Scientiae Mathematicae Vol. 1, No. 1(1998), 19-22 19

CANCELLATION LAWS FOR BCI-ALGEBRA, ATOMS AND
P-SEMISIMPLE BCI-ALGEBRAS
M.W. BUNDER
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ABSTRACT. We derive cancellation laws for BCT-algebras and for p-semisimple BC'T-
algebras, show that the set of all atoms of a BC'I-algebra is a p semisimple BC'[-algebra
and that in a p-semisimple BC'I-algebra < and = are the same.

1. Introduction. BCT-algebras, first introduced by Iséki in [1], can be defined as follows:
Definition 1 An algebra (X;x,0) of type (2,0) is a BC'I-algebra if for all #,y,z € X.

BCI-1 (xxy) x(zxz) <zxy;
BCI-2 z *(xxy) <y

BCI-3 <

BCI-4 r<yand y<za imply x =y;
BCI-5 v <y iff xxy=0.

The following well known properties of BC'I-algebras are used below.

(1) (w*y)*,;’:(:b*z)*y ‘
(2) Ox (zxy) = (0xx)x(0xy)
(3) zx0=2z

(4) zx(rzx(zxy)) =z*xy

(5) zxx=0

(6) <0 = =z =0.

2. A Cancellation law for BCI-Algebras.
Theorem 1 If {(X;x,0) is a BCI-algebra and z,y,z € X then:

(i) zxy<azxz = 0xy=0xz;
(i) yxx<zxx = 0xy=0xcz.
Proof (i) Ifazxy < wxz by BCI-5,
and so by BC'I-1 and BCI-5,
Ox(zxy)=0 — (a)
and by (2),
(0% z)x (0xy)=0.
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Hence by BCI-5
0% z<0xy.
We now apply the same cancellation procedure to this as we did to
T xy < xx* z, this time “cancelling” the 0 to give:

Oxy<0xz

Oxy=0xz.
(i) fyxax<zxax,by BCOI-5,
(yxa)x(zxz)=0.

BCI-1 and (1) give
SO 0x(yxz)=0 -(b)
giving, as above,

Oxy <0xz.

Asin (i) this gives 0%y =0x z.
Corollary If (X;x,0) is a BCI-algebra and z,y,z € X then

(i) zxy=axz = O0xy=0xz

(i) yxx=z%x2 = O0xy=0%z

We have two further properties resulting from the above cancellation laws:
Theorem 2 If {(X;x,0)is a BCI-algebra and z,y, z € z then:

(i) 2<axz = 0<z

i) zxy<az = 0<uy.
Proof (i) If o <wx*z, by (3) %0 < 2%z and so by Theorem 1 (i) 0%z = 0x0. This
gives 0 x 2 =01e 0 < z.

(i) Hesxy <z, by (3), %y < 20 and so by Theorem 1 (ii) 0xy=0%0=0,500<y.

3. P-Semisimple Algebras. These were introduced by Lei and Xi in [2] as follows:
Definition 2 A BCI-algebra (X;x*,0) is p-semisimple if

(Vee X)(0xx=0 = z=0).

In these algebras we find that < becomes the same as = .
Theorem 3 If (X;x%,0) is a p-semisimple BCI-algebra and z,y € X then if v < y also
T =y.
Proof If <y, xxy=0hby BCI-5. Also by (5), 2 xy = x * x, so by the corollary to
Theorem 1, 0 xy = 0 % z.

As (0 ) x (0 x2) =0, we have (O« y) * (0x2x) =0 and by (2), 0% (yxz) =0.

As BC'T-algebras are closed under *, y x @ € X, so if the algebra is p-semisimple,
yxx =0.

By BCI-4, =z =uy.

Our cancellation laws can now be strengthened.
Theorem 4 If (X;x,0) is a p-semisimple BCT-algebra and z,y,z € X then:

(i) zxy<zxz = y=z

(i) yxr<zxz = y=az
Proof (i) If xxy < %z, by Theorem 1(i) we get 0%z = 0xy and so (0 z)* (0xy) = 0.
By (2) this gives 0% (zxy) = 0, so if the algebra is p-semisimple we have zxy = 0 L.e. z < y.
The result then follows from Theorem 3.

(ii) Similar.
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Corollary If (X;x,0) is a p-semisimple BCI-algebra and z,y,z € X then
(i) zxy=zxz = y=z
(ii) yrxrx=zx2 = Y=z

4. Atoms. Meng and Xin in [5] introduced the notion of atom and the class of all atoms
of a BC'I-algebra.
Definition 3  An element of a BCI-algebra (X; %,0) is an atom if

(VzeX)(zxa=0 = z=a)
Definition 4 L(X)={z € X | ais an atom of X}

Meng and Xin prove in [5]:
Theorem 5 If {X;x,0) is a BCI-algebra then
(1) ais an atom iff a =0 (0 x a);
(ii) (Vze X) Oxz e L(X).
((ii) also follows from (4) and (i).)
The following simple representation of L(X) results:
Theorem 6 L(X)={0xz|z € X}.
Meng and Xin prove that L{X) is a BCI-algebra. The following result of Lei and Xi [2]:
Theorem 7 If {(X;x,0)is a BCI-algebra then X is p-semisimple iff
(VzeX) 0x(0xz)=uw.
and Theorem 5(i) give us:
Theorem 8 If (X;x,0)is a BCI-algebra (L(X);#,0) is a p-semisimple BC'I-algebra.
A final result on L{X) is the following:
Theorem 9 If (X;x,0) is a BCI-algebra then L(L(X)) = L(X).
Proof By Theorem 6,

L(L(X)) = {0%xz]|zeL(X)}
= {0x(0xy)|ye X}
Similarly
L(L(L(X)) = {0 (0% (0% 2)) | = € X},
so by (4)

L(L(L(X))) = L(X).
Hence as L(L(L(X))) C L(L(X)) C L(X) we have L(L(X)) = L(X).

5. Powers. In [2] Lei and Xi define a new operation + by:

Definition 5 z+y=ax(0x*y)

and show that if (X;%,0) is a p-semisimple BC'I-algebra then (X, +) is an abelian group.
In [3] Meng and Wei use the same operation to define powers of elements by:

o=z

2" = 2x(0xa"),

(though ma instead of ™ might have been in better keeping with +).

The following are new properties of this form of exponentiation:
Theorem 10 If 2 is an element of a BCI-algebra (X %,0) then:
(1) (Oxz)"=0xa™;
(i) (0x2)"=(..((0xz)xzx)..)*zx
(where there are n zs on the right hand side).
Proof (i) By induction on n.
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n =1 - obvious.
Assuming (i) for n,

(U * 7)"+]

(ii) By induction on n.
n =1 - obvious.
Assuming (ii) for n, by (c)

(0 % .17)”'-’_1

as required.
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= (0xa2)* (0% (0xa)")
= (0% z)*(0%(0%a"™))
= O0x(zx(0xa™))

= 0x"t!

above, (1) and (4):

= (0x(0x(0xa™))*a
= (0xa")xx
= (0x2)" %2
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