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Abstract. This is an expository article devoted to the answers to the ten open problems

from the fundamental paper [16] of A. Grothendieck, some of which were given in the recent

years.

A signi�cant contribution to the development of the theory of locally convex spaces (lcs),
as a part of functional analysis, was given in the �fties by a group of French mathematicians

(L. Schwartz, N. Bourbaki, J. Dieudonn�e, A. Grothendieck). The dominant part in their
work, concerning this part of functional analysis, was devoted to the so called duality

theory. It was especially applied to the investigation of metrizable, i.e. Fr�echet lcs, which
are \nearest" to the normed and Banach spaces [14]. The article [16] of A. Grothendieck

\on (F) and (DF) spaces" takes a special place in the theory of lcs. Apart from solving
nearly all the problems of L. Schwartz and J. Dieudonn�e, posed in [14], a signi�cant class
of spaces|\(DF)-spaces"|was introduced in it. This class contains a lot of important

functional spaces|we mention just a few, following the paper [16] itself:

a) The spaces (E(m)), (E 0), (D0Lp
(m)), (D0Lp), introduced by L. Schwartz in [28] for ap-

plication in the theory of distributions; also the space (C) of continuous functions with
compact support.

b) The spaces of locally-analytic functions H(K).

c) A lot of examples of functional spaces de�ned by the condition that their elements

belong to at least one normed space from a certain sequence.

d) Miscellaneous examples of the spaces of linear mappings L(E;H), where E is an

(F)-space, and H is a (DF)-space, with the topology of bounded convergence.

Investigating the features of (F)-spaces and the new class of (DF)-spaces, a lot of new

problems arose, some of which remained unsolved. These unsolved questions (there are
10 of them) are given at the end of the paper [16]. These questions, together with a

lot of others which were posed later in connection with (F)- and (DF)-spaces and their
generalizations, played in the past 40 years one of the main themes to be considered by

many mathematicians in this �eld. The present article is of expository character and its
goal is to show the actuality of Grothendieck's work. Namely, some of the mentioned ten
problems were solved only in the recent years.
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We begin with a brief survey of the basic properties of a metrizable lcs, its strong dual

and bidual. So the need for introducing the class of (DF)-spaces will be clear.

If (E; t) is a metrizable lcs, then it has a fundamental sequence of bounded subsets if and

only if it is normed. If (Bn) is a sequence of bounded sets in a metrizable lcs, then there
exist scalars �n > 0 so that

S1
n=1 �nBn is a bounded subset in the space E. The strong dual

of each metrizable lcs has a fundamental sequence of bounded subsets and it is metrizable
itself if and only if the given space is normed. If (E; t) is a metrizable lcs, then the so called
natural topology in its bidual (the topological dual of its strong dual space) is equal to

the strong topology. For each metrizable lcs the following two equivalent conditions of its
strong dual are the main motivation for introducing the class of (DF)-spaces:

(1) If a union A =
S1
n=1An of countably many �(E0; E)-equicontinuous subsets of the

space E00 is �(E00; E0)-bounded, then A is itself a �(E0; E)-equicontinuous subset of E00.

(2) If (Vn) is a sequence of closed absolutely convex �(E0; E)-neighbourhoods of origin,
such that the intersection V =

T1
n=1 Vn is an absorbent subset in the topological dual E0,

then V is also a �(E0; E)-neighbourhood of origin.

1. One of the direct corollaries of the property (1) (or the equivalent property (2)) is that

each separable bounded subset of the completion Ê of the metrizable lcs E, is contained in

the closure of some bounded set from E. The problem 1 in the Grothendieck's paper now
reads as follows:

Is each bounded subset of the completion Ê of the metrizable lcs E contained

in the closure of some bounded subset of the space E (i.e. can the separability
condition be dropped in the previous proposition)?

The �rst negative answer to this question was given by J. Dieudonn�e [13], using the

continuum-hypothesis. J. Amemiya did that without continuum-hypothesis in the paper
[3]. See also G. K�othe [21], p. 404.

