Scientiae Mathematicae Vol. 1, No. 1(1998), 89-95 89

FEKETE-SZEGO PROBLEM AND LITTLEWOOD-PALEY
CONJECTURE FOR POWERS OF CLOSE-TO-CONVEX FUNCTIONS

K. FARAHMAND AND JAY M. JAHANGIRI

(In the memory of Professor M. J. Shah of Kent State University.)

Received March 21, 1997; revised July 3. 1997

ABSTRACT. We obtain sharp Fekete-Szego inequalities for powers of a class of close-to-convex
functions. We also show that the Littlewood-Paley conjecture fails for these functions. A
previous result by the second author is also improved in this paper.

1. Introduction. Let A be the family of functions f of the form

flz)==z+ Zanz" (1)

n=2

that are analytic in the unit disk A = {z: |z| < 1} and S be the subfamily of A consisting
of functions univalent in A. Let v > 0. For f of the form (1) and for the Koebe function
k(z) = z/(1— 2)2, we write

{f(j) }% =1+ f: an(7)z" (2)
and 1 oo
{@}_ :1+n§bn(7)2”- (3)

By equating the coefficients of the like terms in (2) and (3) we obtain

1 . 1 gl
ai(y) = A2, a2 () = v (as - /2 a2> !

! /

and .
() = 224+ 9)(2427)...(24+ (n— 1)7/). 5)

(nl)yn

We consider the inequality

|an (7)| < bn(’y) (6)
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and for —oo < p < 0o we write
M(9) = laa() = pa ()] (7)

The inequality (6) is true [16] if ¥ < 1 and is false for v > 1. For v = 1, (6) was conjectured
by Bieberbach [3] in 1900416 and was proved by de Branges [8] in 2000-16. Since then many
authors studied alternative approaches to the Bieberbach conjecture. The most recent and
shortest is given by Ekhad and Zielberger [12]. For v = 2, (6) is the Littlewood-Paley [26]
conjecture which was disproved by Fekete-Szegé [13]. In fact, Fekete and Szegé [13] obtained
sharp bounds for M (1) when 0 < y¢ < 1. The expression M () in (7) has many applications
and analogous Fekete-Szegd problems for subclasses of A and S proved to be of interest. For
example, see Kim and Minda [23, Theorems 1 and 2] and Chua [7, Lemma 2]. It is known
that (6) holds for functions that are starlike in A and does not hold for close-to-convex
functions (see [18]) when v > 3. It is of interest to see if there exists a subfamily of close-
to-convex functions, larger than the class of starlike functions, for which (6) holds. The
answer to this question is still open. We note that M (~) of (7) when y = 0 is an effective
tool to check the validity of the inequality (6). The second author in [18 & 20] used M (~)
to show that the inequality (6) is false for some subclasses of Bazilevi¢ and close-to-convex
functions. The upper bound for M(v) when f belongs to various subclasses of A and S
has been studied by many different authors including [1,2,4,7,9,10,13-31]. Recently, Darus
and Thomas [9] considered the class K(«, 3), 0 < a <1, 0 < 8 < 1 consisting of functions
f € A so that

zf'(z ;
Re’f()>a/,z€A (8)
9(z)
for some g € A satistying the condition
29'(2) ,
Re >3, z €Al 9
9(2) ®)

Draus and Thomas [9] obtained sharp upper bounds for M (1) when f € K(«, ). In this
paper we generalize their results to the case v > 1 for M(v) given by (7). Furthermore, we
disprove the inequality (6) for certain v when f € K (a, ). This improves an earlier result
obtained by the second author [18].

2. Fekete-Szego Problem.

To prove our theorem in this section we shall need the following well-known lemmas.

2.1. Lemma. Let p(z) = 1+ 72, p, 2" be analytic in A so that Re{p(z)} > 0 in A. Then
lpn] <2 (10)

and 1

lp2 + M| <24+ Apu[* if A2 —3. (11)
2.2, Lemma. For 0 < 3 < 1let g(z) = 2z + ba2? + b3z + ... be in A and satisfy the
condition (9) Then for p real,

lbs — pb3| < (1 = B)ymax{1,|3 — 28 —4(1 — B)ul}. (12)

The inequality (10) was first proved by Carathéodory [5] (also see Duren [11] page 41) and
the inequality (11) can be found in [18]. The inequality (12) was given by Keogh and Merkes
[22]. We now state and prove our theorem.



POWERS OF CLOSE-TO-CONVEX FUNCTIONS 91

2.3. Theorem. For f given by (1) let f € K(«, ) where 0 < o < 1 and 0 < 3 < 1. Then
for v > 1 and for —oco < p < 0o we have the following sharp bounds.

