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Abstract. We prove the boundedness of singular integral operators on weighted
CMO spaces. We also show that our result is optimal.

1 Introduction Since Beurling [1] introduced the Beurling algebras and Herz [5] gener-
alized these spaces, many studies have been done for these spaces (see, for example, [8] and
[12]). Chen and Lau [2] and Garćıa-Cuerva [3] introduced the CMO spaces, which are the
dual spaces of the Beurling-type Hardy spaces, and the authors [7] proved the boundedness
of singular integral operators on CMO spaces. Weighted Herz spaces are also considered
in [6], [9] [10] and [11].

In this paper we consider the boundedness of singular integral operators on weighted
CMO spaces. We also show that our reslut is optimal by giving a couterexample.

2 Definitions and Theorems The following notation is used: For a set E ⊂ R
n we

denote the Lebesgue measure of E by |E|. We denote the characteristic function of E by χE .
We indicate a ball of radius R centered at the origin by B(0, R) = {x ∈ R

n : |x| ≤ R}. For a
locally integrable nonnegative function, i.e. weight function w, we write w(E) =

∫
E

w(x)dx.
First we define nonhomogeneous CMO spaces [3].

Definition 1. For 1 ≤ p < ∞ and n/(n + 1) < q ≤ 1,

CMOp
q(R

n) =
{
f ∈ Lp

loc(R
n) : ‖f‖CMOp

q
< ∞

}
,

where

‖f‖CMOp
q

= sup
R≥1

inf
c
|B(0, R)|1−1/p−1/q

{∫
B(0,R)

|f(x) − c|pdx

}1/p

.

We denote CMOp = CMOp
1 .

The authours [7] defined weak CMO spaces.

Definition 2. For n/(n + 1) < q ≤ 1,

WCMO1
q(R

n) =
{

f ∈ L1
loc(R

n) : ‖f‖WCMO1
q

< ∞
}

,

where

‖f‖WCMO1
q

= sup
R≥1

|B(0, R)|−1/q inf
c

sup
λ>0

λ| {x ∈ B(0, R) : |f(x) − c| > λ } |.

2000 Mathematics Subject Classification. 42B20.
Key words and phrases. singular integral, CMO, weight.



220 YASUO KOMORI-FURUYA AND KATSUO MATSUOKA

Next we define weighted CMO spaces and weighted weak CMO spaces. .

Definition 3. For 1 ≤ p < ∞, n/(n + 1) < q ≤ 1 and a weight function w,

CMOp
q(w)(Rn) =

{
f ∈ Lp

loc(R
n) : ‖f‖CMOp

q(w) < ∞
}

,

where

‖f‖CMOp
q(w) = sup

R≥1
inf
c
|B(0, R)|1−1/p−1/q

{∫
B(0,R)

|f(x) − c|pw(x)dx

}1/p

.

Definition 4. For n/(n + 1) < q ≤ 1 and a weight function w,

WCMO1
q(w)(Rn) =

{
f ∈ L1

loc(R
n) : ‖f‖WCMO1

q(w) < ∞
}

,

where

‖f‖WCMO1
q(w) = sup

R≥1
|B(0, R)|−1/q inf

c
sup
λ>0

λw({x ∈ B(0, R) : |f(x) − c| > λ}).

Next we define some classes of weight functions.

Definition 5. Let 1 < p < ∞. For a weight function w, we say that w ∈ Ap if there exists
a constant C such that( 1

|Q|
∫

Q

w(x)dx
)( 1

|Q|
∫

Q

w(x)−1/(p−1)dx
)p−1

≤ C

for all balls Q ⊂ R
n.

Definition 6. For a weight function w, we say that w ∈ A1 if there exists a constant C
such that

1
|Q|

∫
Q

w(x)dx ≤ C essinf
x∈Q

w(x)

for all balls Q ⊂ R
n.

Definition 7 (centered reverse doubling). Let w be a weight function and δ > 0. We
say w ∈ RD(δ) if there exists a constant C such that for any R > 0 and j > 0,

w(B(0, 2jR)
w(B(0, R))

≥ C2δj .(1)

The following lemmas are well-known (see, for example, [4] and [14]).

Lemma 1. If w ∈ Ap, then w ∈ RD(δ) for some δ > 0.

Lemma 2. Let 1 < p < ∞, n/(n + 1) < q ≤ 1 and wα(x) = |x|α (α ∈ R). Then wα ∈ Ap

if and only if −n < α < n(p − 1). Furthermore wα ∈ RD(n + α).

