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ABSTRACT. The aim of this paper is to obtain a generalization of some well known fixed point
theorems for multivalued mappings of contractive type in the framework of complete metric
spaces, by using the concept of w-distance.

1. INTRODUCTION.

Due to the simplicity and usefulness of the well known Banach contraction principle, there is a
vast amount of literature dealing with technical extensions and generalizations of it.

In particular, in 1976, J. Caristi [1] proved a celebrated generalization of the Banach contrac-
tion principle. Caristi’s Theorem is in some sense equivalent to the famous Ekeland variational
principle, a useful tool in Optimization Theory which has extensive applications in the fields of
mathematics such as variational inequalities, optimization, control theory and differential equa-
tions. W. Takahashi proved in 1991 (see [11]) an important nonconvex optimization theorem which
allows to obtain as corollaries both Caristi’s Theorem and Ekeland’s variational principle.

On the other hand, Banach contraction principle was extended for multivalued mappings. One
of the first results in this setting is S.B. Nadler’s theorem given in 1969 in [8]. It is worthwhile to
note here that from Takahashi nonconvex optimization Theorem one can derive Nadler’s Theorem
as a corollary.

Many modifications and generalizations of Nadler’s Theorem have been developed in successive
years. These generalizations are weakening of the contractive nature of the map, but very often
with some additional requirements, as for instance to take compact values. Among many others,
there are fixed point results for set-valued mappings of generalized contractive type due to S. Reich
(1972) [9], L. Ciri¢ (1972) [2], V. M. Sehgal and R. E. Smithson (1980) [10]. In these papers the
fixed point results are proved without using minimization techniques.

Nevertheless, in [7] (1989) N. Mizoguchi and W. Takahashi presented a set-valued version of J.
Caristi’s fixed point theorem and then they used it to deduce 1. Ekeland’s variational principle,
and consequently they generalized again Nadler’s fixed point theorem. Moreover they partially
solved a conjecture of S. Reich in [9].

In a recent paper [3], Y. Feng and S. Liu defined a different kind of contractivity for multivalued
mappings, which focuses the requirements on some orbits of the mapping under consideration. The
main fixed point theorem is also a proper generalization of Nadler’s Theorem. They also gave fixed
point theorems for multi-valued Caristi type mappings.

Very recently, inspired by Mizoguchi-Takahashi and Feng-Liu’s ideas, D. Klim and D. Wardowski
[5] obtained a further generalization of the previous fixed point results given in [9, 7, 3].

On the other hand in 1996, O. Kada, T. Suzuki and W. Takahashi [4] introduced the concept of
w-distance on a metric space and by using this new notion they obtained an improvement of the
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Takahashi’s nonconvex optimization Theorem, as well as generalizations of J. Caristi’s fixed point
theorem and Ekeland’s variational principle. They also gave fixed point theorems for single valued
mappings of (w-)contractive type.

In this paper, we will use w-distances in order to obtain a multivalued version of a fixed point
theorem due to Kada, Suzuki and Takahashi [Theorem 4 of [4]] which allows us to give a general-
ization of Theorem 2.1 of [5]. Our main theorem, when particularized for the case of single valued
mappings, recaptures a fixed point result given in [12].

2. PRELIMINARIES

Throughout this paper we assume that (X, d) is a complete metric space and we will use the
following notation:

P(X) is the collection of all nonempty subsets of X.

P, (X) is the collection of all nonempty closed subsets of X.

P, 1(X) is the collection of all nonempty bounded closed subsets of X.
e P.(X) is the collection of all nonempty compact subsets of X.

The map H : Py o (X) x Py o (X) — RT defined by

H(A, B) := max{sup d(z, A), sup d(y, B)},
r€EB yeA

where d(z, A) = infyca d(z,y), is known as the Hausdorff metric induced by d.
An point z € X is said to be a fized point of a multivalued mapping T': X — P(X), if z € T'(x).
A mapping f : X — R is said to be lower semi-continuous (Isc for short), if for any sequence
(xn) in X and z € X with z,, — =z, the inequality f(z) < liminf, . f(z,) holds.
Given a mapping T : X — P(X), b € (0,1] and = € X we use the notation

If = {y e T(x): bd(a,y) < d(z,T()}.

As we pointed out in the introduction, the first fixed point result for multivalued contraction
mappings in metric spaces was given by S.B. Nadler. He proved the following:

Theorem 2.1 ([8]). Let (X,d) be a complete metric space and let T : X — Py (X). Assume that
there exists ¢ €]0,1[ such that

H(T(z),T(y)) < cd(z,y),
for every x,y € X. Then T has a fixed point.