(1=8)(v+3)+3(1—a)(1=7)
2.3.1. Ifu< 6(27(%/3)‘ then

B=2a—=3)[(1=53)(v+3—06u)+27] +3(1 —a)*(1 —~v—2u)
6’7/2

|ax () — pai ()] <

1-8) (y+3)+3(1—a) (1=~ 347
2.3.2. 1f 1=9 6(2)7a7/d) ) ) < p < =% then

3-20 -7 21— 3)2 (v + 3 — 6p)

|az () — pai(y)] <

3y (v —1+2p)
2.3.3. If % < 1 < 4(y';/(1—(y)+(2—rg(—2/i)gi£1/;|;;,’)—((y+/7)(3+’7)] then
3—2a—-0
|a’2(ﬁ)//) - /I(]%(Aﬂﬂ < T
by

2.3.4. If T > day(l—a)+(2—a—=3)[6(1+~)—(a+8)(3+7)]

6(2—a—p3)2 then

; Com s )2 o e o) (1t
|a2(7) _HC‘%(”/N < 3 2;: B + w(2 ’)c; 3) + day(a—1)+(2—« }(1[7(3+,d,l(3+1) 6(1+1)}_

Proof. For some g(z) = z + b22? + b3z + ... in A and satisfying the condition (9) we let
f(2) of the form (1) to be in K(«, 3). Then we can write

zg'(z) _ e

=0 (=) (13)
and .

T o a-anio). (14

where both p(z) = 1+ piz+p22? + ... and ¢(z) = 1 + 12 + g22* + ... are analytic in A and
Re{p(z)} > 0 and Re{q(z)} > 0 in A. Equating the coefficients of the like terms in (13)
and (14) we obtain

by = (1—B)p1, (15)
2b3 = (1 — ) (p2 + b2p1). (16)
2ay = (1 —a)q1 + (1= B)p1, (17)
and
6az = 2(1 —a)[g2 + (L = Dprga] + (1 = B)[p2 + (1 = B)pil- (18)

Substituting for az and az in (4) yields

. 1-— 1-7
() = GTZ _ ( a)qi 24:( | )P1’ (19)
Y

and

1 1,
az(v) = - ((Lg + T/’aé) (20)
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:L{ {q +& z} + 128 {p 4= ,3£23+ﬁ) }_1_ (1— n)(11273)(3+ i q]}_

Counsequently M(7) of (7) can be written as follows:
M () = 3lea) — e (3)

= ’iifl [q2 + ELl_in%%_Q__gﬂlql} + 128 {p + ll____LLiﬁ_Jiil } I 135 1+3-6) ) q1‘

1-53

=152 oo+ Adf] + 552 [+ Bif] + Cua|.

Note that if g < [1/2 4+ v(1 +3a)/6(1 — a)] = p1 and p < [1/2+~(3 = 3)/6(1 — B)] = 12
then A > —1/2 and B > —1/2, respectively. Also if u < (34 7)/6 = p3 then C' > 0. We
observe that p3 < pq and pg < p2. So we can use Lemma 2.1 if we let p < pg.

First we let u < Si(’l Then

M) = () - e ()

—y—2p 2 —a)(1=B)(v+3—6u —a)y+2(1=B) v+ (1= B)2 (y+3—6
< (1 (glA 2p) |P1| + (1—a)(1 ,62)/(1+3 611) |ql|+4(1 v)y+2(1 3)2:}}—(1 B) (v+3—6u)
= RB(|a)-

alenlatine GFUal _ pr — 0w ai
Calculating =8> = R (lg1]) = 0 we obtain

21— )+ 3~ 6
S 3(l-a)(y—1+2p)

(21)
If p < (17"3)(/7/;(32\@2(‘_1’5)&')(‘lg’\) we observe that |¢f| ¢ (0,2). In this case the maximum of
R(|q1|) occurs at the end points, i.e., when |¢;| = 0 or when |¢;| = 2. Calculating R(0) and
R(2) we observe that R(0) < R(2). Therefore we obtain Theorem 2.3.1 that

3—2a—-3)[(1=8)(v+3—06u)+29]+3(1 —a)?(1 —~ —ZM)
62

/

laz(7) = e ()] <

Equality is attained on choosing py = p2 =q1 = ¢2 = 2.