Next we define a standard singular integral operator T and its modified singular integral
operator T̃ .



SINGULAR INTEGRAL OPERATORS ON WEIGHTED CMO 221

Definition 8. We say that T is a standard singular integral operator, if there exists a
function K which satisfies the following conditions:

Tf(x) = p.v.
∫

Rn

K(x− y)f(y)dy

exists almost everywhere for f ∈ L2(Rn),

|K(x)| ≤ CK

|x|n and |∇K(x)| ≤ CK

|x|n+1
where x �= 0,

∫
ε<|x|<N

K(x)dx = 0 for all 0 < ε < N < ∞.

Remark . We can weaken the conditions in Definition 8, but we assume these conditions
for the simplicity.

Definition 9. For a standard singular integral operator T , we define the modified singular
integral operator T̃ as follows.

T̃ f(x) = p.v.
∫

Rn

{
K(x− y) − K(−y)χ{|y|≥1}

}
f(y)dy.

Note that If f ∈ L2(Rn) ∩ L∞(Rn), then T̃ f(x) = Tf(x) + Cf a.e., where Cf is a
constant.

The authors [7] proved the following.

Theorem A . Let 1 < p < ∞ and n/(n + 1) < q ≤ 1. Then T̃ is bounded on CMOp
q(R

n);

‖T̃ f‖CMOp
q
≤ C‖f‖CMOp

q
.

Theorem B . Let n/(n+1) < q ≤ 1. Then T̃ is bounded from CMO1
q(R

n) to WCMO1
q(R

n);

‖T̃ f‖WCMO1
q
≤ C‖f‖CMO1

q
.

Our resutls are the following.

Theorem 1. Let 1 < p < ∞ and n/(n + 1) < q ≤ 1. If w ∈ Ap and w ∈ RD(δ) where
δ/p > n(1/p + 1/q − 1) − 1, then T̃ is bounded on CMOp

q(w)(Rn).

Theorem 2. Let n/(n + 1) < q ≤ 1. If w ∈ A1 and w ∈ RD(δ) where δ > n/q − 1, then T̃
is bounded from CMO1

q(w)(Rn) to WCMO1
q(w)(Rn).

Corollary . Let wα(x) = |x|α. If max(−n, p(n/q − n − 1)) < α < n(p − 1), then T̃ is
bounded on CMOp

q(wα)(Rn).

Proof. Note that wα ∈ RD(n + α).

Remark . Compared with Ap condition (see Lemma 2), the condition p(n/q − n− 1) < α
is strong, but we shall show our reslut is optimal by giving a counterexample in Section
4. Note that if n = 1 and q = 1, then the condition above coincides with the condition
wα ∈ Ap.
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3 Proofs First we shall show some lemmas. The following two lemmas are well-known
(see, for example, [4] and [14]).

Lemma 3. Let 1 < p < ∞. If w ∈ Ap, then standard singular integral operators T are
bounded on weighted Lp space Lp(w)(Rn).

Lemma 4. If w ∈ A1, then standard singular integral operators T are bounded from
L1(w)(Rn) to weighted weak L1 space WL1(w)(Rn).

The next lemma is easily obtained from Hörder’s inequality and the definition of Ap

weight. We denote the mean value of f on a ball Q ⊂ R
n by fQ = |Q|−1

∫
Q f(x)dx.

Lemma 5. Let 1 < p < ∞ and n/(n + 1) < q ≤ 1. If w ∈ Ap and f ∈ CMOp
q(w)(Rn),

then for any R > 1,

{∫
B(0,R)

|f(x) − fB(0,R)|pw(x)dx

}1/p

≤ C‖f‖CMOp
q (w)R

n(1/p+1/q−1).

Throughout this paper, C is a positive constant which is independent of essential pa-
rameters and not necessarily same at each occurrence.

By using this lemma we have the following.

Lemma 6. Let 1 < p < ∞ and n/(n + 1) < q ≤ 1. If w ∈ Ap and f ∈ CMOp
q(w)(Rn),

then for any R > 1,∫
B(0,R)

|f(x) − fB(0,R)|dx ≤ C‖f‖CMOp
q(w)R

n(1/p+1/q)w(B(0, R))−1/p.(2)

By using Lemma 6, we obtain the following.

