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Abstract. The aim of the present paper is to introduce and study the concept of
operation-α-open sets, operation-semi-open sets and some operation-closures by using
operations from SO(X, τ) into P (X). We obtain some operation-closure formulas. As
corollaries, well known formulas on α-closures and semi-closures are obtained.

1. Introduction

Throughout this paper, (X, τ) and (Y, σ) represent nonempty topological spaces on which
no separation axioms are assumed, unless otherwise mentioned. A subset A of X is semi-
open [10] in (X, τ) if there exists an open set O such that O ⊂ A ⊂ Cl(O). It is well known
that A is semi-open in (X, τ) if and only if A ⊂ Cl(Int(A)) holds. The complement of a
semi-open set is called a semi-closed set. Let SO(X, τ) be the collection of all semi-open
sets in (X, τ). For a subset B of X , let sCl(B) :=

⋂{F | B ⊂ F,X \ F ∈ SO(X, τ)} and
sInt(B) := {x ∈ X | there exists a subset U ∈ SO(X, τ) such that x ∈ U and U ⊂ B}. It
is proved that sCl(B) = {x ∈ X | U ∩ B �= ∅ for any semi-open set U containing x}. A
subset A of X is said to be preopen [13] in (X, τ) if A ⊂ Int(Cl(A)) holds. We denote by
PO(X, τ) the set of all preopen sets in (X, τ). Kasahara [7] defined and investigated the
concept of operations on τ , i.e., the function α : τ → P (X) such that U ⊂ Uα for each
U ∈ τ , where Uα denotes the value α(U) of α at U and P (X) the power set of X . He
generalized the notion of compactness with help of operations. After the work of Kasahara,
Janković [5] defined the concept of operation-closures and investigated some properties of
functions with operation-closed graphs. In 1991, one of the present authors, Ogata, defined
and investigated the concept of operation-open sets [15], say γ-open sets; he used the symbol
γ : τ → P (X) as an operation on τ . He avoided a confussion between the concept of α-
sets [14] (sometimes α-open sets) and one of “α”-open set (where the latter symbol “α” is
an operation in the sense of Kasahara [7]). Let γ : τ → P (X) be an operation on τ . A
nonempty subset A of X is said to be γ-open (in the sense of Ogata) [15] if for each point
x ∈ A, there exists an open set U containing x such that Uγ ⊂ A. Recently, Krishnan
et. al.[9] (resp. Tran Van, Dang Xuan et. al. [17]) investigated operations on the family
SO(X, τ) (resp. PO(X, τ)) for a topological space (X, τ).

In the present paper, we shall introduce the concept of an alternative operation-open sets,
i.e., γs-α-open sets (cf. Definition 3.2(i)) using the concept of operations on SO(X, τ) due
to [9, Definition 2.4]. Let γs : SO(X, τ) → P (X) be a function from SO(X, τ) into P (X)
satisfying the following property: V ⊂ V γs for any V ∈ SO(X, τ), where V γs denotes the
value γs(V ) of γs at V . By [9, Definition 2.4], the function γs is an operation on SO(X, τ).
In Section 2, we introduce and investigate the concepts of operations (cf. Definition 2.1) on
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a family, say ξ, of subsets of a topological space (X, τ) such that τ ⊂ ξ; this operation is
denoted by γξ : ξ → P (X). Furthermore, we introduce the concept of an operaion-open sets
and related concepts, say γξ-open sets (cf. Definition 2.4 etc. below), and investigate some
fundamental properties of them (cf. Theorem 2.10). In Section 3, especially we consider the
case where ξ := SO(X, τ) and introduce the concept of γs-α-open sets (cf. Definition 3.2);
and let γsτ

α be the set of all γs-α-open sets in (X, τ). We also investigate a formula on
γsτ

α-closures of subsets in (X, τ) (cf. Theorem 3.7(iii)). As corollary we get the well known
formula [1] on α-closure of a subset (cf. Corollary 3.8). The concept of α-sets (sometimes,
α-open sets) introducedd by Nj̊astad [14]; a subset A of X is said to be α-open in (X, τ)
if A ⊂ Int(Cl(Int(A))) holds in (X, τ). In Section 4, we investigate some properties on
operation semi-open sets and operaton semi-closures γsSO(X, τ)-Cl(B) of a subset B of
(X, τ).

2. Operations on a family and some operation-open sets

Wirst we recall a concept of operations on a family ξ of subsets of a space (X, τ) such
that τ ⊂ ξ. Kasahara [7] and Ogata [16] introduced and investigated a general theory on
operations on τ , i.e., ξ := τ . Throughout this section, for a family ξ we assume that τ ⊂ ξ
holds.

Definition 2.1. (i) (cf. Kasahara [7], Ogata [16]) An operation on ξ, say γξ, is a mapping
from ξ to the power set P (X) of X such that U ⊂ Uγξ for each U ∈ ξ, where Uγξ denotes
the value γξ(U) of γξ at U and τ ⊂ ξ. The operation on ξ is denoted by γξ : ξ → P (X).

(ii) The restriction of γξ : ξ → P (X) to τ , say γξ|τ : τ → P (X), is well defined by
(γξ|τ)(V ) := V γξ for every V ∈ τ .

