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ABSTRACT. In this paper, we introduce the notion of essence in BE-algebras and related
properties are investigated. Also, we discuss relations among subalgebras, filters and
essences. Finally, we consider the homomorphic image and inverse image of an essence.

1. Introduction. Y. Imai and K. Iséki introduced two classes of abstract algebras: BCK-
algebras and BCl-algebras([3, 4]). It is known that the class of BCK-algebras is a proper
subclass of the class of BCI-algebras. In [1, 2], Q. P. Hu and X. Li introduced a wide class
of abstracts: BCH-algebras. They have shown that the class of BCl-algebras is a proper
subclass of the class of BCH-algebras. In [5], H. S. Kim and Y. H. Kim introduced the
notion of a BE-algebra as a dualization of a generation of a BCK-algebras. In this paper,
we introduce the notion of essence in BE-algebras and related properties are investigated.
Also, we discuss relations among subalgebras, filters and essences. Finally, we consider the
homomorphic image and inverse image of an essence.

2. Preliminaries. In what follows, let X denote an BE-algebra unless otherwise specified.
By a BE-algebra we mean an algebra (X; #, 1) of type (2, 0) with a single binary operation

“x” that satisfies the following identities: for any z,y,z € X,

(BEl) zxax=1forall z € X,

(BE2) zx1=1forall z € X,

(BE3) 1xx =z forall z € X,

(BE4) zx (y*z) =y« (x*z) for all z,y,z € X.

We introduce a relation “<” on X by z < y imply 2y = 1. An BE-algebra (X, *,1) is said
to be self-distributive if x * (y* 2) = (z*y) x (x * 2) for all z,y,2 € X. A non-empty subset
S of an BE-algebra X is said to be a subalgebra of X if x xy € S whenever x,y € S.

In an BE-algebra, the following identities are true:

(pl) zx(yxz)=1.
(p2) z* ((z*xy)*y)) = 1.

Definition 2.1. Let (X, *,1) be an BE-algebra and F' a non-empty subset of X. Then F
is said to be a filter of X if

(F1) 1 € F,

(F2) Ifz € Fand x xy € F, then y € .

Example 2.1. Let X = {1,a,b,c,d} in which “#” is defined by
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x| 1 a b ¢ d
1{1 a b ¢ d
all 1 b ¢ d
bl a 1 ¢ ¢
c|1l 1 b 1 b
dil1 1 1 1 1

It is easy to know that X is a BE-algebra, and Fy = {1,a}, F, = {1,b}, F5 = {1,c}, Fy =
{1,a,b} are filters of X.

Lemma 2.2. If F is a filter of an BE-algebra X, then F is a subalgebra of X.

Proof. If x,y € F, then we have y*(zxy) = 1 € F, and so x+y € F by (F2). This completes
the proof. O]

Definition 2.3. A non-empty subset I of X is called an ideal of X if
() IfzeXandael, thenzxa€el, ie, X+«ICI,
(I2) f z € X and a,b € I, then (ax (b*xz))*x € I.

The following Lemma 2.5 is well-known in BE-algebras(see [6]).

Lemma 2.4. Let X be an BE-algebra. Then

(1) Every ideal of X contains 1,
(2) If I is an ideal of X, then (axx)*x €I for alla € I and x € X.

Let I be an ideal of X. Define I, by
I,={zeX|w*xzxel}
for any w € X.

Proposition 2.5. Let X be a self-distributive BE-algebra and I an ideal of X. Then I, is
a subalgebra of an BE-algebra X.

Proof. Let a,b € I,. Then wxa € I and wxb € I, and so w* (axb) = (w*a) * (wxb) C
IxI CXxICI. Thisimpliesaxbe I,. O

Proposition 2.6. Let X be a self-distributive BE-algebra and I an ideal of X. Then I, is
an ideal of an BE-algebra X.

Proof. Let x € X and a € I,,. Then we have wxa € I, and so w* (z*xa) = (wx)* (w*a) €
X %I C I from (I1). This implies z % a € I,,. Now let a,b € I,, and x € X. Then we obtain
wxa € I and wxb € I. Thus we get wx((ax(bxx))*x) = (w*((ax(bxx))))*(w+x) = ((wxa)*
(wx(bxx)))*(wxz) = ((wka)*((wxb)x(w*z)))*(wxx) = ((wka)*((wb)*(wxz)))*(wkzx) € I
by (I2). This implies (a * (b x)) * & € I,,. This completes the proof. O
Proposition 2.7. Let X be a self-distributive BE-algebra and I an ideal of X. If a € I,
and a < b, than b € I,,.
Proof. Let a € I, and a < b. Then we have wa € I and a xb = 1. Hence we get
wkxb=wx (1xb)

=wx* ((axb)xd)

= (w* (a*b))* (w=b)

= ((w*a)*(w*b))*(’w*b) el,
from Lemma 2.5(2). This implies b € I,,. O
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Let X be an BE-algebra and z,y € X. Define A(z,y) by
Alz,y) ={ze X |z (y*z) =1}

We call A(z,y) an upper set of x and y. It is easy to see that 1,z,y € A(z,y) for all
z,y € X.