Among many articles which deal with this type of fixed point theorems we refer the reader to
[3, 5,7, 9]). An extension of Nadler’s theorem has recently been obtained by Y. Feng and S. Liu
as follows.

Theorem 2.2 ([3]). Let (X,d) be a complete metric space and let T : X — P, (X). Assume that
the following conditions hold:
1. The map f: X — R defined by f(x) := d(x,T(x)), © € X is lsc;
2. There exists b, c € (0,1) with ¢ < b, for every x € X there existsy € If such that d(y,T(y)) <
cd(z,y).
Then T has a fized point.

D.Klim and D. Wardowski proved in [5] the following result.

Theorem 2.3 ([5]). Let (X, d) be a complete metric space and letT : X — P, (X) be a multivalued
mapping. Assume that the following conditions hold:
1. The map f: X — R defined by f(z) :=d(z,T(x)), © € X is lsc.
2. There exist b € (0,1) and ¢ : [0, +oo[— [0,b) such that
(2i) For each t € |0, +oo|, limsup, .+ p(r) < b.
(2i1) For every x € X there exists y € I} such that d(y,T(y)) < p(d(x,y))d(z,y).
Then T has a fized point.
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The concept of w-distance was introduced in [4] as follows:

A mapping w : X x X — R is said to be w-distance on the metric space (X, d) if the following
axioms are satisfied:

1. For any x,y, z € X the inequality w(z,2) < w(z,y) + w(y, z) holds.

2. For every = € X, the map w(z,.) : X — RT is Isc.

3. For any € > 0, there exists ¢ > 0 such that if w(z,z) < J and w(z,y) < ¢, then d(z,y) <e.

Examples of non trivial w-distances can be found in [4].

A crucial result in order to obtain fixed point theorems by using a w— distance is the following:

Lemma 2.4 (Lemma 1,[4]). Let (X,d) be a metric space, and let w be a w-distance on X. Let
(xn) and (yn) be two sequences in X, let (o) and (By) be sequences in [0, +00] converging to zero
and let x,y,z € X. Then the following hold:

1. If w(zn,y) < a, and w(x,, z) < B, for any n € N, then y = z.

2. If w(xn,yn) < ap and w(zy, 2) < By, for any n € N, then (y,) converges to z.

3. If w(xn, xm) < ay, for any n,m € N with m > n, then (x,) is a Cauchy sequence.
4. If w(y,zn) < ay, for any n € N, then (x,,) is a Cauchy sequence.

The above lemma is used to prove the following generalization of Caristi’s fixed point theorem
[1]:
Theorem 2.5 (Theorem 4,[4]). Let (X,d) be a complete metric space, let w be a w-distance on
X and let T : X — X be a mapping such that there exists r € [0,1) satisfying

w(Tz, T?z) < rw(z, Tx),
for every x € X, and that
inf{w(z,y) + w(z,T(z)): z€ X} >0,

for every y € X with y # T(y). Then T has a fized point. Moreover, if v =Twv, then w(v,v) = 0.

The purpose of this paper is to obtain a multivalued version of Theorem 2.5 and to extend
Theorem 2.2 in terms of a w-distance.

3. FIXED POINT RESULTS
In order to proceed, we shall first give the following definition.

Definition 3.1. Let T : X — P(X) be a multivalued mapping, let w be a w-distance on X. Define
the function f: X — R by f(x) := Dy(z,T(x)), where Dy, (z,T(x)) = inf{w(x,y) : y € T(x)}.
For each b € [0,1] we define the set Ij = {y € T(x) : bw(x,y) < Dy(z,T(z)}.

Remark 3.2. If T : X — Py(X) is a multivalued mapping and 0 < b < 1, it is clear that, for
every x € X, the set I, is nonempty.

Next, we shall present a fixed point theorem for multivalued mappings on a complete metric
space endowed with a w-distance.

Theorem 3.3. Let (X,d) be a complete metric space, let w be a w-distance on X, and let T :
X — Py(X) be a multivalued mapping. Assume that the following conditions hold:
1. There exist b € (0,1) and ¢ : [0, +o0[— [0,b) such that
(1i) for each t € [0, o0,
limsup p(r) < b;

r—tt

(1ii) for every x € X, there exists y € I, such that
Du(y, T(y)) < p(w(z,y))w(z,y);
2. for everyy € X withy ¢ T(y),
inf{w(z,y) + Dy(z,T(z)): x € X} > 0.
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Then T has a fized point.