Remark 2.2. (i) The following function “Cl” : P (X) → P (X) is well defined as follows,
i.e., “Cl”(V ) := Cl(V ) for every subset V ∈ P (X), where Cl(E) is the closure of a subset
E in a topological space (X, τ). Since V ⊂ Cl(V ) holds for every V ∈ P (X), the function
“Cl” : P (X) → P (X) is an example of operations on P (X) (in the sense of Definition 2.1(i);
and also for any subfamily ξ of P (X), the restriction to ξ, say “Cl”|ξ : ξ → P (X), can
be an operation on ξ if τ ⊂ ξ. This operation is called the closure operation on ξ (cf.
Remark 2.11(ii) below).

(ii) The following function “Int” : P (X) → P (X) is well defined as follows, i.e., “Int”(U) :=
Int(U) for every subset U ∈ P (X), where Int(E) is the interior of a subset E in a topologi-
cal space (X, τ). If U ⊂ Int(U) holds (i.e., U = Int(U)) in (X, τ) for every U ∈ P (X), then
the function “Int” : P (X) → P (X) can be called as operation on P (X). However, there
may be many topological spaces (X, τ) such that U �⊂ Int(U) for some subset U ∈ P (X) (cf.
(iii) below); and so for such space (X, τ), the function “Int” : P (X) → P (X) is not an oper-
ation on P (X). We see easily that the restriction of “Int” to τ , say “Int”|τ : τ → P (X), is
an operation on τ , because U = Int(U) holds for every subset U ∈ τ (cf. Definition 2.1(i)).

(iii) For the digital line (Z, κ) (eg. [4]), the function “Int” : SO(Z, κ) → P (Z) is not an
operation on SO(Z, κ). Indeed, for a subset {2m, 2m + 1} ∈ SO(Z, κ), “Int”({2m, 2m +
1}) = Int({2m, 2m + 1}) = {2m + 1} and so {2m, 2m + 1} �⊂ “Int”({2m, 2m + 1}). The
restriction of “Int” to κ, i.e., “Int”|κ : κ → P (Z) is an operation on κ (cf. (ii) above) (cf.
[12]).

Remark 2.3. (i) For the case where ξ := τ in Definition 2.1(i), γξ is identical to the
operation on τ in the sense of [7] (e.g. [15]).

(ii) Krishnan et al. [9] introduced an operation on SO(X, τ), say γs : SO(X, τ) → P (X).
This operation γs is an operation on ξ := SO(X, τ) in the sense of Definition 2.1(i) above,
because of τ ⊂ SO(X, τ). Namely, we have the equality of two operations: γSO(X,τ) = γs :
SO(X, τ) → P (X).
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(iii) Tran An and Dang Xuan et al. [17] introduced an operation on PO(X, τ), say
γp : PO(X, τ) → P (X). This operation γp : PO(X, τ) → P (X) is an operation on ξ :=
PO(X, τ) in the sense of Definition 2.1, because of τ ⊂ PO(X, τ). Namely, we have the
equality of two operations: γPO(X,τ) = γp : PO(X, τ) → P (X).

Secondly, we shall recall analogous fundamental concepts on operation γξ : ξ → P (X) as
follows (we note that τ ⊂ ξ).

Definition 2.4. (i) Let τγξ
denotes the following collection of subsets of (X, τ):

• τγξ
:= {∅} ∪ {A| there exists a set U ∈ τ such that x ∈ U and Uγξ ⊂ A for each point

x ∈ A}.
(ii) A subset A is said to be γξ-open in (X, τ), if A ∈ τγξ

. Namely, a subset A of (X, τ)
is γξ-open in (X, τ) if and only if, A = ∅ or, for each point x ∈ A there exists an open set
U containing x such that Uγξ ⊂ A.

(ii)′ A subset A is said to be γξ-closed in (X, τ), if X \A ∈ τγξ
, (i.e., X \A is γξ-open in

(X, τ) in the sense of (ii) above).

Using the concept of γξ-open sets above, we define the operation-regularity (resp. operation-
openness) of operation on ξ as follows:

Definition 2.5. Let γξ : ξ → P (X) be an operation on ξ with τ ⊂ ξ.
(i) γξ : ξ → P (X) is said to be regular on ξ , if for each open neighbourhoods U and V

of each x ∈ X , there exists an open neighbourhood W of x such that W γξ ⊂ Uγξ ∩ V γξ .
(ii) γξ : ξ → P (X) is called to be open on ξ, if for each point x ∈ X and any open

neighbourhood U of x, there exists a γξ-open set V containing x such that V ⊂ Uγξ .

Definition 2.6. For a subset B of (X, τ), we define the following three subsets of (X, τ):
• Clγξ

(B) := {x ∈ X | Uγξ ∩ B �= ∅ for any open neighbourhood U of x};
• Intγξ

(B) := {x ∈ X | there exists an open neighbourhood U of x such that Uγξ ⊂ B};
• τγξ

-Cl(B) :=
⋂{F | B ⊂ F,X \ F ∈ τγξ

}.
Remark 2.7. It is evident that for the subset ∅ (resp. X), Clγξ

(∅) = τγξ
-Cl(∅) = ∅ (resp.

