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ABSTRACT. We introduce the notion of interval-valued fuzzy bi-ideals with respect to
t-norm T* and s-norm S* and investigate some of the properties. The homomorphism
image and inverse image are investigated. In particular, by the congruence relations on
semigroups, new interval valued intuitionistic (S*,T*)-fuzzy bi-ideals are constructed.

1. Introduction. Fuzzy sets were initiated by Zadeh [9]. After that fuzzy set theory has
been developed in many directions by many scholars and has evoked great interest among
mathematicians working in different fields of mathematics. The notion of intuitionistic fuzzy
sets was introduced by Atanassove [1]. In [8], Zadeh made an extension of the concept of a
fuzzy set by an interval-valued fuzzy set, i.e., a fuzzy set with an interval-valued membership
function. Interval-valued fuzzy sets have many applications in several areas. For example,
Zadeh [8] constructed a method of approximate inference using his interval-valued fuzzy
set, Gorzalczany [4] studied the interval-valued fuzzy sets for approximate reasoning, and
Roy and Biswas [7] studied interval-valued fuzzy relations and applied these in Sanxhez’s
approach for medical diagnosis. In this paper, we introduce the notion of interval-valued
fuzzy bi-ideals with respect to t-norm 7™ and s-norm S*, and investigate some of the
properties. The homomorphism image and inverse image are investigated. In particular,
by the congruence relations on semigroups, new interval valued intuitionistic (S*, T*)-fuzzy
bi-ideals are constructed.

2. Preliminaries. We first recall some basic concepts which are used to present the paper.

Let X be a semigroup. By a subsemigroup of X we mean a non-empty subset A of X
such that A% C A, and by a left (right) ideal of X we mean a non-empty subset A of X such
that XA C A (AX C A). By two-sided ideal or simply ideal, we mean a non-empty subset
of X which is both a left and a right ideal of X. A subsemigroup A of a semigroup X is
called a bi-ideal of X if AXA C A.

An interval number on [0,1], say @, is a closed subinterval of [0,1], i.e., @ = [a™,a™]
where 0 < a~ < at < 1. The set of all interval numbers is denoted by DJ0,1]. The interval
[a,a] is identified with the number a € [0, 1].

For any interval numbers @ = [a~,a*] and b = [b~,b%] on [0, 1], we define
(i) @ <bif and only if a~ < b~ and at < b¥,
(i) a+b=[a"+b",a" +bt], whenever a~ + b~ <1 and a® + b+ < 1.
(iii) infa; = [Aai™, A ait], supa; = [V a;~, V a;1] for interval numbers a; =
icl il il i€l
[af, aﬁ] € D[O, 1],i el.
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It is clear that (D]0, 1], <,V,A) is a complete lattice with 0 = [0, 0] as the least element
and 1 = [1, 1] as the greatest element.
By an interval valued fuzzy set F on X we mean

F = {(z,[pp(@),nt:)) | = € X},

where p and pf are two fuzzy sets of X such that pn < pf for all z € X. Putting
pr(z) = [up(z), ph(z)], we see that F' = {(z, [ur(z) | z € X}, where up : X — DJ0, 1].

3. Interval valued intuitionistic (S*,T*)-fuzzy bi-ideals. In what follows, we use X
to denote a semigroup unless otherwise specified.

Definition 3.1. A mapping T* : D[0,1] x D[0,1] — DJ[0,1] is called an interval valued
t-norm (briefly, i-v t-norm) if it is satisfying the following condition :

IT1) T*(7,1) =

IT2) T*(7,7) < g z,
IT3) T*(z,9) =T
IT4) T*(z,T*(y,2)) = T*(T*(2,7), %)

for every Z,y,zZ € D[0,1]. An i-v t-norm T™* is said to be idempotent if T*(z,z) = & for
every T € D[0,1].

AA,_\,_\
~— ¥

If T is an idempotent ¢-norm, then the mapping A : DJ0, 1] x D[0, 1] — D][0, 1] defined
by A(ai,as) = [T(ar,a27),T(a1t,az")] is an idempotent i-v t-norm and is called an
idempotent interval t-norm.