2. When metrizable lcs 's are concerned, we always have Ê � E00 = (E0; �(E0; E))0. In the

general case, Ê and E00 are uncomparable subspaces of the algebraic dual E0�. Therefore

it is natural to consider spaces (E; t) for which (E0; �(E0; E)) is a barrelled space, i.e. for
which each �(E00; E0)-bounded subset of the bidual E00 is contained in the closure of some

t-bounded subset (the closure is taken with respect to the topology �(E00; E0)). Such spaces
are called distinguished. Grothendieck showed the following:

(3) For each metrizable lcs E, the space H = (E0; �(E0; E)) is barrelled (i.e. E is distin-
guished) if and only if H is bornological and if and only if H is quasibarrelled.

In connection with this characterization of the strong dual of an (F)-space, the problem
2 was formulated:

Is for each (F)-space E the strong topology of its dual equal to the Mackey topol-
ogy, i.e. is �(E0; E) = �(E0; E00)?

Of course, in the case when the (F)-space E is semi-reexive, the answer to this question
is positive. But, the negative answer in the general case was given by Y. Komura in the

paper [20]; see also G. K�othe [21], pp. 388 and 404.

3. The condition (1) inspired Grothendieck to de�ne the class of (DF)-spaces. Thus, an
lcs (E; t) is a space of type (DF) if it has a fundamental sequence of bounded subsets and
if each strongly bounded union of countably many t-equicontinuous subsets of its dual is

t-equicontinuous. Of course, each normed space is of that kind. So is the strong dual of a
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metrizable lcs. It can be easily proved that each bidual (with strong topology) of a (DF)-

space is also a (DF)-space; S. Dierolf [10] proved that the same is true when the bidual is
endowed with the natural topology.

One of the important properties of strong duals of metrizable spaces which were proved
by Grothendieck is the above mentioned property (3). The question 3 read as follows:

Is the mentioned property (3) valid for an arbitrary (DF)-space H? Particularly,
is every quasibarrelled space H bornological?

The negative answer to this question was given in the same year when Grothendieck's paper
was published. Examples of barrelled (even complete) spaces which are not bornological
were independently constructed by L. Nachbin [25] and T. Shirota [29]. Later Y. Komura

[19] constructed an example of a barrelled (DF)-space which is not bornological. Unfortu-
nately Komura's proof contained a gap. Examples of quasibarrelled (and even barrelled)

(DF)-spaces which are not bornological were given by M. Valdivia [33], [35].

4. In the theorem 5 of his paper, Grothendieck proved that each (DF)-space whose bounded

subsets are metrizable is quasibarrelled. A criterion for an (F)-space to be distinguished
can be easily derived from there|it is su�cient that the bounded subsets of its strong dual

are metrizable. It was natural to pose the question of inverse statements, i.e.:

Are bounded subsets of the strong dual E0 metrizable for each distinguished space

E of the type (F)? More generally, if H is a quasibarrelled (DF)-space, are all
of its bounded subsets metrizable?

The negative answer to the posed question was given by I. Amemiya in the above mentioned
paper [3]; see also G. K�othe [21], p. 405.

We mention that K.-D. Bierstedt and J. Bonet in [4] showed that for a metrizable lcs

E the property that bounded sets in its strong dual are metrizable is equivalent to the
important property that E satis�es Heinrich's density condition.

5. If the answer to the question no. 4 had been positive, the next question would not have
been posed|it would have the positive answer.

Does every quasibarrelled space H of the type (DF) have the distinguished strong

dual, i.e. the barrelled strong bidual? Is it true at least in the case when H is the
strong dual of an (F)-space, i.e. is the strong bidual of a distinguished (F)-space
distinguished?