Clγξ
(X) = τγξ

-Cl(X) = X) hold, because τ ⊂ ξ and ∅ ∈ τγξ
and X ∈ τγs ; furthermore, if

A ⊂ B in (X, τ), then Clγξ
(A) ⊂ Clγξ

(B), Intγξ
(A) ⊂ Intγξ

(B) and τγξ
-Cl(A) ⊂ τγξ

-Cl(B)
holds.

Definition 2.8. Let γξ : ξ → P (X) be an operation, where τ ⊂ ξ, and B subset of a
topological space (X, τ).

(i) (X, τ) is said to be a γξ-regular space, if for each point x ∈ X and every open
neighbourhood U of x there exists an open neighbourhood W of x such that W γξ ⊂ U .

(ii) B is called γξ-closed in the sense of Janković if Clγξ
(B) ⊂ B, i.e., B = Clγξ

(B) holds
(cf. [5]).

Finally, the following Theorem 2.9 (resp. Theorem 2.10) is proved by definitions (resp.
Theorem 2.9 and the corresponding theorems in [15]); hence the proofs are omitted.

Theorem 2.9. Let γξ : ξ → P (X) be an operation on ξ, where τ ⊂ ξ.
(i) If a subset A is γξ-open in (X, τ) if and only if A is γξ|τ-open in (X, τ) in the sense

of [15].
(ii) For a subset B of (X, τ), Clγξ

(B) = Clγξ|τ (B) and Intγξ
(B) = Intγξ|τ (B) hold,

where Clγξ|τ (B), Intγξ|τ (B) are defined by [15].
(iii) The operation γξ : ξ → P (X) is regular on ξ if and only if γξ|τ : τ → P (X) is

regular in the sense of [15].
(iv) The operation γξ : ξ → P (X) is open on ξ if and only if γξ|τ : τ → P (X) is open in

the sense of [15].
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(v) A space (X, τ) is γξ-regular if and only if (X, τ) is γξ|τ-regular in the sense of [15].
�

Theorem 2.10. Let γξ : ξ → P (X) be an operation on ξ, where τ ⊂ ξ. Then the following
properties hold in (X, τ).

(i) (cf. [15, p.176]) Every γξ-open set is open in (X, τ), i.e., τγξ
⊂ τ .

(ii) (cf. [15, Proposition 2.3]) The union of every family of γξ-open sets is γξ-open.
(iii) (cf. [15, Proposition 2.9(i)(ii)]) If γξ : ξ → P (X) is regular on ξ, then the intersection

of every finite family of γξ-open sets is γξ-open and hence τγξ
is a topology of X.

(iv) (cf. [15, (3.3)]) For a point x ∈ X and a subset A of (X, τ), x ∈ τγξ
-Cl(A) if and

only if V ∩ A �= ∅ for any set V ∈ τγξ
such that x ∈ V .

(v) (cf. [15, (3.4)]) For a subset A of (X, τ), A ⊂ Cl(A) ⊂ Clγξ
(A) ⊂ τγξ

-Cl(A) hold.
(vi) (cf. [15, Theorem 3.6(i)]) The subset Clγξ

(A) is closed in (X, τ) and Intγξ
(A) is

open in (X, τ), where A is a subset of (X, τ).
(vii) X \ Clγξ

(A) = Intγξ
(X \ A) holds.

(viii) (cf. [15, Theorem 3.7]) The following properties are equivalent for a subset A of
(X, τ) :

(1) A is γξ-open;
(2) X \ A is γξ-closed in the sense of Janković (i.e., Clγξ

(X \ A) = X \ A holds);
(3) τγξ

-Cl(X \ A) = X \ A holds;
(4) Intγξ

(A) = A holds.
(ix) (cf. [15, Theorem 3.6(iii)]),(v) (viii) above) If γξ : ξ → P (X) is open on ξ, then the

following properties on a subset A of (X, τ) hold.
(a) Clγξ

(A) = τγξ
-Cl(A) and Clγξ

(Clγξ
(A)) = Clγξ

(A) hold.
(b) Clγξ

(A) is γξ-closed in the sense of Janković (cf. Definition 2.8(ii)).
(c) Intγξ

(A) is γξ-open.
(x) (cf. [15, Lemma 3.10]) If γξ : ξ → P (X) is regular on ξ, then Clγξ

(A ∪ B) =
Clγξ

(A) ∪ Clγξ
(B) holds for any subsets A and B of X.

(xi) (cf. [15, Corollary 3.11], (v) (iv) above) If γξ : ξ → P (X) is regular and open on ξ,
then the operation Clγξ

(•) satisfies the Kuratowski closure axiom. Namely, for any subsets
A and B of (X, τ), A ⊂ Clγξ

(A), Clγξ
(A∪B)=Clγξ

(A)∪Clγξ
(B), Clγξ

(Clγξ
(A))=Clγξ

(A)
and Clγξ

(∅) = ∅ and Clγξ
(X) = X hold.

