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Abstract. We give here the main theorem of the program which �nds the non- isomor-

phic ordered semigroups of �nite order. The theorem has been proved with the help of

experimental results on computer. The program listing in Turbo Pascal 6.0 is available,

we can send it to interested people by e-mail.

1. Introduction

Several tables of non-isomorphic semigroups are available. In chronological order they are:
Tamura, T., Note on �nite semigroups and determination of semigroups of order 4, J.
Gakukei, Tokushima Univ., 5 (1954), 17-28. -Computed by hand.
Forsyth, G.E., SWAC computes 126 distinct semigroups of order 4, Proc. Amer. Math.
Soc., 6 (1955), 443-447.
Tamura T. et al., All semigroups of order at most 5, J. Gakugei, Tokushima Univ., 6 (1955),
19-39. -Computed by hand.
Selfridge, J.L., On �nite semigroups (Appendix: Semigroups of order 5), Doctoral Disser-
tation, Univ. of Calif., Los Angeles, 1958. -Using computer.
Plemmons, R.J., Cayley tables for all semigroups of order � 6, Auburn Univ., Alabama,
1965. -Using computer.
These tables are particularly useful in searching a (small) counterexample or verifying a
conjecture on semigroups of small order (cf. [13]).

In the theory of ordered semigroups, it is essential to have the non-isomorphic ordered
semigroups. This is useful if we want to �nd examples, and it is absolutely necessary if we
want to prove that something does not hold. We give here the main theorem of the program
which �nds the non-isomorphic ordered semigroups of �nite order. The �rst author applied
this programmany times in her published work. So we refer to the published work of the �rst
author. As an example, we mention only 12 of the papers by Kehayopulu, in the references,
in which the program has been applied. We are interested in constructing satisfactory
examples -no trivial ones, and it is impossible to do that by hand. On the other hand, the
number of orders on a set is very large, and increases very much according to the numbers
of the elements of the set. It is enough to say that for a set of 3,4 elements there are 19, 219-
many orders, 971, 107688-many ordered semigroups, respectively. We give here a program
which �nds the non-isomorphic ordered semigroups of �nite order. The main theorem of
the paper has been proved with the help of experimental results on computer. According to
the theorem of the paper, the construction of non-isomorphic ordered semigroups is referred
to the construction of non-isomorphic ordered sets: Let (S; �;�) be an ordered semigroup.
If the ordered set (S;�) is isomorphic to (S;� 0), then there is an operation " � " on S such
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that (S; �;� 0) is an ordered semigroup which is isomorphic to (S; �;�). So if we have an
ordered semigroup (S; �;�) and we want to �nd the ordered semigroups (S; �;� 0) which
are not isomorphic to (S; �;�), then
We have to check if the ordered sets (S;�) and (S;� 0) are isomorphic.
If they are isomorphic, then the procedure stops.
If they are not isomorphic, we keep them.
They still may be isomorphic.
We have to search, between them, the non-isomorphic ones.

2. The main theoretical result

Two ordered sets (S;�); (S;� 0) are called isomorphic if there exists a mapping f : (S;�)
! (S;� 0) such that

1) f is (1-1) and onto.

2) a; b 2 S; a � b , f(a) � 0f(b):
Two ordered semigroups (S; �;�); (S; �;� 0) are called isomorphic if there exists a mapping
f : (S; �;�) ! (S; �;� 0) such that

1) f is (1-1) and onto.

2) a; b 2 S; a � b , f(a) � 0f(b).

3) a; b 2 S ) f(a � b) = f(a) � f(b).