Proof. Given an element zg € X, by hypotheses (1ii) there exists x1 € T(xg) which satisfies the
following two conditions:

(3.1) bw(wo, z1) < Dy (w0, T (20))
and
(3.2) Dy(x1,T(21)) < p(w(xo,x1))w(zo, 21).

Inequalities (3.1) and (3.2) yield

Doy(w0, T (0)) — Duw(z1,T (1)) 2 bw(wo, x1) — p(w(xo, 1))w (0, 71)
= (b — p(w(zg,x1)))w(xe,x1) > 0.
Now, let us argue in the same sense as above. Given x1, there exists o € T'(x1) such that

(3.3) bw (w1, z9) < Dy(21,T(21))
and
(3.4) Dy(x2, T(22)) < p(w(xy,x2))w(z:, x2).

By (3.3) and (3.4) we have:

Dy (21, T(21)) = Du(w2, T (22)) = bw(z, 23) — p(w(zr, 22))w (@, 2)
= (b — p(w(xy, x2))w(xy,22) > 0.
Moreover, from (3.2) and (3.3) we derive the following inequality:

w(zr,x2) < %Dw(xl,T(xl)) < %gp(w(mo,xl))w(xo,xl) < w(zg, x1).

By an inductive process, it is not difficult to obtain a sequence (z,,) of elements of X satisfying
the following conditions:

o (i) For every n € N, xp41 € T'(xy,);

o (ii) bw(zp, Tny1) < Dy(xn, T(x4));

o (il) Dw(@nt1, T(@n41)) < o(w(@n, Tnt1))W(Tn, Tnt1).

Applying the above properties (i),(ii) and (iii), we have that for each n € N the following
inequalities

Dw(xnaT(xn)) Z Dw(xn+17T(xn+1))a
(3:5) { W(Tp, Tnt1) < W(Tp—1,Tn)

hold. Expression (3.5) implies that both (D (zy,T(x,)) and (w(x,,Znt+1)) are decreasing se-
quences of nonnegative real numbers. Therefore they are convergent.

Since (w(zy, Tn41)) is a convergent sequence, there exists t € [0, oo[ such that lim,, o W(Xp, Tpt1) =
t. Hence, by hypothesis (1) we may find g € [0,b) such that

lim sup (w(n, Tny1)) < limsup ¢(r) = q.

n—oo r—tt
Thus, given by € (¢,b) there exists ng € N such that
(3.6) o(w(Tpn, Tni1)) < bg, for any n > ny.

Consequently, for any n > ng, we have:

(3.7) Du(xn, T(zn)) = Du(Tnt1, T(xny1)) > [b— @(w(@n, Tng1))w(Tn, Tri1) > cw(Tn 2nt1),

where o« = b — bg.
For each n > ny, inequalities (ii), (iii) and (3.6) yield
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Do(tn41, T(n41)) < @(w(@n, Tng1))w (@0, Tng1) < bog D (@n, T (21))
(3.8) <..
< (%O)n_nng(QCOaT(xO))-
Obviously lim,Hoo(%O)"*”0 =0, since by < b. This means that lim,,_cc Dy (2, T(x,)) = 0.
On the other hand, if m > n > ng, by (3.7), we obtain

Z;n:_nl Ul)(l"s, Tot1)

% ZT:_n (Duw (s, T'(25)) = Du(s41, T (@541))
= (Do (2, T (1)) = Dap(Tm, T(21m))
~Dy(2n, T(xn)).

The above argument allows us to apply condition (3) of Lemma 2.4 and thus we have that (x,)
is a Cauchy sequence in (X, d). Since X is complete, (z,,) is a convergent sequence. Let z € X be
the limit of the sequence (zy,).

Assume that z ¢ T'(z). Since for each x € X the mapping w(z,.) : X — [0, +oo] is Isc, for every
n > ng we derive

w(Zp, Tm)

IAN A
2

w(Tn, z) < lminf w(z,, Tm) < lDw(acn,T(gﬁn)).
et

m—0o0

Therefore by hypothesis (2) and by using the above inequality, we obtain

0 <inf{w(z,z)+ Dy(z,T(x)):z € X}
< inf{w(xn,2) + Dw(zn,T(zn)) : n>no}
< inf{%Dw(xn,T(xn)) :n > ngt
= limp—o00 2Dy (n, T(n)) = 0.
This is a contradiction. Thus we conclude that z € T'(z).
([l

Lemma 3.4. Let (X,d) be a complete metric space, let w be a w-distance on X and let T :
X — P.(X) be a compact valued mapping. For every x € X there exists y € T(x) such that
w(z,y) = Dy (2, T(z)).