(xii) (a)(cf. [15, Theorem 3.6(ii)], (v) above) If (X, τ) is a γξ-regular space, then Clγξ
(A) =

Cl(A) holds for a subset A of (X, τ).
(b) (cf. [15, Proposition 2.4], Theorem 2.9(v)(i) above) A space (X, τ) is a γξ-regular

space if and only if τ = τγξ
holds. �

Remark 2.11. (i) The identity operation on ξ, say “id” : ξ → P (X), is well defined by
U“id” = U , where U ∈ ξ. Then, a subset A of (X, τ) is “id”-open in (X, τ) if and only if A is
open in (X, τ), i.e., τ“id” = τ holds. Then, it is shown that Cl“id”(A) = Cl(A), Int“id”(A) =
Int(A) and every topological space (X, τ) is “id”-regular (cf. Theorem 2.10(xii)(b)). This
operation “id”:ξ → P (X) is an example of the open operation (cf. Definition 2.5(ii)).

(ii) The closure operation on ξ, “Cl” : ξ → P (X), is well defined by U“Cl” = Cl(U),
where U ∈ ξ. Then, a subset A of (X, τ) is “Cl”-open in (X, τ) if and only if A is θ-
open in (X, τ). That is, τ“Cl” = τ“Cl”|τ = τθ hold, where τθ is the collection of all θ-open
sets of (X, τ) [18],(cf. Theorem 2.9(i)). Then, it is shown that Cl“Cl”(A) = Clθ(A) and
Int“Cl”(A) = Intθ(A) hold (cf. Theorem 2.9(ii), [18]) and (X, τ) is “Cl”-regular if and only
if (X, τ) is regular (i.e., τ = τθ). We note that, in general, τ“Cl”-Cl(A) =

⋂{V | A ⊂ V ,
X \ V ∈ τ“Cl”} =

⋂{V | A ⊂ V , X \ V ∈ τθ} = τθ-Cl(A) hold for any subset A of
(X, τ). Furthermore, we note that [15, Remark 3.19, Example 2.7] shows there exists
a topological space (X, τ) such that Cl“Cl”(A) �= τ“Cl”-Cl(A) (i.e., Clθ(A) �= τθ-Cl(A))
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for some set A of (X, τ). Indeed, let X = {a, b, c} and τ = {∅, {a}, {b}, {a, b}, X}; then
τ“Cl” = τθ = {∅, X}, τ“Cl”-Cl({a}) = X and Cl“Cl”({a}) = {a, c}. However, it is known
that, in general, for a subset A of (X, τ), Cl“Cl”(A) = A (i.e., Clθ(A) = A) holds if and
only if τ“Cl”-Cl(A) = A (i.e., τθ-Cl(A) = A) holds (cf. Theorem 2.10(viii)). The example
[15, Example 2.7, Remark 3.19] shows that this operation “Cl” is not open.

(iii) For other examples of operations on ξ = PO(X, τ), we refer them in [17, Example
3.2 (iv)-(vi)].

A function, say “Int◦Cl” : ξ → P (X), is well defined by U“Int◦Cl” = Int(Cl(U)), where
U ∈ ξ.

Remark 2.12. Assume that τ ⊂ ξ.
(i) The function “Int ◦Cl” : ξ → P (X) is an operation on ξ if and only if ξ ⊂ PO(X, τ)

holds. (The operation “Int ◦ Cl” is called the “interior-closure” operation on ξ.)
Proof. (Necessity) Put γ := “Int ◦ Cl”. Let V ∈ ξ. Then, V ⊂ V γ holds, because

γ : ξ → P (X) is an operation on ξ; and so V ⊂ Int(Cl(V )), i.e., V ∈ PO(X, τ). Thus, we
have ξ ⊂ PO(X.τ).

(Sufficiency) Assume that ξ ⊂ PO(X, τ) holds. Let U ∈ ξ. Since U ∈ PO(X, τ), U ⊂
Int(Cl(U)) holds, i.e., U ⊂ U“Int◦Cl” holds. Hence, “Int ◦ Cl” : ξ → P (X) is an operation
on ξ.

(ii) Let “Int ◦ Cl” : ξ → P (X) be the “interior-closure” operation on ξ, where τ ⊂
ξ ⊂ PO(X, τ) (cf. (i) above). A subset A of (X, τ) is “Int ◦ Cl”-open in (X, τ) if and
only if A is δ-open in (X, τ). That is, τ“Int◦Cl” = τ“Int◦Cl”|τ = τδ hold, where τδ is the
collection of all δ-open sets of (X, τ) [18]. Then, it is shown that Cl“Int◦Cl”(A) = Clδ(A)
and Int“Int◦Cl”(A) = Intδ(A) hold and (X, τ) is “Int ◦ Cl”-regular if and only if τ = τδ

holds (cf. Theorem 2.10(xii)(b)) ( (X, τ) is called semi-regular if τ = τδ holds, eg. [3, Lemma
2.1]). This operation “Int ◦ Cl” : ξ → P (X) is an example of the open operation on ξ (cf.
Definition 2.5(ii)), under the assumption that τ ⊂ ξ ⊂ PO(X, τ). Indeed, let x ∈ X and U
be any open neighbourhood of x. Then, since x ∈ Int(Cl(U)) and {Int(Cl(U))}“Int◦Cl” =
Int(Cl(U)) hold, the subset Int(Cl(U)) is an “Int◦Cl”-open set containing x; furthermore,
Int(Cl(U)) ⊂ U“Int◦Cl” holds. Thus, “Int ◦ Cl” : ξ → P (X) is open on ξ. Therefore, by
Theorem 2.10(ix), Cl“Int◦Cl”(A) = τ“Int◦Cl”-Cl(A) (i.e., Clδ(A) = τδ-Cl(A)) holds for any
subset A of (X, τ).

