= )un) ) 2 N(p- (14 S)wn) ) > 275N (- (wn)),
n n

so m, N(p_(uy,)) > % .Without loss of generality, we may assume that N(p_(u,)) < %
Take m, < m, satisfying
11 _
37 <M N(p(un)) < -
Since M € v/, , there exists d > 0 such that M(u) < up_{u) < dN(p_(u)) for small u > 0,

Therefore, we have Y~ m;M(w;) < d>..2, m; N(p(w;)) < %l . Denote

| =

(i=12...)

N

¥

k=1+ Z m M (w;),
i=1
k,=1+ Z miM(w;) + (m,, — )M (w,) + M, M(u,) (n=1,2,...)
i#£n
Then k < oo, sup,, k, < co. Since

1 1
M, M (u,) > Myeunp—(uy) > em, N(p_(u,)) > C(§ — —),
) n

so liminf,, oo (kn — k) > % Set
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my my
S N .
T = %(wl...wl Wa .. wz...),
my Mp—1 My —Ty, M Mpt1
Ty = ]T(wl---LU1---’LUn—1---wn—lwn---LUnUn---Unwn+1---wn+1---) (n=1,2,...).

Since py(p—(kz)) < % < Lpn(p=(1+s)ka) =32, miN(p=((1+s)w;)) > >is1miN(p-((1+
1)11* ) > >, 51 2 m; N(p_(w;)) = oo , for any s > 0. So k € K () . In the same way, we

can prove that k, € K(x,) (n =1,2,...) . Therefore,
1
)| = (1+Pu(k1’ = 1+Em M(w;)) =1,

and ||z,||° =1 (n =1,2,...). Notice that

I{; kn . n—1 —
k [ kn Ea(i) = kn + ku" + kn + ]’.,’“’7’1 J= Zz lnm + (777” m/") + 17‘
[y HLN(J)—F/{H—I—I{ x(j) = ) ,2521 m;
kx(j), otherwise
ko k

In the same way, the condition € K(x+ x,) can be proved, so

kn +l-

T 2 [0 — k +k 1‘n k o o
[l + x| AL o (1"‘ ”(L rmdCags ))) iy "
ﬁ(l + 2 iz miM (w;i) + (Mg — ) M (wy,) +mnM(kn TR T = kw")>

Since v,, < w, < u, and ‘M(U‘Lﬂ%v”) (1 — —) %M , it is easy to see that

A[(UL_%M) > (1 — %) M (uy) —12— ‘M(u’”). By lemma 1, there exist 4,, — 0 such that

Jf('un)).

k, k kn
2 ( o+ —un) > (1= an)(—kn M () +

kn+k
Therefore,
ky +k = VM,
e bl > (1= o) B (L 5 A () 4 (= ) M ()
_ ko
+m, (k, lii_ kl[(u,,) + e M (w ,,)))
= (1= 0) [ (1 i i (w5) + (00 = ) M (10,)

+m0, M (up) + % (1 +>2, Nlri[\/ﬁ[(’(Ui))jI
=2(1-6,) > 2 (n - ).

But z(1) — z,(1) = (ll ll )w]_k’]g kkzu > o kk l”u* Therefore,

wie

hégl;’éf(w(l) —a,(1)) > e
which contradicts the condition z,, — = % (). This completes the proof of the necessity.
Since condition (iii) in Theorem 2 is weaker than M € A,, comparing it with Th2.28
(3%) of [20], we get
Corollary 2. For Orlicz sequence space 1,, LW*UR is weaker essentially than LWU R.
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