Proposition 3.2. Every t-norm T™* has a useful property:
T*(ev, f) < min(a, B)
for all o, 8 € [0,1].
Definition 3.3. A mapping S* : D|[0,1] x D[0,1] — DJ0,1] is called an interval valued
s-norm (brieﬂy, i-v s-norm) if it is satisfying the following condition :
(Is1) §*(z,0) =
(Is2) §*(z,y) < S*( ,z) if
(IS3) $*(z,9) = S*(y,2),
(IS4) S*(z,5*(g,2)) = S*(S*(z,9), 2)
for every Z,y,zZ € D[0,1]. An i-v s-norm S* is said to be idempotent if S*(z,z) = & for
every T € D[0,1].

Y=z

If S is an idempotent s-norm, then the mapping A : D0, 1] x DJ[0,1] — D[0, 1] defined
by A(ai,az) = [S(a17,a27),S(a1t,a2")] is an idempotent i-v s-norm and is called an
idempotent interval s-norm.

Proposition 3.4. Every s-norm S* has a useful property:

max(a, ) < 5% (e, B)
for all o, 5 € [0,1].

According to Atanassove ([1], [2], [3]), an interval valued intuitionistic fuzzy set on X
is defined as an object of the form A = {(x,m(x),m(x))} | © € X}, where ]\A/[;(ac) and
m(x) are interval valued fuzzy sets on X such that 0 < supm(x) + sup Z/V\;(x) <1 for all
z € X. For the sake of simplicity, interval valued intuitionistic fuzzy set will be denoted by
A= (Ma,Na).
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Definition 3.5. An interval-valued intuitionistic fuzzy set A = (MNA, j\f:) of X is called an
interval-valued intuitionistic (S, T)-fuzzy bi-ideal of X if

(IV1)  Ma(xy) > T*(Ma(x), Ma(y)), Ma(zay) > T*(Ma(z), Ma(y)).
(IV2) Na(zy) < S*(Na(x),Na(y)), Na(zay) < S*(Na(z),Na(y)) for all z,a,y € X.

Example 3.1. Let X := {a,b,c,d, e} be a semigroup with the following Cayley table:

a b ¢ d e
ala a a a a
bla a a a a
cla a ¢ ¢ e
dla a ¢ d e
ela a ¢ ¢ e

We define an interval valued intuitionstic fuzzy set A = (m, Z/V;) by

07,08 ifz=a 01,02 ifz=a
— .5, 0. ifx=>5 — 2, 0. ifx=»5
Moa(x) = [0.5, 0.7] 1x and  Na(x) = [0.2, 0.3] 1x
[0.4,05] fz=c [0.3,04] ifz=c
[0.3,05] ifx=d=e, [0.4,05] fx=d=e.
Let T* : D[0,1] x DJ0,1] — DJ0, 1] be a function defined by

T (z,y) =Z Ny
and S* : D[0, 1] x D[0,1] — DJ[0,1] be a function defined by

S*(z,y)=xVy
for all/fc/,g/\ejD[Q 1]. Then T* is a t-norm and S* is a s-norm. It is easy to verify that
A = (Ma,Ny4) is an interval valued intuitionistic (S*,T*)-fuzzy bi-ideal of semigroup X.

Let xg denote the characteristic function of a non-empty subset H in a semigroup X.

Theorem 3.6. If H is a bi-ideal of a semigroup X, then the I = (xm,XH) is an interval
valued intuitionistic (S*, T*)-fuzzy bi-ideal of X.