Proposition 2.8. Let X be an BE-algebra. If (X;x,1) is a self distributive BE-algebra,
then A(z,y) is a subalgebra of X.

Proof. Let m,n € A(z,y). Then we have z x (y *x m) = 1 and x * (y *x n) = 1, and so
zx(yx(mxn)) =x*((yxm)*(y*xn)) = (r*(y*m))*(x*(yxn)) =1*1 =1 Thus
mxn € A(x *y). This completes the proof. O

Definition 2.9. Let X be an BE-algebra and a € X. Define A(a) by
Ala)={z e X |a <z}
Then we call A(a) the initial section of the element a.

Example 2.2. Let X = {1,a,b,c} in which “x” is defined by

*‘1abc
111 a b c
al|ll 1 a a
b1 1 1 a
c|ll 1 a 1

Then X is an BE-algebra. Also, we have A(1) = {1}, A(a) = {1,a}, A(b) = {1, a,b} and
A(e) ={1,a,c}.

Lemma 2.10. Let X be an BE-algebra and x <y. If x € A(a), then y € A(a).

Proof. Since © € A(a), we have a < z. Hence a < x < y, that is, a < y. This implies
y € Aa). O

Proposition 2.11. Let X be a self-distributive BE-algebra and a € X. Then A(a) is a filter
of X.

Proof. Clearly 1 € A(a) because a *a = 1. Let © € A(a) and = xy € A(a). Then we have
a <z and a < x*y. Hence we have axx = 1 and a x (z xy) = 1, and so a * (x x y) =
(axx)*(axy)=1%(a*xy)=a*y=1, that is, y € A(a). This completes the proof. O

Proposition 2.12. Let X be a self-distributive BE-algebra and x,y,z € X. If z < x*xy and
z <z, then z < y.

Proof. Suppose that z < zxy and z < z for all z,y,z € X. Then we have z xy € A(z)
and z € A(z). Since A(z) is a filter, it follows that y € A(z) or z < y. This completes the
proof. O

Theorem 2.13. Let X be an BE-algebra, F a filter and x € F. Then A(x) C F.

Proof. If y € A(x), then we have x < y. Hence xxy = 1. Since F is a filter of X and = € X,
we obtain y € F. Therefore A(z) C F. O
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3. Essences. Let X be an BE-algebra. For any subsets A and B of X, we define
AxB=={axb|a€ A ye B}.

We use the notation A % b (resp. a x B) instead of A x {b} (resp. {a} x B) Note that
AxB= J (axB)= {J (AxD).

a€A beB
Lemma 3.1. For any subsets A, B and E of an BE-algebra X, we have
(1) ACB=AxECBx*E, ExACFExB,

(2) (ANB)*EC (AxE)N (B*E)
(3) Ex(ANB)C (E*xA)N(E* B),
(4) (AUB)xE=(AxE)U (B*E)
(5) Ex(AUB)=(ExA)U(F * B).

Proof. (1) Let x € AxE. Then = ax*e for some a € A and e € E. Since A C B, it follows
that x = a * e for some a € B and ¢ € F so that © € B x E. Therefore Ax E C B x E.
Similarly, we obtain Ex A C E * B.

(2) Since ANB C A, B, it follows from (1) that (ANB)*E C AxFE and (ANB)+xE C BxE
so that (AN B)« E C (Ax E)N (B * E). Similarly, (3) is valid.

(4) Since A,BC AUB, weget AxE C (AUB)*E and BxE C (AUB)«* E by (1), and
0 (A*E)U(B*xE)C(AUB)*xE.If x € AUB) % E, then = y * e for some y € AUB
and e € E. It follows that z = y x e for some y € A and e € E; or x = y x e for some y € B
ande € Fsothat t =yxe€ AxForz =y*xe € BxE. Hence z € (Ax EF)U (B« E),
which shows that (AU B)* E C (Ax E)U (B x E). Therefore (4) is valid. Similarly, we can
prove that (5) is valid. O

Definition 3.2. If a non-empty subset A of an BE-algebra X satisfies the following equality
XxA=A,

then we say that A is an essence of X. Note that {1} and X itself are essences of X.

Example 3.1. Let X = {1,a,b,c} in which “x” is defined by

*‘1abc
111 a b ¢
all 1 b c
b1 1 1 1
c|ll a ¢ 1

Then X is an BE-algebra. It is easy to check that A} = {1,a}, Ay = {1,¢}, A3 = {1,qa,c}
are an essence of X but A4 = {1,b}, A5 = {1, a,b} are not essences of X.

Proposition 3.3. Fvery essence contains the constant 1.

