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ON A CLASS OF BOUNDED ANALYTIC FUNCTIONS

O. P. AHUJA AND JAY M. JAHANGIRI
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ABsTRACT. We obtain inclusion relations and convolution characterization for functions that
are analytic in the open unit disk and are bounded above by 1+ (1 — a)(x? —6)/3,a < 1. We
also show that the class of such functions is invariant under convolution with convex functions.

1. Introduction. Let A denote the family of functions f that are analytic in the open
unit disk A = {z:|z| < 1} and are of the form

f(2) :z+2akzk. (1.1)

k=2

For a < 1 and for n a whole number we define

My(a):={f € A: Re(D"f) > a, |z| < 1} (1.2)

where D" f is the Ruscheweyh derivative [5] of f defined by

) z(z"! f(z))(") ) z
D'f(z) =~ = f2) ok ————.
f( ) “/! f( )* (1_Z)n+1
The operator  stands for the Hadamard product or convolution of two power series f(z) =
o2 capz® and g(z) = T2 b2k, that is, (f % g)(2) = f(2) x g(z) = =32 arbrz". From
(1.2) it is easy to see that f € M,(a) if and only if D"f € M,(a), and M,(8) C Mp(«)
whenever a < 3. We also know [4] that M, +1(a) C M, («). In [1] the authors showed that
if f e M,(«) then
: = nl(k—1)! :
((2) <14+2(1 —« _— 1.
|F(2)] < 1+2( 0);2(“”_1)% (1.3)

From (1.3) when n = 1 it follows that if f € M, () C M;(«) then

<1421 =0)( — 1), (L4)

The inequality (1.4) for M, («) was also obtained in [1] and [8]. The above inequality (1.4)

shows that if n > 1 then the family M,,(«) is bounded in A for all real o, o < 1. Note that,
by (1.3), the functions in M,(a) need not be bounded. Alexander [3] showed that M,(0) is
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a subfamily of analytic univalent functions. We conclude that if 0 < o < 1 then My («a) is
a subfamily of analytic univalent function. Note that the functions in My (a) when a < 0
need not be univalent. Singh and Singh [9] proved that the functions in M (0) are starlike in
A and in [10] they showed that a function in 3;(0) need not be convexin A. For 0 < g < 1
and for suitable a = a(8) and n = n(«, 3) we will show that M,(a) C K(3) where

KpB)={feA: Re (J{,/) >0, |z] <1}

is the well-known class of convex functions of order 3. Note that K(3) C K(0) for 0 < 8 < 1.
We also show that the functions in M, («) are invariant under convolution with convex
functions. Finally, a convolution characterization for functions in M,(«) is introduced.

2. Main Results. The first theorem is on the convexity of the functions in A/f,,,(af).

2.1. Theorem. Let 0< <l Ifa<a, = % and if n > n, = wﬁd% then

M, (o) C K(3).

To prove the above theorem we shall need the following two lemmas, the first of which is
given in [1] and the second one can be deduced from a result of Silverman [7].

2.2. Lemma. If f is of the form (1.1) and belongs to M, («) then

2(1 —a)(nl)(k = 1)!
ktn—1k

|ax| <

2.3. Lemma. Let f be of the form (1.1). Then f belongs to K () if

Zk2|ak| <1-p8, zeA.

Proof of Theorem 2.1. Let f € M, (a). To show that f € K(3), by Lemmas 2.2 and 2.3
it suffices to show that if o < «, and n > n, then

S Rl < 3 2L (2.1)

Here we will use an argument similar to that used by the first author and Silverman ([2]
Theorem 1). Since 32,1/k% < 1, (2.1) is true if we can show that

= 2(n!)(R) 1-8 1
- < ' - 2.2
> ST 22)

k:2

Note that (2.2) holds if

BNk —1)  1—/
23 (nt)(k — 1)! < 1-5 Ch>a
(k+n-1)! —1l-a’ =

dp =

Since dy < % when n > n, and since n!(k — 1)!/(k+n — 1)! is a decreasing function of
n, the proof is complete if we can show that dj. is a decreasing function of k. To show that
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di+1 < dj, we are required to have (n — 3)k2 —3k—1> 0 when n > n,. This is true since
for a < a, and k£ > 2 we have

(n—3)k2—3k—12(71‘0—3)1\?2—31{—12‘ZkQ—Bk—1213k2—3k—1>0.

The following lemma which is due to Ruscheweyh and Sheil-Small [6] will be used to prove
our next theorem.

2.4. Lemma. If ¢ € K(0) and if g € A is starlike in A, then the function (¢ * gF) /(¢ g)
takes values in the convex hull of F(A) for every function F in A.

2.5. Theorem. M, («) is closed under convolution with convex functions.
Proof. Let g(z) = z and F(z) = (D"f)’. Then for ¢ € K(0) we have

il 0RO (g gy = (Do £

O * z z

By Lemma 2.4 we conclude that (D"(¢ * f)) € My(«). This means that ¢ * f € M, («). So
the proof is complet.

Next we introduce a convolution characterization for the functions in M, («).

2.6. Theorem. A function f € A belongs to M, («) if and only if

n(z+o)t+z+2a—1 z+2a—1vn+2 k(n+2\ _k
f(z) 1+ —a ST Shs (=K k )=
=y = A0, fo] =1 z€ A,

Proof. Let f € M,(«). Since (D"f) =1 at the origin, we can write f € M, («) if and
only if

(D*fY —a -1

) #

x+1

=1, z € A.
11—« |T| ’

This is equivalent to

(1+2)(D"f) + (1 —2a—2z) #0. (2.3)
Writing g(z) = z/(1 — )" we observe that
HD"f) =z2(gx f) =z2f xg=f*(z9)
From this and (2.3) we conclude that f € M, («) if and only if
L {0 + (20— )} £ 0
or if and only if

1, (I+2)(z+n2?)+(1—2a—2)z(1—2)""?
P U (1— z)nt2 70

which implies the theorem.

2.7. Corollaries. Let |z| =1 and z € A — {0}. Then

2.7.1. f € M,(0) if and only if f» “HE=p/20==2) o

2.7.2. f € My(0) if and only if f ZH2z=l= /a3 —2) 4
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