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SCHWARZ INEQUALITIES ON HADAMARD PRODUCT

KAZUO KITAMURA� AND RITSUO NAKAMOTO��

Received July 21, 1998

Abstract. In the preceding note, we pointed out the imcomparability of Schwarz in-

equalities on Hadamard product. Successively, we shall discuss its imcomparability in

a general setting. Also we shall show that the equality holds in some inequalities on

Hadamard product if and only if operators are diagonal.

1. Introduction.

In the preceding note [7], we pointed out that the following Schwarz inequalities on

Hadamard product are imcomparable by calculating 2� 2 matrices;

(1) A �B � (A2 � 1)1=2(B2 � 1)1=2 for A;B � 0

and

(2) A �B � (A2 �B2)1=2 for A;B � 0:

The former (1)(resp. (2)) is due to Ando [1](resp. Aujla-Vasudeva [2]).

The Hadamard product of (bounded) linear operators A and B acting on a Hilbert space

H is de�ned by

(A �Bei; ej) = (Aei; ej)(Bei; ej)

for a �xed orthonormal basis feng of H. J.I.Fujii [4] gave a new look on the Toyama-

Marcus-Khan theorem:

(3) A �B = U�(A
 B)U;

where U is an isometry of H into H 
H de�ned by Uei = ei 
 ei (i = 1; 2; � � � ):
We remark that E(A) = A � 1, the conditional expectation onto the diagonal algebra in

the sense of Umegaki[8], plays an important role in inequalities on Hadamard product. For

instance, it is used in [5] to show that the equality holds in (1) if and only if A and B are
diagonal.

On the other hand, (2) is implied by the following

(4) (C �D)(C �D)� � CC� �DD� for operators C and D:

The expression (3) is available to prove (4):

(C �D)(C �D)� = U�(C 
D)UU�(C� 
D�)U � U�(CC� 
DD�)U = CC� �DD�:

In 1995, T.Furuta [6](cf. [9]) established the following useful inequality:

(5) (C �D)(A �B)�1(C �D)� � (CAC�)�1 � (DBD�)�1
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for any operators A > 0; B > 0; C and D: Note that it is a simultaneous extension of (4)

and Fiedler type inequality (6):

(6) (A �B)�1 � A�1 �B�1

for positive invertible operators A and B.

In this note, we show the imcomparabilty between (1) and (2) in a general setting.
Precisely we prove that if E(C)1=2 � C1=2 for a positive de�nite matrices C, then C is

diagonal. Moreover, we show that the equalitiy holds in (4) or (6) if and only if operators
are diagonal.

2. Imcomparability of Schwarz inequalities.

The following theorem states the imcomparability of inequalities (1) and (2).

Theorem 1. If a positive semi-de�nite matrix C satis�es the condition Cr � E(C)r for

1=2 � r � 1; then E(C) = C:

Proof. By assumption, it follows that

kE(C)r �Crk2
2
= tr((E(C)r � Cr)2)

= tr(E(C)2r)� tr(E(C)rCr)� tr(CrE(C)r) + tr(Cr)

= tr(E(C)r) + tr(Cr)� 2tr(Cr=2E(C)rCr=2)

� tr(E(C)r) + tr(Cr)� 2tr(C2r)

= tr(E(C)2r)� tr(C2r) = tr(E(C)2r)� tr(E(C2r))

� 0;

because E(C)s � E(Cs) for s � 1 (cf. [5: Lemma 2]). Therefore we have E(C)r = Cr i.e.,
E(C) = C: �

For a positive operator C, the comparability of C1=2 and E(C)1=2 does occur in the
case of E(C)1=2 � C1=2 by Kadison's Schwarz inequality E(C)1=2 � E(C1=2). In this case,
a positive semi-de�nite matrix C is diagonal by Theorem 1. Therefore for positive semi-

de�nite matricesA and B, inequalities (1) and (2) are comparable only if A2�B2 is diagonal
since E(A2 �B2)1=2 = E(A2)1=2E(B2)1=2 holds. The converse is clear.

Remark 1. Generally for an orthogonal projection P , it is well known that kPxk = kxk
implies Px = x: Similarly for a matrix C, kE(C)k2 = kCk2 implies E(C) = C, that is, C

is diagonal:

kC � E(C)k2
2
= tr((C �E(C))�(C �E(C)))

= tr(C�C) + tr(E(C)�E(C))� tr(C�E(C))� tr(E(C)C�)

= tr(C�C) + tr(E(C)�E(C)� tr(E(C�E(C)))� tr(E(E(C)C�))

= tr(C�C)� tr(E(C)�E(C)) = 0:

3. Diagonal operators.

As a continuation of [5], we show that the equality holds in (4) or (6) if and only if

operators are diagonal.
In [5: Theorem 2], we proved the following:

Theorem 2. For a positive operator A, the following are equivalent:
(1) E(A)�1 = E(A�1).

(2) A �A�1 = 1:
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(3) A is diagonal.

Theorem 2 says that the equality in Kadison's inequality E(A)�1 � E(A�1) or Fiedler's
inequality A �A�1 � 1 holds for only diagonal operator.

We extend Theorem 2 by using (5) as follows:

Theorem 3. For positive invertible operators A and B, the equality (A �B)�1 = A�1 �
B�1 holds if and only if A and B are diagonal.

Proof. By (5), it follows that

(A � 1)(A �B)�1(A � 1) � A �B�1:

Therefore if (A �B)�1 = A�1 �B�1 is satis�ed, then

(A � 1)(A�1 �B�1)(A � 1) � A �B�1:

So, taking the expectation of both sides, we have

E(A)2E(A�1)E(B�1) � E(A)E(B�1):

Hence it follows that E(A)E(A�1) � 1, and so E(A�1)E(A) = 1 by Kadison's inequality
E(A)�1 � E(A�1). This implies that A is diagonal by Theorem 2. Similarly it is proved

that B is diagonal.

The converse direction is clear. �

For the Schwarz inequality (4) we have

Theorem 4. For positive invertible operators C and D, the equality (C �D)2 = C2 �D2

holds if and only if C and D are diagonal.

Proof. Putting cji = (Cei; ej) and dji = (Dei; ej), then we have easily by direct calcula-
tios

((C �D)2ei; ei) =
X

k

jcikj
2jdikj

2:

On the other hand, we have

(C2 �D2ei; ei) = (
X

k

jcikj
2)(
X

k

jdikj
2):

If (C �D)2 = C2 �D2 is satis�ed, then

X

k

jcikj
2jdikj

2 = (
X

k

jcikj
2)(
X

k

jdikj
2):

Therefore jciij2
P

k 6=i jdikj
2 = 0 and jdiij2

P
k 6=i jcikj

2 = 0: As C and D are invertible, we
have cij = dij = 0 (i 6= j).

The su�ciency is evident. �

Remark 2. It is essential that C and D are invertible in Theorem 4. For example, put

C = 1� 0;D = 1� A (A > 0), then (C �D)2 = C2 �D2 = C:
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