Lemma 7. Let 1 < p < ∞ and n/(n + 1) < q ≤ 1. If w ∈ Ap and f ∈ CMOp
q(w)(Rn),

then for any R > 1,

|fB(0,R) − fB(0,2R)| ≤ C‖f‖CMOp
q (w)R

n(1/p+1/q−1)w(B(0, R))−1/p.(3)

By using Lemmas 6 and 7, we have the following.

Lemma 8. Let 1 < p < ∞, n/(n + 1) < q ≤ 1 and w be a weight function. If w ∈ Ap, w ∈
RD(δ) and f ∈ CMOp

q(w)(Rn), then for any R > 1 and j ∈ N,∫
B(0,2jR)

|f(x) − fB(0,R)|dx

≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
C2j(n/p+n/q−δ/p)‖f‖CMOp

q(w)R
n(1/p+1/q)w(B(0, R))−1/p

if δ/p < n(1/p + 1/q − 1),
Cj2jn‖f‖CMOp

q(w)R
n(1/p+1/q)w(B(0, R))−1/p

if δ/p ≥ n(1/p + 1/q − 1).
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Proof. Let B = B(0, R) and 2jB = B(0, 2jR). By (2) and (3),∫
B(0,2jR)

|f(x) − fB|dx ≤
∫

B(0,2jR)

|f(x) − f2jB|dx + C(2jR)n|fB − f2jB |

≤C‖f‖CMOp
q (w)(2

jR)n(1/p+1/q)w(2jB)−1/p + C(2jR)n

j−1∑
k=0

|f2kB(x) − f2k+1B|

≤C‖f‖CMOp
q (w)(2

jR)n(1/p+1/q)w(2jB)−1/p

+ C‖f‖CMOp
q(w)(2

jR)n

j−1∑
k=0

(2kR)n(1/p+1/q−1)w(2kB)−1/p.

By (1) we have

(2jR)n(1/p+1/q)w(2jB)−1/p(4)

≤
{

C2j(n/p+n/q−δ/p)Rn(1/p+1/q)w(B)−1/p if δ/p < n(1/p + 1/q − 1),
C2jnRn(1/p+1/q)w(B)−1/p if δ/p ≥ n(1/p + 1/q − 1),

and

(2jR)n

j−1∑
k=0

(2kR)n(1/p+1/q−1)w(2kB)−1/p(5)

≤ CRn(1/p+1/q)w(B)−1/p2jn

j−1∑
k=0

2k(n/p+n/q−n−δ/p)

≤
{

C2j(n/p+n/q−δ/p)Rn(1/p+1/q)w(B)−1/p if δ/p < n(1/p + 1/q − 1),
Cj2jnRn(1/p+1/q)w(B)−1/p if δ/p ≥ n(1/p + 1/q − 1).

Now we shall prove Theorem 1.

Proof of Theorem 1. We use the same argument as in [7]. Let R ≥ 1 and fix a ball B(0, R).
We denote 2B = B(0, 2R). Since

p.v.
∫

Rn

{
K(x − y) − K(−y)χ{|y|≥1}

}
dy = 0,

it follows that for x ∈ B(0, R),

T̃ f(x) = T ((f − f2B)χ2B)(x) −
∫

Rn

K(−y)χ{|y|≥1} (f(y) − f2B)χ2B(y)dy

+
∫
|y|≥2R

{K(x − y) − K(−y)} (f(y) − f2B) dy.

Let

CR = −
∫

Rn

K(−y)χ{|y|≥1} (f(y) − f2B)χ2B(y)dy,
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and we write

T̃ f(x) − CR = T ((f − f2B)χ2B)(x) +
∫
|y|≥2R

{K(x − y) − K(−y)} (f(y) − f2B) dy

=: I + II.

First we estimate I. By Lemmas 3 and 5 we have{∫
B(0,R)

|T ((f − f2B)χ2B)(x)|pw(x)dx
}1/p

≤C
{∫

|(f(x) − f2B)χ2B |pw(x)dx
}1/p

≤ C‖f‖CMOp
q (w)R

n(1/p+1/q−1).