Proof. Given z € X, define d = D, (x,T(x)) = inf{w(z,y) : y € T(z)}. By definition of d, we
know that for each n € N there exists y, € T(z) such that d < w(z,y,) < d+ 1. Since T(z) is a
compact subset of X, without loss of generality we may assume that (y,,) converges to yo € T'(z).
Using the lower semi-continuity of the mapping w(z,.) we obtain that the inequality

d <w(z,yo) <liminfw(z,y,) <d

holds. This means that the proof is complete.
O

Remark 3.5. The above lemma shows us that for every x € X the set I, is nonempty whenever
T takes compact values.

Theorem 3.6. Let (X, d) be a complete metric space, let w be a w-distance on X, and let T :
X — P.(X) be a compact valued mapping. Assume that the following conditions hold:

1. There ezists o : [0,4+00[— [0,1) such that
(1i) for each t € [0, 400, limsup,_,.+ ©(r) < 1;
(1i1) for every x € X there exists y € IT,, such that Dy (y,T(y)) < p(w(x,y))w(z,y).

2. For every y € X withy ¢ T(y), inf{w(z,y) + Dy(z,T(z)): v € X} >0.
Then T has a fized point.
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Proof. Since T takes compact values, by the previous lemma we may guarantee that, for every
z € X, the set I{,, is nonempty.
Finally, in order to obtain the result it is enough to argue as in the proof of Theorem 3.3.
O

An easy consequence of Theorem 3.6 is the following.
Corollary 3.7. Let (X,d) be a complete metric space, let w be a w-distance on X, and let T :

X — X be a mapping satisfying the following conditions:
1. There ezists o : [0,4+00[— [0,1) such that
(1i) for each t € [0, 400, limsup,_,.+ ¢(r) < 1;
(1ii) for every x € X w(T(x),T*(z)) < p(w(z, T(z)))w(z, T(z)).
2. For every y € X with y # T(y), inf{w(z,y) + w(z,T(z)): € X} >0.
Then T has a fized point. Moreover, if v=T(v), then w(v,v) = 0.

Proof. The existence of a fixed point is a direct consequence of Theorem 3.6.
On the other hand, if T'(v) = v, then we have:

w(v,v) = w(T(v),T?(v)) < p(w(v,T(v)))w(v, T(v)) = p(w(v,v))w(v,v),
and consequently w(v,v) = 0.

From this result we may recapture, among others, Corollary 3.8 of [12].
Corollary 3.8. Let (X,d) be a complete metric space, let p be a w-distance on X, and let T :
X — X be a mapping with the following conditions:

1. There exists q € [0,1) such that for every x,y € X,

p(T(x), T(y)) < qmax{p(z,y),p(z,T(x), p(y, T(y)),p(x, T(y)),p(y, T(x))}.
2. For every y € X with y # T(y), inf{p(z,y) + p(z,T(z)): =€ X} >0.
Then T has a fized point.
Proof. In order to obtain the proof it is enough to notice that the mapping w : X x X — RT
defined by , '
w(z,y) := max{sup{p(T"z, T7x) : i,j € NN{0}},p(z,y)}
is a w-distance on X. Since in this case,

w(T(x), T%(z)) < qu(z,T(x)).
Furthermore,
inf{w(z,u) + w(z,T(z)): € X} >0
whenever u # T (u). O

4. EXAMPLES

Example 4.1. (See [5], Example 3.1.)
Let X =[0,1] and w : X XX — Ry, w(z,y) = |z|+]|y| for every z,y € [0,1]. Let T : X — P.(X)
be defined by
71 15

96042/ for a:zﬁ
17

For € > 0 small enough let b = +Z+¢, and let ¢ : [0, 00) — [0, b) be the constant function ¢(r) = 2L
In that case we trivially have that for each ¢ € [0, oo],

T(x) — { {lx2}7 for x € [O’ %] U (%7 1}7

limsup p(r) <b< 1
r—tt

and condition (1i) of Theorem 3.3 is fulfilled.
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If x,y # é—g, then:

w(x,y),

and moreover
15 1 17 1 1 1 1 1 1715 17 15
N7 o Lo 1t 2 2 20
). T () = min{u (59, 30, wl F < D)
Then for every z € X, y € I, Du(T(z),T(y)) < w(z,y), that is Dy(T(z),T(y)) <
e(w(z,y))w(z,y). Thus, the hypothesis (14i) on Theorem 3.3 is also accomplished.
Finally, for y ¢ T'(y), that is, for y # 0

inf{w(x,y) + Dy(z,T(z)) :x € [0,1]} > inf{w(z,y) :x € X} =inf{lz|+ |yl : x € X} > |y| > 0.