The negative answer to this question could be suspected already on the base of I. Amemiya's
example [3] of a bornological (DF)-space whose bidual is not bornological|see G. K�othe

[21], p. 436. However, the full (negative) answer to this question was given only by J. Bonet,
S. Dierolf, C. Fernandez [7]|using some new techniques in the theory of lcs 's. Namely, they
consider (F)-spaces of Moscatelli type of the form

E = f (yk)k2N 2 Y N j
�
f(yk)

�
k2N

2 c0(X) g;

where Y , X are Banach spaces, and f :Y ! X a continuous linear map. Such spaces are

always distinguished. However, for its bidual E00 it is proved that it is distinguished if and
only if the mapping f is open onto its range.

It should be mentioned that S. Dierolf in [11] related the given result with some results

of R. Meise and D. Vogt [23] concerning short exact sequences of lcs.
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6. The question 6 is of particular interest and of slightly more general character. Namely,

it is known (see e.g. [16], propositions 4 and 5) that if E is an lcs, and F its quasibarrelled
vector subspace whose strong dual is bornological (or if F is a (DF)-space), then in the

space E0=F � the factor-topology of the strong topology of the space E0 coincides with the
strong topology of the dual of the space F . It is also known that in the general case these
two topologies are di�erent (see e.g. G. K�othe [21], p. 434). Therefore the following question

is of interest:

Do both strong topologies in the space E0=F � (E|an arbitrary lcs, F|its closed
subspace) have the same bounded subsets?

This question was answered in negative by S. Dierolf [10] in 1981. Her example also showed
that in the Proposition 4 of [16], the quasibarrelledness-hypothesis was not superuous.

7. For the seventh question A. Grothendieck said that he considered it the most important.

Let E and F be (F)-spaces and B(E;F ) the space of all continuous bilinear
forms on E � F , equipped with the topology of uniform convergence on products
A�B of bounded sets A � E and B � F . Is B(E;F ) a space of the type (DF)?

Is L(E;H), equipped with topology of bounded convergence, a space of the type
(DF) if E is of type (F), and H of type (DF)? The same question if E and H

are normed spaces.

The answer to this question is negative, too. This important problem, which is con-

nected with some questions concerning tensor products (see the other fundamental article
of Grothendieck [17]), was solved in the recent years by J. Taskinen [30], [31]; later J. Bonet
and A. Galbis [8] gave more elementary proofs for the mentioned negative answer, modifying

Taskinen's counterexample. S. Dierolf gave a direct proof that Lb(E; l2) is not a (DF)-space
if E is the Fr�echet space of Taskinen.

The mentioned important question inspired a lot of mathematicians to obtain the positive
answer by certain modi�cations. We mention here the one given by J. Bonet, J.C. Diaz and
J. Taskinen [5].

8. The question number 8 consists of several problems concerning biduals of strict inductive
limits of sequences of lcs 's.

Does the bidual of the strict inductive limit E of a sequence of lcs's En coincide

with the inductive limit of the biduals E00n? Is it true when En are (F)-spaces
or distinguished (F)-spaces? Is E00 complete? (The last is true when En are
distinguished (F)-spaces.)

M. Valdivia [34] gave a negative answer to the �rst question in 1979. The negative answers
to all of the quoted questions were relatively recently given by J. Bonet and S. Dierolf in [6].

They, namely, presented a method of construction of strict (LF)-spaces E = indEn such
that the strong bidual E00b ofE and the (stronger) inductive limit topology of E00ind = indE00n;b
do not even have the same bounded subsets. Also, they provided an example when even in

the case of distinguished spaces En, E
00
b need not be an (LF)-space.

9. An lcs is said to be totally reexive if all of its quotients with respect to arbitrary closed

subspaces are reexive. The question 9 posed by Grothendieck was:

Is the product of two totally reexive (F)-spaces always totally reexive?

This is one of the two questions having the positive answer. It was recently given by
M. Valdivia in [36]. Namely, he used his characterization of a totally reexive Fr�echet space
as a space isomorphic to a closed subspace of a product of countably many reexive Banach

spaces.
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10. Finally, the question number 10 was:

Is every metrizable (M)-space separable?

An lcs is called Montel ((M)-space) if it is barrelled and each bounded subset in it is
relatively compact. The positive answer to this question was announced by the author
himself, and it was published in the paper [12] of J. Dieudonn�e; see also G. K�othe [21], p.