Proof. Let x,y € X. If x,y € H, then xy € H since H is a bi-ideal of X. Hence we have
xa(@y) =12 T"(xu(x),xu(y)) and 0 = 1 = xu(zy) = Xu(zy) < S*(Xu (@), Xu(y)).
Now let H € X. Then we get zay € H. Thus xg(ray) =1 > T*(xu(z), xu(y)) and 0 =
1= xu(zay) = xg(zay) < S*(xu(x),xu(y)). lf € Handy ¢ H, (or,z ¢ H and y € H),
then xm(x) = 1, or xu(y) = 0. Thus we have xg(xy) > T*(xu(z),xu(y)) = T*(1,0) =
T7(0,1) = 0 and S*(Xn (x), Xu(y)) = S*(1 — xu(x),1 — xu(y)) = §7(0,1) = 1 > xu(zy).
Let a € X. Then we obtain xg(zay) > T*(xu (), xu(y)) = T*(1,0) = T*(0,1) = 0 and
S*(xu (), xu(y) =5*(1 — xu(z),l — xu(y)) = 5*(0,1) =1 > xg(zay). This proves the
theorem. O

Theorem 3.7. Let H be a nonempty subset of a semigroup X. If I = (xm,Xu) satisfies
(IV1) or (IV2), then H is a bi-ideal of a semigroup X.

Proof. Suppose that I = (xm, xg) satisfy (IV1). Let x,y € H and a € X. Then it follows
from (IV1) that

xu(zy) =2 T (xu (), xa(y) =1T7(1,1) =1
so that xg(zy) =1, i.e., zy € H. Also we obtain

xu(zay) > T*(xm(v), xu(y) =T(1,1) = 1,
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which imply xg(zay) = 1 so that zay € H. Hence H is a bi-ideal of X.
Now suppose that I = (xm,xm) satisfy (IV2). Let z,y € H and a € X. Then from
(IV2), we have

Xa(zy) < S (xnm (), xu(y)) = S*(1 = xu(2),1 = xu(y)) = 57(0,0) =0,

which imply xg(zy) =1 — xm(xy) = 0 so that xyg(zy) =1, i.e., zy € H. Also we get from
(1v2),

xu(zay) < 5™ (xu(x),Xu(y)) = S*(1 = xu(r),1 = xu(y)) = 57(0,0) =0,
y) =

which imply xg(zay) =1 — xm(xzay) = 0 so that xg(zay) = 1, i.e., zay € H. This proves
the theorem. O

For an interval valued intuitionistic fuzzy set A = (MNAJ\/’:), we define two levels as
following,

U(Ma; [t,5]) = { € X | Ma(z) > [t, ]}
and
L(Na; [t,s]) = {z € X | Na(z) < [t,]}.

Theorem 3.8. LetT* and S* be idempotent interval t-norm and s-norm respectively. Then
A= (MA7 NA) is an interval valued intuitionistic (S* T*)-fuzzy bi-ideal of X if and only if
for all t,s € [0,1] and t < s, U(Ma; [t,s]) and L(Na; [t,s]) are bi-ideals of X.

Proof. Let A = (M A, N A) be an interval valued intuitionistic (S, T™)-fuzzy bi-ideal of X.
For every z,y € U(Ma;[t,s]) and a € X, we have Ma(z) > [t,s] and MA( ) > [t.s]-

Hence T*(Ma(z), Ma(y)) > T*([t, 5], [t, s]) = [t, 5], and so Ma(2y) > T*(Ma(z), Ma(y)) >
[t,s]. This means zy € U(Ma;lt,s]). Also, we have MA(J;ay) T* (MA( ), Ma(y)) >

T*([t, s, [t s]) = [t, s], which imply MA(xay) > T*(MA( ), MA( )) > [t, s] so that zay €
U(My; [t, s]). Therefore U(Ma;[t, s]) is a bi-ideal of X. The proof is similar in case of
L(Na;[t, s]).

Conversely, assume that for every [t, s] € D[0, 1] any non-empty U(Ma; [t, s]) is a bi-ideal
of X If [to, so] = T*(Ma(z), Ma(y)) for some z,y € X. Then we have z,y € Ma; [to, so]),
which imply zy € Ma; [to, So]). Therefore Ma(zy) > [to, So] = T*(Ma(z), Ma(y)). Also
suppose that there exist x1,a1,y; € X such that

Ma(zia1y1) < T*(Ma(21), Ma(y1)).
Let T*(Ma(x1), Ma(y1)) = [11,72], and Ma(w1a1y1) = [61,02). Then
[61,82] < T*(Ma(w1), Ma(y1)) = [y1.72).
Let [\, A2] = 1(Ma(z1a131) + T*(Ma(z), Ma(y)). Then