Next we estimate II. By the regularity condition about K and Lemma 8, we have for
x ∈ B(0, R),∣∣∣∣∣

∫
|y|≥2R

{K(x− y) − K(−y)}(f(y)− f2B)dy

∣∣∣∣∣
≤

∞∑
j=1

∫
B(0,2j+1R)\B(0,2jR)

|K(x− y) − K(−y)||f(y)− f2B|dy

≤ C

∞∑
j=1

∫
B(0,2j+1R)\B(0,2jR)

|x|
|y|n+1

|f(y) − f2B|dy

≤ C

∞∑
j=1

R

(2jR)n+1

∫
B(0,2j+1R)

|f(y) − f2B|dy

≤ C‖f‖CMOp
q (w)R

n(1/p+1/q−1)w(B)−1/p
∞∑

j=1

2−j(n+1) max(j2j , 2j(n/p+n/q−δ/p))

≤ C‖f‖CMOp
q (w)R

n(1/p+1/q−1)w(B)−1/p.

Therefore {∫
B(0,R)

|II|pw(x)dx
}1/p

≤ C‖f‖CMOp
q (w)R

n(1/p+1/q−1).

Theorem 2 is proved similarly. We use Lemm 4 and the following lemma instead of
Lemma 5 (see also [7]), therefore we omit the proof.

Lemma 9. Let n/(n+1) < q ≤ 1. If w ∈ A1 and f ∈ CMO1
q(w)(Rn), then for any R > 1,∫

B(0,R)

|f(x) − fB(0,R)|dx ≤ C‖f‖CMO1
q(w)|B(0, R)|1+1/qw(B(0, R))−1.

Proof. Note that

esssup
x∈B(0,R)

w−1(x) ≤ C
|B(0, R)|

w(B(0, R))
.
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4 Counterexample We show that the condition p(n/q − n − 1) < α in Corollary is
optimal by giving a counterexample.

Let 1 < p < ∞, n/(n + 1) < q ≤ 1 and wα(x) = |x|α where α = p(n/q − n − 1).
We assume α > −n. We shall give a standard singular integral operator T satisfying the
conditions in Definition 8, but T̃ f is not well-defined for some f ∈ CMOp

q (wα)(Rn).
Let R

n
− = {x = (x1, x2, . . . , xn) ∈ R

n : xk < 0 for all k}. We take a function Ω(x′)
defined on the unit sphere Sn−1 which satisfies the following conditions:

Ω(x′) = 1 if x′ ∈ Sn−1 ∩ R
n
−,

Ω ∈ C∞(Sn−1) and
∫

Sn−1
Ω(x′)dσ(x′) = 0,

where dσ is the induced Euclidean measure on Sn−1. We define Ω(x) = Ω(x/|x|) when
x �= 0. Let

Tf(x) = p.v.
∫

Rn

K(x − y)f(y)dy where K(x) =
Ω(x)
|x|n .

Then T satisfies the conditions in Definition 8 (see, for example, [4] and [14]).
Let

Qj = {x ∈ R
n : 2j < xk < 2j+1 for all k} (j ∈ N ∪ {0})

and

f(x) =
∞∑

j=10

2jχQj (x).

We show the following.

Counterexample .

f ∈ CMOp
q (wα)(Rn).(6)

T̃ f(x) = ∞ where x ∈ Q0.(7)

Proof. The proof of (6) is straightforward. Take R ≥ 210 and pick a j0 such that 2j0 ≤ R <
2j0+1. Since we assume n + α > 0, we have

{∫
B(0,R)

|f(x)|pwα(x)dx
}1/p

≤ C
{ j0∑

j=10

2jp2j(n+α)
}1/p

≤ CRn(1/p+1/q−1).

Next we prove (7). Let j ≥ 10. If x ∈ Q0 and y ∈ Qj , then xk − yk < 0 and −yk < 0
for all k. Therefore

K(x − y) − K(−y) =
1

|x − y|n − 1
|y|n =

|y|2n − |x − y|2n

|x − y|n |y|n (|y|n + |x − y|n)

≥ (|y|2 − |x − y|2)|y|2(n−1)

|x − y|n |y|n (|y|n + |x − y|n)
.

Since

|y|2 − |x − y|2 =
n∑

k=1

xk(2yk − xk) ≥
n∑

k=1

(2yk − 2) ≥
n∑

k=1

yk ≥ |y|,
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and |x − y| ≤ 2|y|, we obtain

K(x− y) − K(−y) ≥ C

|y|n+1
for some positive constant C.

Therefore we have

T̃ f(x) ≥ C
∞∑

j=10

2j

∫
Qj

dy

|y|n+1
≥ C

∞∑
j=10

2j2−j = ∞.
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