Thus hypothesis (2) of Theorem 3.3 is also satisfied.
We remark that, as it is stated in [5], the mapping T of this example does not satisfy the
assumptions of Theorem 2.2 .

Dy (T(

Example 4.2. (Huwei-Mei Ko, 1972, [6]). Let (R?,d) be the ordinary Euclidean two dimensional
space. Let C =[0,1] x [0,1] C R? and let T : C — P.(C) be the mapping given by
T((mla 1‘2)) = COHV({(O, O)a (1‘1, O)v (07 xQ)})
Note that T'((x1,x2)) is the triangle with vertices (0,0), (z1,0), (0, z2), ant that, if 129 = 0, then
T((x1,22)) is a degenerate triangle.
It is clear that T has compact convex values and, according with [6], T' is nonexpansive. The
(nonconvex) set of fixed points of T is W = {(z1,22) € C : 2129 = 0}. Moreover T'(0,0) = {(0,0)}.
Let us observe that, for z = (1,1) and y = (1,0) one has
T(x) = conv({(0,0),(1,0),(0,1)})
and
T(y) = conv({(0,0),(1,0)}) = [0,1] x {0}.
Therefore, it is easy to check that
H(T(z),T(y)) = 1 = d(z,y).

Thus, the mapping T is non contractive. In particular, T" does not fall in the scope of the classical
Nadler Theorem for contractive set-valued mappings.

Take w((z1,22), (y1,92)) = V¥i +y3 = ||(y1,92)||. Following [4] it is easy to see that w is a
w-distance in (C, d).

Notice that, for every x € C, since (0,0) € T'(x),

Doy(z,T(x)) := inf{w(z,y) : y € T(x)} = nf{[|y|| : y € T(x)} = 0.
Therefore, for any fixed b < 1,
Iyw i ={y € T(z) : bw(z,y) < Du(z,T(2))} = {y € T(x) : bw(z,y) = 0} = {(0,0)}.

Let ¢ : [0,+00) — [0,b) the constant function given by ¢(r) = £.
For every x € C, (0,0) is the unique element of Ij,,. So

D((0,0),7(0,0)) =0 < gw(x, (0,0)) = 0.

Thus, condition (1ii) of Theorem 3.3 is satisfied.
For every y € C with y ¢ T(y) (which in turn implies that y # (0,0),

Inf {w(z,y) + Du(z,T(2))} = inf {w(z,y)} = lly| > 0.

Therefore, condition (2) of Theorem 3.3 is also satisfied.
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Example 4.3. In this example, we are going to show that the hypothesis of Theorem 3.3 are
almost the best even in the single valued case.

Consider the complete metric space (X, d), where X is the unit sphere of the Banach space
(co,||-]loo) and for each x,y € X the metric is given by d(z,y) = || — yl| co-

Given a strictly decreasing sequence (ay) such that 0 < @ := infpenan} < an < 1 for every
n € N, define for each z = (z(n)), y = (y(n)) in X,

w(z,y) = max{ay,|z(n) —y(n)|: n € N}

It is easy to see that w is a w-distance with respect to the distance d.
Let T': X — X be the mapping defined by T'(z(1), z(2), ..., z(n),...) = (1, z(1),z(2), ..., z(n), ...).
Then, we have:

1. T is well defined;
2. T is a fixed point free mapping;
3. Tis a ||.||o-isometry.

However, with respect to the w-distance, the following inequality is satisfied:

w(T(z),T(y)) = max{anti|z(n) —y(n)| : n € N} <max{a,|z(n) —y(n)|: n e N} =w(x,y).

Finally, we prove that for every z,y € X, inf{w(z,y) + w(z,T(z)) : z € X} > 0.

Otherwise, we may find a sequence (x,,) of elements of X such that w(z,,y) +w(x,, T(z,)) — 0
as n — oo.

By definition of w, we derive that w(z,,y) — 0 as n — oo and thus we obtain that =, — y.
Since T' is a continuous mapping, we have that T'(x,) — T(y).

The properties of this w-distance allow us to have that in this case w(y,T(y)) = 0, and then
y = T (y). This is a contradiction
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