01 +m 62+ “/2]

2 2 '
It follows that [)\1, /\2] > [51, 52] = MA(xlalyl) since Y1 > A1 > 01 and Yo > Ao > 09. Hence
x1a1y1 & U(Ma;[A1, A2]). On the other hand, noticing that

min(Ma(z), Ma(y)) > T*(Ma(z), Ma(y)),

Mu el = 500182+ b, nal) = |

we get Ma(z1) > [y1,72] > [\, Ao] and Ma(y1) > [y1,72)] > [\, Aol, and so 21,91 €
U(Ma; A1, A2]). It contradicts that U(Ma; [A1, A2]) is a bi-ideal of X. Hence Ma(zay) >
T*(Ma(z), Ma(y)). for all z,y,a € X. This completes the proof. O
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Let A= (J\Z, m) be an interval valued intuitionistic fuzzy set of X and let ¢1,t2, s1, 82 €
[0,1] such that t; < s1 and t5 < s2. Put

HI) = (2 e X | Ma(z) > [t1,s1] and Na(z) < [ta, so]}-

[ta,s2] —

Then we have — ~
H!W* = U(Mas [t 51]) N L(Na; [t2, 52)).

[t2,82]
Corollary 3.9. Let T* and S* be idempotent interval t-norm and s-norm respectively.
Then A = (M4, Na) is an interval valued intuitionistic (S*,T*)-fuzzy bi-ideal of X if and
only if for all t1,s1,t2,s2 € [0,1],t1 < s1 and t2 < sq, HP51 g 6 bicideal of X.

[t2,s2]

Proof. 1t is immediately followed by Theorem 3.9. O

Definition 3.10. Let f: X — Y be a mapping and A = (MNAJ\/’:) and let B = (]/\4\;, .7\7\;)
be interval valued intuitionistic fuzzy sets X and Y, respectively. Then the image of f[A] =
(f(Ma), f(N4) of A is the interval valued intuitionistic fuzzy set of Y defined by

_ sup  Ma(z), 7' (y) #0,
F(Ma(y) := < 26~ ()
[0, 0] otherwise,

and

i N -1
F(Na(y)) = ) Na(z), [~ (y) #0,
[1, 1] otherwise,

for all y € Y. The inverse image f~(B) = (f_l(MB), F~Y(Npg)) of B is an interval valued
intuitionistic fuzzy set defined by

F N (Mp)(x) = Mf—l(B)(x) = Mp(f(z)),
and

f (NB) (@) = Ny-1(p)(x) = Na(f(x)),
for all z € X.

Lemma 3.11. Let X; and X2 be two semigroups and f : X1 — Xo an epimorphism.
(1) If H is a bi-ideal of X1, then f(H) is a bi-ideal of Xs.
(2) If J is a bi-ideal of Xa, then f~1(J) is a bi-ideal of X;.

Proof. Tt is immediately straightforward. O

Theorem 3.12. Let X; and X2 be two maps and f : X1 — Xo an epimorphism and T*
and S* idempotent interval valued t-norm and s-norm, respectively.

(1) If A = (MNAJ\/’:) is an interval valued intuitionistic (S*,T*)-fuzzy bi-ideal of X1,
then the image f[A] = (f(MA),f(NA) of A is an interval valued intuitionistic (S*,T%)-
fuzzy bi-ideal of X5.

(2) If B = (J\/Egj\/'\;) is an interval valued intuitionistic (S*,T*)-fuzzy bi-ideal of Xa,
then the inverse image f~1(B) = (f’l(MB),f’l(]vB)) is an interval valued intuitionistic
(8*,T*)-fuzzy bi-ideal of X;.