3. Operation-α-open sets

In the present section, we introduce and study the concept of operation-α-open sets in a
topological space (X, τ). We study a formula on operation-α-closuress of subsets of (X, τ)
(cf. Theorem 3.7(iii)) As a corollary of Theorem 3.7(iii), we get the well known formula of
τα-Cl(E) of a subset E of (X, τ). Firstly, we recall the concept of the semi-operation-open
sets and two kinds of operation-semi-closures due to Krishnan et al. [9].

Definition 3.1. ([9]) Let γs : SO(X, τ) → P (X) be an operation on SO(X, τ) and A a
subset of X .

(i) A subset A is said to be semi-γs-open [9, Definition 2.5] in (X, τ), if for each x ∈ A
there exists a subset U ∈ SO(X, τ) such that x ∈ U and Uγs ⊂ A.

• The collection of all semi-γs-open sets is denoted as SO(X, τ)γs .
(ii) The following two operation-semi-closures of A are defined as follows:
• SO(X, τ)γs -Cl(A) :=

⋂{F | A ⊂ F , X \ F ∈ SO(X, τ)γs} ([9, Definition 2.24]);
• sClγs(A) := {x ∈ X |Uγs ∩ A �= ∅ for every semi-open set U (i.e., U ∈ SO(X, τ))

containing x} ([9, Definition 2.23]).
(iii) For a subset A of (X, τ), an operation semi-interior is defined:
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• sIntγs(A) := {x ∈ X | there exists a subset U ∈ SO(X, τ) such that x ∈ U and
Uγs ⊂ A}.
Definition 3.2. Let γs : SO(X, τ) → P (X) be an operation on SO(X, τ) and A a subset
of (X, τ).

(i) A subset A of (X, τ) is called a γs-α-open set in (X, τ), if there exists a γs-open set
U (i.e., U ∈ τγs) such that U ⊂ A ⊂sClγs(U). The complement of a γs-α-open set is called
γs-α-closed in (X, τ).

(ii) • The collection of all γs-α-open sets in (X, τ) is denoted by γsτ
α.

Remark 3.3. (i) For the identity operation “id” : SO(X, τ) → P (X), it is well known that
[9] SO(X, τ)“id” = SO(X, τ) and SO(X, τ)“id”-Cl(A) = sCl“id”(A) = sCl(A) hold for any
subset A of (X, τ). Furthermore, for a subset A of (X, τ), A is “id”-α-open in (X, τ) if and
only if A is α-open in (X, τ). Namely, “id”τ

α = τα holds for any topology τ of X . Indeed,
for the identity operation γs = “id” : SO(X, τ) → P (X), a subset A is “id”-α-open in (X, τ)
if and only if (∗) there exists an open set U such that U ⊂ A ⊂ sCl(U) (cf. Remark 2.11(i));
it is well known that the above property (∗) holds if and only if A is α-open (cf. [11], [6]
and the contents of MR914467(88i:54009) in Math.R.AMS).

(ii) By Definition 3.1(ii) and (iii), it is shown that sIntγs(A) = X \ sClγs(X \ A) holds
in (X, τ); furthermore, for the identity operation “id” : SO(X, τ) → P (X), sInt“id”(A) =
sInt(A) holds, where A is any subset of (X, τ).

Theorem 3.4. Let A be a subset of (X, τ) and γs : SO(X, τ) → P (X) an operation on
SO(X, τ).

(i) If A ∈ γsτ
α, then A ⊂ sClγs(Intγs(A)) holds.

(ii) Suppose that γs : SO(X ; τ) → P (X) is open on SO(X, τ) or γs|τ : τ → P (X) is
open. If A ⊂ sClγs(Intγs(A)) holds, then A ∈ γsτ

α.
(iii) Suppose that γs : SO(X ; τ) → P (X) is open on SO(X, τ) (cf. Definition 2.5(ii)).

For a subset A of (X, τ), A is γs-α-open in (X, τ) if and only if A ⊂ sClγs(Intγs(A))
holds. Furthermore, for a subset B of (X, τ), B is γs-α-closed in (X, τ) if and only if
sIntγs(Clγs(B)) ⊂ B holds.

Proof. (i) It follows from assumption that there exists a set V ∈ τγs such that V ⊂ A ⊂
sClγs(V ). Using Theorem 2.10(viii), we have that V = Intγs(V ) ⊂ Intγs(A) holds and so
A ⊂ sClγs(V ) ⊂ sClγs(Intγs(A)) holds.

(ii) We have Intγs(A) ⊂ A ⊂ sClγs(Intγs(A)) hold. Since Intγs(A) is γs-open under
assumption that γs is open (cf. Theorem 2.10(ix)(c)), it is shown that A is γs-α-open in
(X, τ).