Proof. Let A be an essence of X. Then ¢ # A = X % A, and so there exists a € A such that
and thus 1 =axa € X x A = A. This completes the proof. g

Theorem 3.4. Every essence is a subalgebra of X.

Proof. Let A be an essence of X and x,y € A. Then
rxy e AxACXxA=A
by Lemma 3.1(1), and so A is a subalgebra of X. O

The converse of Theorem 3.5 is not true. For Example, the set D := {1,b} in Example
3.3 is a subalgebra which is not an essence of X.
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Theorem 3.5. Fvery filter is an essence of X.

Proof. Let F be a filter of X. Then 1 € F, and so F' # ¢. Since d < b d for all d € F' and
b€ X, we have bxd € F. Thus X « F C F. Obviously, F = {1} * FF C X % F' by Lemma
3.1(1). Therefore X « F' = F, i.e., F' is an essence of X. O

The converse of Theorem 3.6 may not be true. For example, the set C' = {1,a,c} in
Example 2.11 is an essence which is not a filter of X since axc=a € C and ¢ ¢ C.

Theorem 3.6. If I is a filter of an BE-algebra X, then Ax F' is an essence of X for every
non-empty subset A of X.

Proof. Let A be a non-empty subset of X and F a filter of X. Then F is an essence of X
(see Theorem 3.6). Using (BE4), we have

X*(AxF)=Ax(X*F)=AxF,
and hence A * F' is an essence of X. O

Corollary 3.7. If A is a non-empty proper subset of an BE-algebra X, then A * X is an
essence of X.

Theorem 3.8. Let A and B be essences of X. Then AN B and AU B are essences of X.
Proof. Let K = AN B. Then
K=1+KCX+K=X*(ANB)C(X+«A)N(X*B)=ANB=K,
and so X x K = K, that is, K = AN B is an essence of X. Now let L = AU B. Then
L=1«xLCX+«xL=X*x(AUB)=(X*xA)U(X*xB)=AUB=K,
and thus X = L = L, that is, L = AU B is an essence of X. d
Generally, we have the following the results.

Theorem 3.9. If {A; |i € A C N} is a family of an BE-algebra X, then |J and () are
€A T\
essences of X.

In general, the union of two filters of BE-algebras X may not be a filter of X. For
example, In Example 2.2, F; = {1,b} and F» = {1, ¢} are filters, but F; U F» is not a filter
of X. But we know that the following result is derived from Theorem 3.6 and 3.9.

Corollary 3.10. The union of two filters of an BE-algebra X is an essence of X.

Let A be an essence and B a subalgebra of an BE-algebra X. Then A U B is not an
essence of X in general as seen in the following example.

Example 3.2. In Example 2.2, it is easy to check that A = {1, a,c} is an essence of X and
B = {1,d} is a subalgebra of X. But AU B = {1,a,c,d} is not an essence of X.

Theorem 3.11. Let X be an BE-algebra. If A is an essence of X and B is a subalgebra
of X, then AU B is an essence of B.

Proof. Using Lemma 3.1 (3), we have
Bx(ANB)C(BxA)N(BxB)C(X*A)NB=ANBC Bx*(ANB),
and so B * (AN B) = AN B. Therefore AN B is an essence of B. O

Proposition 3.12. Let A be an essence of an BE-algebra of X. If 1 € B C X, then
BxA=A.
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Proof. Let A be an essence of an BE-algebra of X. Then
A=1xACB*xACXxA=A.
O

Let X and Y be BE-algebras. A mapping f : X — Y is called a homomorphism if
flzxy) = f(x)* f(y) for all z,y € X. Note that f(1) = 1.

Lemma 3.13. Let X be an BE-algebra. If 1 € A C X, then B is contained in A x B for
every subset B of X.

Proof. Let b€ B. Then b=1%xb € A« B, and so B is contained in A x B. O

Theorem 3.14. Let f: X — Y be a homomorphism of BE-algebras.

(1) If f is onto and A is an essence of X, then f(A) is an essence of Y.
(2) If B is an essence of Y, then f~1(B) is an essence of X.

Proof. Suppose that f is onto and A is an essence of X. Using Lemma 3.1(2) and 3.15, we
have f(A) CY* f(A). Let b€ f(A) and y € Y. Then b = f(a) and y = f(z) for some a € A
and z € X. Thus

y*b=f(z)* fla) = fxxa) € f(X xA) = f(A),
and so Y * f(A) C f(A). Therefore f(A) is an essence of Y.
(ii) Using Lemma 3.1(1), we have f~%(B) C X * f~Y(B). Let a € f~(B) and = € X.
Then f(a) € B and f(z) € Y. It follows that

flxxa)= f(x)* fla) eY«B=DB
so that zxa € f~1(B), i.e., X x f~1(B) C f~}(B). Hence f~1(B) is an essence of X. [J

Corollary 3.15. If f : X — Y is a homomorphism of BE-algebras, then f~! is an essence
of X.
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