Proof. (1) Let A = (J\ZJV\,Z) be an interval valued intuitionistic (S*,T™)-fuzzy bi-ideal of

X;. By Theorem 3.9, U(Ma; [t,s]) and L(Na;[t, s]) are bi-ideals of X; for every [t,s] €

DI[0,1]. Therefore, by Lemma 3.12, f(U(Ma;lt,s])) and FL(Na; [t, s])) are bi-ideal of
Xo. But U(f(Ma);[t,s]) = f(U(Ma;[t,s]) and L(f(Na);[t,s]) = f(L(Na;[t,s])). Hence
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U(f(Ma);[t,s]) and L(f(Na); [t, s]) are bi-ideals of X5. Therefore f[A] is an interval valued
intuitionistic (S*,T*)-fuzzy bi-ideal of X5.
(2) For any z,y,a € X, we have

My (wy) =Mp(f(zy)) > T* (Mg (f (), Mipy(f(y))
= T* (M) (), M-1 () (y)).
and _ _ . .
Ny-1(p)(zy) =Np(f(zy)) < 5*(Nis)(f(2)), Ny (f (1))
= S*(Mg-1(p)(x), Ni-1(3)(y))-
Also we have

My-1(py(zay) =Mp(f(zay)) > T*(Mp)(f(x)), Mz (f())
— T*(Mf_l(B)(x), Mf—l(B)(y))
and

Ny-1(p)(zay) =Np(f(zay)) < S*(Nes) (f(2)), Ny (£ ()
= G*

(Ny-1(5) (@), Ny (0)-
This completes the proof. O

Let 6 be a congruence relation on a semigroup X. It is easy to check that (X/0,®) is a
semigroup where 0(x) ® 6(y) = 0(xy) for every 0(x),0(y) € X/6.

Definition 3.13. Let A = (E,J/\K) be an interval valued intuitionistic fuzzy set. The
intuitionistic fuzzy set A/0 = (M9, Nasg) is defined as a pair of maps

Maysg: X/0 — D[0,1]

NA/Q : X/G — D[O, ].]

where MA/Q(G(x)) = sup MA(a) and J\NfA/g(G(x)) = irgléf )J\N/A(a).
ac(x) ach(x

Theorem 3.14. Let X be a semigroup. If A = (MNA, NZ) is an interval valued intuitionistic
(8*,T*)-fuzzy bi-ideal of X, then A/0 = (Masg, Najg) is an interval valued intuitionistic
(8*,T*)-fuzzy bi-ideal of X /0.

Proof. Let A = (E,M) is an interval valued intuitionistic (S*,T*)-fuzzy bi-ideal of X
and let (x),0(y) € X/6. Then we have

T*(Maso(0(x)), Mase(6(y))) = T*( sup Ma(a), sup Ma(b))

a€fl(x) beb(y)
=  sup  T*(Ma(a),Ma(b)) <  sup  Ma(ab)
a€b(xz),beb(y) a€b(xz),beb(y)
< sup  (sup Ma(t))= sup  May(6(ab))
a€b(xz),beb(y) teb(ad) a€b(x),bebd(y)
= Map(6(ab)),

for all @ € 6(x),b € 6(y). On the other hand, we get
MA/0(9(ab)) = MA/O(Q(G) ©0()) = MA/e(e(JJ) ©0(y))
= MA/@(Q@CZ/)),

which imply . s s
T*(Mayo(6()), Mase(0(y)) < Mayp(0(xy)).
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Also we obtain
S*(Naso(0(x)), Nasg(0(y))) = S*( inf Na(a), inf Na(b))

a€bl(x) beb(y)
- inf  S*(N Na(b) > inf  Na(ab
aee(mlfbee(y) (Nafa), Na( ))_aEG(:pl)I}bEG(y) 4(ab)
> inf inf Na(t)) = inf  N4p(0(ab
Z coitepianly, Na®) = ik | Nase(6lab))

= NA/@(Q(ab))»
for all a € 6(z),b € 6(y). On the other hand, we get

Najo(0(ab)) = Najg(6(a) © 0(b)) = Naso(6(z) © 0(y))

= Naso(6(xy)),
which imply B B B
S*(Nayo(0(x)), Nayo(0(y))) = Nayo(0(zy))-
Similarly, we can show that

T (Mayo(6(x)), Maso(0(y))) < Masp(8(ay))
and
S*(Naso(0(2)), Najo(0(y))) > Najo(0(zay))
for all @ € X. This completes the proof. O
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