(iii) For the proof of the former, it is obvious from (i) and (ii). For the proof of the latter,
it is obtained by using the former, Remark 3.3(ii) and Theorem 2.10(vii) for ξ = SO(X, τ).
�

Proposition 3.5. Let γs : SO(X, τ) → P (X) be an operation on SO(X, τ). If Ai ∈ γsτ
α

for each i ∈ Ω, then
⋃{Ai| i ∈ Ω} ∈ γsτ

α, where Ω is any index set.

Proof. It follows from Definition 3.2(i) that, for each i ∈ Ω, there exists a γs-open set Ui

such that Ui ⊂ Ai ⊂ sClγs(Ui). Then,
⋃{Ui|i ∈ Ω} ⊂ ⋃{Ai|i ∈ Ω} ⊂ ⋃{sClγs(Ui)| i ∈

Ω} ⊂ sClγs(
⋃{Ui| i ∈ Ω}) hold and so

⋃{Ai| i ∈ Ω} ∈ γsτ
α, because

⋃{Ui| i ∈ Ω} ∈ τγs

(cf. Theorem 2.10(ii)). �

Definition 3.6. Let γs : SO(X, τ) → P (X) be an operation and a subset B of (X, τ). The
following closure of B, say γsτ

α-Cl(B), is defined:
• γsτ

α-Cl(B):=
⋂{F | B ⊂ F,X \ F ∈ γsτ

α}.
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Theorem 3.7. Let γs : SO(X, τ) → P (X) be an operation and A a subset of (X, τ). Then,
the following properties hold.

(i) The closure γsτ
α-Cl(A) is γs-α-closed in (X, τ).

(ii) A ∪ sIntγs(Clγs(A)) ⊂ γsτ
α-Cl(A).

(iii) If γs : SO(X, τ) → P (X) is open on SO(X, τ) (cf. Definiton 2.5(ii)), then γsτ
α-

Cl(A) ⊂ A ∪ sIntγs(Clγs(A)) holds and so
γsτ

α-Cl(A) = A ∪ sIntγs(Clγs(A)) holds.

Proof. (i) Using Proposition 3.5, the intersection of every family of γs-α-closed sets is
γs-α-closed. Thus, γsτ

α-Cl(B) is γs-α-closed in (X, τ).
(ii) Since γsτ

α-Cl(A) is a γs-α-closed set, sIntγs(Clγs(γsτ
α-Cl(A))) ⊂ γsτ

α-Cl(A) holds
by Theorem 3.4(i), Definition 3.1 and Remark 3.3(ii). Since A ⊂ γsτ

α-Cl(A), we have that
A ∪ sIntγs(Clγs(A)) ⊂ γsτ

α-Cl(A) holds.
(iii) We first claim that a subset A ∪ (sIntγs(Clγs(A))) is γs-α-closed. We put B :=

A ∪ (sIntγs(Clγs(A))). Then, we have sIntγs(Clγs(B)) ⊂ sIntγs(Clγs(A ∪ Clγs(A))) =
sIntγs(Clγs(Clγs(A))) = sIntγs(Clγs(A)) ⊂ A∪sIntγs(Clγs(A)) and so sIntγs(Clγs(B)) ⊂
B. Using Theorem 3.4(iii), the set B is γs-α-closed. Thus we prove that γsτ

α-Cl(A) ⊂ B
holds, because γsτ

α-Cl(A) is the smallest γs-α-closed set including the set A (cf. Theo-
rem 3.4); and so we have the required equality using (ii). �

By Theorem 3.7(iii), the explicit form of the operation-closure γsτ
α-Cl(•) is obtained,

under assumption that γs is open on SO(X, τ). Let γs = “id” : SO(X, τ) → P (X) in the
theorem above. Then, we have the following well known formula.

Corollary 3.8. ([1, Theorems 2.2,2.3, Corollary 2.4], [2, Theorem 1.5(c)]) For any subset
E of (X, τ), τα-Cl(E) = E ∪ Cl(Int(Cl(E))) holds.

Proof. Put γs = “id” : SO(X, τ) → P (X) in Theorem 3.7(iii) and put ξ = SO(X, τ)
in Remark 2.11(i) and Remark 3.3. It is shown that τα-Cl(E) = E ∪ sInt(Cl(E)) =
E ∪ {Cl(E) ∩ Cl(Int(Cl(E)))}= E ∪ Cl(Int(Cl(E))) hold, because the identity operation
is open on SO(X, τ) and sInt(A) = A ∩ Cl(Int(A)) and Cl(Int(Cl(A))) ⊂ Cl(A) hold for
any subset A of (X, τ). �

4. Remarks on operation-semi-closures

In the end of the present paper, for an operation γs : SO(X, τ) → P (X) on SO(X, τ), we
define the concept of γs-semi-open sets (cf. Definition 4.1) and an operation-semi-closure ,
say γsSO(X, τ)-Cl(E), (cf. Definition 4.6) of a subset E of a topological space (X, τ). In
2006, Krishnan and Balachandran [8] introduced and investigated the concept of γ-semi-
open sets for an operation γ : τ → P (X); by [8, Definition 3.1], a subset A of (X, τ) is said
to be γ-semi-open in (X, τ), if there exists a γ-open set U such that U ⊂ A ⊂ τγ-Cl(U),
where τγ denotes the set of all γ-open sets in (X, τ).