1f (=) :5_(32)1—29,@_)”)“_7) < p < 22 then 0 < |gf] < 2 and so R(|¢?]) is a maximum since

R"(|q?|) < 0. Therefore we obtain Theorem 2.3.2 that

3—2a-7 N 2(1—B)*(v+ 3 —6p)
3y Iv(y—1+42u)

|az( —ptal( | <

Choosing p1 = p2 = q2 = 2 and ¢1 = |¢¢| as given by (21) shows that the result is sharp.

Next we let 1 > (3 + 7)/6. We deal first with the case

davy(l—a)+(2—a=3)6(1+~)—(a+3)(3+7)]
6(2—a—03)? )

=

It follows from (11), (12), (15)-(20) and a simple calculation that

day(l— 2—a=pF)[6(1+ 3
(12(’7)_ ar(lma) g(QJL';,’i)?) (a+B)(3+7)] (’7)

1-0 (1—=0)(2=B)(3=20—F)
=| T [‘-’2 - {))2(2%3(—,@12” )Qf]
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—8)(2—a’—pB) - —a) 8
+__ |:p _ %pf} (1 0;2;12 L(QJ)(Z [)1 Q1|
g _ (= 1-8)(2—a?—p) ) (1—a)(1-0) B
<— = ?’»: “6)2'(270(7/)’)(; (|(I1| |P1|) {)6')(20)r\ 3) (|:-'1|2 |p1| ) < = ?’»:

In this case, we need to consider the following two subcases.

For 22 3+ <u< day(l—a)+(2—a—F)[6(1+y) —(a+B)(3+v)]

S2—a=p)" we write

2—a—pF3)°(6u—y—3 day(l—a 2—a—p2)[6(1+7)—(a+8)(3+y )
() = i () = TG [q(y) o1tz )

6(2—a—p)2 /
4v(2—a?—B)—(2—a—pB)(6pp—~v—3) - 34y 2/
+ 2 /12/(2(—a3—»’3) - [“2( /)= 6 (’f( *)] :
Using the bounds obtained for M(u) when pp = 4(,7(1_(,)4_(2_{;(_237)551;)_;,)_((,4_5)(34_7)] and
on= % we obtain Theorem 2.3.3 that
3—2a—0 (2—a—p) (h/l v=3) 2—72=8)—(2—a—3)%(6pu—v—3)
|a2 (7) = pai (v ” < ( 3y ) ( 72—l d) +° 1272 —f) )
_ 3—2a-—-p
==

Equality is attained on Choosmg pr=¢q1 =0 and p» =g = 2.
Finally, we let u > 4oy _(,)4_(2_{;(_2/37)??;;;)_((,4_5)(34_7)]. In this case we write

day(l—a)+(2—a—B)[6(1+v) —(a+B)(3+v)
ax(7) = paf (7) = az() — 2GR LAl )

day(l—a)+2—a=08)[6(1+7)—(a+8)(3+~
P
Taking the absolute values we obtain Theorem 2.3.4 that
day(1—a)+(2—a=p)[6(1+v)—(a+5) (3+~
|a2 (7) = pai (v )| < \az(v) — 1 G(ZJLL@,; = “1( /)
day(1—a)+(2—a—B)[6(1+) —(a+8)(3+7) 2
+ [/1 — don(l-a)i( %(2_£‘£@)z’) ot At }} a1 (7)]

< 3—2a— 0 N doy(a—1)+ 2—a—=3)[(a+ B)(3+~v) —6(1+7)] N w(2—a—p3)*

- 3 v 6 v 2 v 2 ’
where we have used the fact that |a1 ()| = |[(1 — @)qn + (1 = B)p1]/2y] < (2 —a — B) /7.
Choosing p; = q; = 2i¢ and py = g» = —2 concludes the sharpness.

3. Littlewood-Paley Conjecture.

As mentioned earlier , letting p = 0 in M(v) given by (7) we may obtain bounds for |as(7)]

which is a good criterion to check the validity of |az(7)| < ba(7) given by (6). Now for 1 =0
2(1-f) (7+43)

e (=1) Ve obtain

and for |¢7| =

RO 3-20-5 21— B)2(v+3) ,
|Cl2( /)| - ~ - 3/\/ + 9/\]([\, _ 1) : (““)

Y 97

It is easy to see that there are o, § and 7 in (22) so that |as(y)| > b2(7). For example, for
~ = 4 and for 283% — 7453 — 36 + 1 > 0 we have
¢ ~ 4 9QA2 _ ~
82 — 743 + 2873 36 S ﬁ (23)
216 216
We see that the inequality (6) is false, by the condition (23). Furthermore, this result is an
improvement of an earlier result obtained by the second author [18] for f € K(0,0).

laz(4)| =
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