Remark. Let (S; �;�) be an ordered semigroup. Let " � 0" be an order on S such that
the ordered sets (S;�) and (S;� 0) be isomorphic. Then, there exists an operation " � " on
S such that (S; �;� 0) is an ordered semigroup which is isomorphic to (S; �;�):

Theorem. Let (S; �;�) be an ordered semigroup. Let " � 0" be an order on S such that

the ordered sets (S;�) and (S;� 0) be isomorphic. Then, there exists an operation " � " on

S such that (S; �;� 0) is an ordered semigroup which is isomorphic to (S; �;�):

Proof. Let f : (S;�) ! (S;� 0) j a ! f(a) be an isomorphism.
We de�ne an operation " � " on S as follows:

� : S � S ! S j (a; b) ! a � b : = f(f�1(a) � f�1(b)):

1) The operation " � " on S is well de�ned.
Let a; b 2 S. Since f is an isomorphism, there exists the inverse mapping

f�1 : (S;� 0) ! (S;�) (and it is an isomorphism).
Since a; b 2 S; we have f�1(a); f�1(b) 2 S; then f�1(a) � f�1(b) 2 S, and f(f�1(a) �
f�1(b)) 2 S:

Let (a1; b1); (a2; b2) 2 S � S; (a1; b1) = (a2; b2): We have

a1 � b1 := f(f�1(a1) � f
�1(b1)):

a2 � b2 := f(f�1(a2) � f
�1(b2)):

Since a1 = a2; b1 = b2, and the mapping f�1 is well de�ned, we have f�1(a1) =
f�1(a2); f�1(b1) = f�1(b2): Since f�1(a1); f

�1(b1) 2 S; we have f�1(a1) � f�1(b1) =
f�1(a2)�f

�1(b2): Then f(f�1(a1)�f
�1(b1)) = f(f�1(a2)�f

�1(b2)): Then a1 �b1 = a2 �b2:
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2) The operation " � " on S is associative.
If a; b; c 2 S, then

(a � b) � c = f(f�1(a) � f�1(b)) � c

= f(f�1(f(f�1(a) � f�1(b))) � f�1(c))

= f((f�1(a) � f�1(b)) � f�1(c)):

a � (b � c) = a � f(f�1(b) � f�1(c))

= f(f�1(a) � f�1(f(f�1(b) � f�1(c))))

= f(f�1(a) � (f�1(b) � f�1(c))):

Since (S; �) is a semigroup and f�1(a); f�1(b); f�1(c) 2 S; we have
(f�1(a) � f�1(b)) � f�1(c) = f�1(a) � (f�1(b) � f�1(c)):

Then f((f�1(a) � f�1(b)) � f�1(c)) = f(f�1(a) � (f�1(b) � f�1(c))):

3) (S; �;� 0) is an ordered semigroup.
Let a � 0b; c 2 S () a � c � 0b � c ? )

a � c := f(f�1(a) � f�1(c)):
b � c := f(f�1(b) � f�1(c)):

Since f�1 : (S;� 0)! (S;�) is an isomorphism and a � 0b; we have f�1(a) � f�1(b): Then,
since (S; �: �) is an ordered semigroup, we have f�1(a) � f�1(c) � f�1(b) � f�1(c): Since
f : (S;�)! (S;� 0) is an isomorphism, we have f(f�1(a) � f�1(c)) � f(f�1(b) � f�1(c)):
Similarly, a � 0b; c 2 S imply c � a � 0c � b:

4) The mapping
f : (S; �;�) ! (S; �;� 0) j a ! f(a)

is an isomorphism. In fact: Let a; b 2 S: We have a = f�1(f(a)); b = f�1(f(b)) (f is an
isomorphism), then a � b = f�1(f(a)) � f�1(f(b)): Thus we have

f(a � b) = f(f�1(f(a)) � f�1(f(b))) = f(a) � f(b): �

In a similar way one can prove that: If " � " is an operation on S such that (S; �;� 0) is
an ordered semigroup, then there exists an operation " � " on S such that (S; �;�) is an
ordered semigroup which is isomorphic to (S; �;� 0): �

The program �nds the non-isomorphic ordered semigroups of �nite order n: The user has
to specify the n: In the table below we give the time we need to obtain the non-isomorphic
ordered semigroups having 3,4,5 elements.
The program has been executed on a Pentium 133/Mhz computer with 16MB of RAM.

Number of elements of the Time in seconds to obtain the Number of non-isomorphic

ordered semigroup non-isomorphic ordered ordered semigroups

semigroups

3 0.06 173

4 1.82 4753

5 231 198838

The program listing is available. The package can be obtained by e-mail request from one
of the addresses below:
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e-mail: stelios@indiciis.com
e-mail: nkehayop@cc.uoa.gr
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