In the present paper, we attempt to define analogously γs-semi-open sets for an operation
γs : SO(X, τ) → P (X) as follows.

Definition 4.1. Let γs : SO(X, τ) → P (X) be an operation on SO(X, τ). A subset
A of (X, τ) is called γs-semi-open in (X, τ), if there exists a γs-open set U such that
U ⊂ A ⊂Clγs(U) (cf. Definition 3.1(i), Definition 3.2). The complement of a γs-semi-open
set is called γs-semi-closed in (X, τ).

• The collection of all γs-semi-open sets (resp. γs-semi-closed sets) in (X, τ) is denoted
by γsSO(X, τ) (resp. γsSC(X, τ)).
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Remark 4.2. For a subset A of (X, τ), A ∈ “id”SO(X, τ) if and only if A ∈ SO(X, τ).
Indeed, for the identity operation γs = “id” : SO(X, τ) → P (X), a subset A is “id”-semi-
open if and only if there exists a set U ∈ τ such that U ⊂ A ⊂ Cl(U) (i.e., A is semi-open
in (X, τ)).

Theorem 4.3. Let A be a subset of (X, τ).
(i) (a) If A ∈ γsSO(X, τ), then A ⊂ Clγs(Intγs(A)) holds.
(b) If If A ∈ γsSC(X, τ), then Intγs(Clγs(A)) ⊂ A holds.
(ii) Suppose that γs : SO(X, τ) → P (X) is open on SO(X, τ). If A ⊂ Clγs(Intγs(A))

holds, then A ∈ γsSO(X, τ).
(iii) Suppose that γs : SO(X, τ) → P (X) is open on SO(X, τ) (cf. Definition 2.5(ii)).

For a subset A of (X, τ), A ∈ γsSO(X, τ) if and only if A ⊂ Clγs(Intγs(A)) holds. For a
subset B of (X, τ), B ∈ γsSC(X, τ) if and only if Intγs(Clγs(B)) ⊂ B holds.

Proof. (i) (a) It follows from assumption that there exists a set V ∈ τγs such that V ⊂
A ⊂ Clγs(V ). Using Theorem 2.10(viii) for ξ = SO(X, τ), we have that V = Intγs(V ) ⊂
Intγs(A) holds and so A ⊂ Clγs(V ) ⊂ Clγs(Intγs(A)) holds.

(b) It is obtained by (a) above and Theorem 2.10(vii) for ξ = SO(X, τ).
(ii) We have Intγs(A) ⊂ A ⊂ Clγs(Intγs(A)) hold. By Theorem 2.10(ix), it is shown

that Intγs(A) is γs-semi-open and so A ∈ γsSO(X, τ).
(iii) It is obvious from (i), (ii) and Theorem 2.10(vii) for ξ = SO(X, τ). �

Theorem 4.4. Suppose that γs : SO(X, τ) → P (X) is open on SO(X, τ) (cf. Defini-
tion 2.5(ii)). If A ∈ γsSO(X, τ) and Intγs(A) ⊂ B ⊂ Clγs(A), then B ∈ γsSO(X, τ)
and Clγs(Intγs(A)) = Clγs(Intγs(B)) holds.

Proof. Since A is γs-semi-open in (X, τ), there exists a γs-open set U such that U ⊂
A ⊂ Clγs(U). Then, we have Intγs(U) ⊂ Intγs(A) ⊂ B ⊂ Clγs(A) ⊂ Clγs(Clγs(U)) and so
Intγs(U) ⊂ B ⊂ Clγs(Clγs(U)).
By using Theorem 2.10 (viii) and (ix) for ξ = SO(X, τ), it is shown that U = Intγs(U) ⊂
B ⊂ Clγs(Clγs(U)) = Clγs(U)) hold. Thus, B is γs-semi-open in (X, τ). It follows from
assumption, Theorem 4.3(ii) and Theorem 2.10(ix) and Remark 2.7 for ξ = SO(X, τ) that
Clγs(Intγs(B)) ⊂ Clγs(Intγs(Clγs(A))) ⊂ Clγs(Clγs(A)) ⊂ Clγs(Clγs(Clγs(Intγs(A)))) =
Clγs(Intγs(A)) hold and so Clγs(Intγs(B)) ⊂ Clγs(Intγs(A)) holds. The converse im-
plication is similarly proved as follows: Clγs(Intγs(A)) ⊂ Clγs(B) ⊂ Clγs(Clγs(Intγs(B)))
=Clγs(Intγs(B)) hold. Therefore we have the required equality: Clγs(Intγs(A)) = Clγs(Intγs(B)).
�

Proposition 4.5. t460 (i) If Ai ∈ γsSO(X, τ) for each i ∈ Σ, then
⋃

i∈Σ Ai ∈ γsSO(X, τ),
where Σ is any index set.

(ii) If Fi ∈ γsSC(X, τ) for each i ∈ Ω, then
⋂{Fi| i ∈ Ω} ∈ γsSC(X, τ), where Ω is any

index set.