370.

11. There are a lot of other important results, given in the past 40 years in connection
with (F) and (DF) spaces. We refer the interested reader to [9] and [23]. Especially, in the

last ten years there were some signi�cant contributions on (F) spaces. However, we have
restricted ourselves in this article to the solutions of 10 Grothendieck's problems, and we
shall mention in the end only some results concerning (DF) spaces.

1� Already in the paper of Grothendieck it was stated that an arbitrary (closed) subspace
of a (DF)-space need not be of the same kind. However, M. Valdivia [32] proved that each
subspace of �nite codimension of a (DF)-space is always of the type (DF).

2� Another characterization of (DF)-spaces was obtained by B. Mirkovi�c [24]. He showed
that the condition for a space to have a fundamental sequence of bounded subsets could be
weakened in the following way.

Let M be a family of bounded sets of an lcs (E; t) satisfying the following requests:
(a) E =

S
fM j M 2 Mg, (b) �M 2 M for every M 2 M and every � � 0, (c) for

every M1, M2 2 M, there exists M 2 M such that M1 [M2 � M . The space (E; t) is

called a space of the type M-(DF) if it has the following properties: 1� the family M has
a fundamental sequence of absolutely convex sets; 2� if (Un)n2N is a sequence of closed

absolutely convex t-neighbourhoods of zero and U =
T
n2N Un abosrbs each set M 2 M,

then U is a t-neighbourhood of zero. The theorem 5 [24] is:

Every space of the type M-(DF) is a space of the type (DF).

In other words, together with the condition 2�, the (weaker) condition 1� implies that the
family B of all bounded sets in (E; t) has a fundamental sequence.

Proof. Let tM denote the locally convex topology on the dual space E0 of uniform conver-
gence on the setsM 2 M. Since the familyM has a fundamental sequence, topology tM is

metrizable, hence the space (E0; tM) is bornological. Clearly, the strong topology �(E0; E)
is �ner than tM. To prove the converse, let i denote the identical mapping from (E0; tM)

onto (E0; �(E0; E)). According to [21; 28.3], i is continuous if it maps each 0-sequence (fn)
from (E0; tM) into a bounded set in (E0; �(E0; E)). But such a set is a countable union of
equicontinuous subsets ffng of E0, which is bounded in (E0; tM); since E is an M-(DF)

space, it is equicontinuous, hence bounded in (E0; �(E0; E)). So the space (E0; �(E0; E)),
being equal to (E0; tM), is metrizable. It means that the family B of all bounded subsets

in E has a fundamental sequence. The other condition is satis�ed, and so (E; t) is a space
of the type (DF). �

3� The spaces satisfying only the condition (2) from the de�nition of (DF)-spaces (and
not having a fundamental sequence of bounded subsets in general) were studied by many au-

thors. They were �rstly introduced by T. Husain in [18] and called countably-quasibarrelled
spaces.

4� Spaces of the type (DF) can be introduced even in the category of (non-locally convex)

linear topological spaces, whereas, of course, the usage of duality theory is avoided. For
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details we refer to the work of B. Ernst [15], J. P. Ligaud [22] and N. Adasch, B. Ernst and

D. Keim [2].

5� One of the most important properties of (DF)-spaces proved by A. Grothendieck is
the following:

Let H be a space of the type (DF). In order to an absolutely convex set U in H to

be a zero-neighbourhood, it is su�cient that its intersection with each absolutely convex
bounded set A � H be a zero-neighbourhood (in the topology which H induces in A).

Stated in another way:

Let H be a (DF) and G an arbitrary lcs. A linear mapping from H to G is continuous
if its restrictions to all bounded subsets of H are continuous.

The given property served as an inspiration for introducing special classes of lcs 's, respec-

tively linear topological spaces, which do not have to be (DF), but possess the mentioned
property|see K. Noureddine [26], [27] (\b-spaces"), resp. N. Adasch, B. Ernst [1] (\locally

topological spaces").
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