Proof. (i) For each i ∈ Σ, there exists a set Ui ∈ τγs such that Ui ⊂ Ai ⊂ Clγs(Ui).
Then,

⋃{Ui| i ∈ Σ} ⊂ ⋃{Ai| i ∈ Σ} ⊂ ⋃{Clγs(Ui)| i ∈ Σ} ⊂ Clγs(
⋃{Ui| i ∈ Σ}) hold and

so
⋃{Ai| i ∈ Σ} is a γs-semi-open set, because

⋃{Ui| i ∈ Σ} ∈ τγs (cf. Theorem 2.10 for
ξ = SO(X, τ)).

(ii) It is obvious from (i). �

Definition 4.6. For an operation γs : SO(X, τ) → P (X) and a subset B of (X, τ), the
following operation-closure of B, say γsSO(X, τ)-Cl(B) (shortly γssCl(B)), is defined as
follows:

•γsSO(X, τ)-Cl(B)(= γssCl(B)):=
⋂{F | B ⊂ F,X \ F ∈ γsSO(X, τ)}.
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It is evident that, for γ = “id” : SO(X, τ) → P (X) and a subset B of (X, τ),“id”SO(X, τ)-
Cl(B) = “id”sCl(B) = sCl(B) hold.

Theorem 4.7. Let γs : SO(X, τ) → P (X) be an operation and A a subset of (X, τ).
(i) The closure γssCl(A) is γs-semi-closed in (X, τ).
(ii) The following implication A ∪ Intγs(Clγs(A)) ⊂ γssCl(A) holds.
(iii) If γs : SO(X, τ) → P (X) is open on SO(X, τ) (cf. Definition 2.5(ii)), then γssCl(A) ⊂

A ∪ Intγs(Clγs(A)) holds and so γssCl(A) = A ∪ Intγs(Clγs(A)) holds.

Proof. (i) By Proposition 4.5, it is shown that the intersection of every family of γs-
semi-closed sets is γs-semi-closed. Thus, γssCl(B) is γs-semi-closed in (X, τ).

(ii) Since γssCl(A) is a γs-semi-closed set, Intγs(Clγs(γssCl(A))) ⊂ γssCl(A) holds by
Theorem 4.3(i)(b). Since A ⊂ γssCl(A), we have that A ∪ Intγs(Clγs(A)) ⊂ γssCl(A)
holds.

(iii) We first claim that a subset A ∪ (Intγs(Clγs(A))) is γs-semi-closed. Let B :=
A ∪ (Intγs(Clγs(A))). Then, we have that Intγs(Clγs(B)) ⊂ Intγs(Clγs(A ∪ Clγs(A))) =
Intγs(Clγs(Clγs(A))) = Intγs(Clγs(A)) ⊂ A∪Intγs(Clγs(A)) = B and so Intγs(Clγs(B)) ⊂
B. Using Theorem 4.3 (iii), the set B is γs-semi-closed. Thus we prove the implication
γssCl(A) ⊂ B, because γssCl(A) is the smallest γs-semi-closed set including the set A and
A ⊂ B. We have the required equality using (ii). �

In the above theorem, let γs = “id” : SO(X, τ) → P (X). Then, we have the following
well known formula:

Corollary 4.8. ([6]) For any subset E of (X, τ), sCl(E) = E ∪ Int(Cl(E)) holds. �
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[6] D.S.Janković and I.L.Reilly, On semi-separation properties, Indian J. Pure Appl. Math. 16(1985),

957-964.
[7] S.Kasahara, Operations-compact spaces, Math. Jap. 24(1979), 97-105.
[8] G.S.S. Krishnan and K.Balachandran, On γ-semi-open sets in topological spaces, Bull. Calcutta Math.

Soc. 98(2006), 517-530.
[9] G.S.S. Krishnan, M.Ganster and K.Balachandran, Operation approaches on semi closed graphs of

mappings , Kochi J. Math. 2(2007), 21-33.
[10] N.Levine, Semi-open sets and semi-continuity in topological spaces, Amer. Math. Monthly 70(1963),

36-41.
[11] S.N.Maheshwari and U.Tapi, On feebly R0-spaces, An. Univ. Timisoara Ser. Stiint. Mat. 16(1978),

173-177.
[12] H.Maki, G.S.S.Krishnan and H.Ogata, Subspace-operations on topological spaces, preparing.
[13] A.S.Mashhour, M.E.Abd El-Monsef and S.N.El-Deeb, On precontinuous and weak precontinuous map-

pings, Proc. Math. Phys. Sic. Egypt. 53(1982), 47-53.
[14] O.Nj̊astad, On some classes of nearly open sets, Pacif. J. Math.15(1965), 961–970.
[15] H.Ogata, Operations on topological spaces and associated topology, Math. Jap. 36(1991), 175-184.
[16] H.Ogata, Remarks on operation-compact spaces, Mem. Fac. Sci. Kochi Univ. (Math.) 23(1991), 23-31.
[17] A. Tran Van, C. Dang Xuan and H. Maki, On operation-preopen sets in topological spaces, Sci. Math.

Jpn. 68(1)(2008), 11-30. e-2008, 241-260.
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