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A BAYESIAN ANALYSIS FOR SHORT-TERM INTEREST RATE
MODELS AND ITS APPLICATIONS
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ABSTRACT. This paper presents an analysis of models for Japanese short-term inter-
est rate. The models are constructed based on mean reverting model using Bayesian
method to capture the dynamics of short-term interest rate. The parameters of our
models are estimated by marginal likelihood and posterior expectation and we shall
make model selection using the information criterion EIC(extended information cri-
terion). An application of the models will be implemented using weekly Japanese
average interest rates on certificates of deposit (new issues) less than 30 days in the
period from January 2001 to December 2008.

1 Introduction Correct modeling of the short-term interest rate is essential in finace, as
it is this rate that is fundamental to the pricing of securities and important for risk man-
agement. In the study of the short-term interest rate dynamics, various models have been
suggested. There are examples of these models, such as Vasicek model by Vasicek(1977),
CIR model by Cox, Ingersoll and Ross(1985) and so on. An empirical comparison of these
models was made by Chan, Karolyi, Longstaff and Sanders(1992). In the paper, the param-
eters are estimated by generalized method of moments(GMM) and they implemented the
hypothesis testing methods developed by Newey and West for evaluation of the models. In
the parameter estimation of mean reverting model using GMM, it is known that the results
are easy to be influenced by an initial values, and it becomes often unstable.

Recently, Ahangarani(2005) employed maximum likelihood method for parameter esti-
mation and log likelihood ratio test for model selection, and Kawada(2007) implemented
GMM and made model selection using the information criterion EIC(extended information
criterion) for various short-term interest rate models. Another articles of the interest rate
model, using Bayesian framework, Jones(2003) published study about nonlinear drift of the
interest rate model in detail, and Gray(2005) studied continuous time short rate models
and the parameters estimated by Markov chain Monte Carlo(MCMC) method. Sanford
and Martin(2006) made estimation using MCMC algorithm and model selection is made
by Bayes factors for each model calculated using Savage-Dickey density ratio. In addition,
a recent study by Hong and Lin(2006) examined a variety of short-term interest rate mod-
els including the single-factor diffusion models, GARCH models, Markov regime-switching
models and jump-diffusion models for Chinese rates.

However, more useful models which capture the dynamics of the short-term interest rate
are needed. In this paper, we suggest two hierarchical Bayes models based on mean reverting
model. The parameters of the models are treated as random variables so that we have to
consider appropriate prior distributions for them. By regarding parameters as random
variables, we can consider that model construction and estimation involve necessarily some
uncertainty and utilize the prior information of interest rate. In the first hierarchical Bayes
model, we assume that volatility is constant, and in the second one, it depends on the
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interest rate. Recently, MCMC has been widely used in model estimation because of its
usability, but it takes much time for calculation. Instead, we suggest parameter estimation
of our hierarchical Bayes models using its marginal likelihood and posterior expectation,
whose computation time is very short.

Although the issue of comparison of the models is important, it is difficult to evaluate
relative performance of models in a consistent way. In this paper, we shall make model
selection by the information criterion EIC. Using EIC, we can evaluate the model perfor-
mance involving bias of model estimation. Our method of analysis of the interest rate is
applied to Japanese short-term interest rate data.

This paper is structured as follows. In section 2, we review mean reverting model in
discrete-time and construct two hierarchical Bayes models. Section 3 gives methods of pa-
rameter estimation for three models. Firstly, we outline GMM for mean reverting model
following Chan et al.(1992). Secondly, we derive marginal likelihood and posterior expecta-
tions of hierarchical Bayes models. In section 4, we estimate these models with simulation
data generated from our hierarchical Bayes models, and in section 5, the methodologies
are applied to Japanese short-term interest rate data series. Summary and conclusions are
made in section 6.

2 Models

2.1 Mean Reverting Model In the mean reverting model, it seems that the short-term
interest rate has a long-term mean and moves to revert the mean. Consider a discrete-time
econometric specification and let r; be the short-term interest rate at time t. A dynamics
for r; which has the mean reverting property can be nested within the following equation,

(1) Tiglr = Te+oa+priteq, t=1,2,---,
€41 = opriz; 2z~ N(0,1),
(2) Elepr1] = 0, Elefy] =olr}”.

Many well known interest rate models such as CIR model and Vasicek model can be obtained
from this model by giving the restrictions on the four parameters «, 3,02, and 7.

Now we consider about a difference of the short-term interest rate between time t + 1
and ¢, and develop its distribution.

Proposition 2.1. Let y; be
(3) Yt = Tt+1 — Tty
then 7, is conditionally normally distributed N (o + Bry, 02r27).

Proof. From equation (1), yr = o+ Or¢ + €141, Ely] = a+ fry and Var[y] = U?.’I“?’Y. Since

. . . . . 2 ’Y
y¢ is a linear combination of z;, y¢ is N(a + Or¢, 02r;").  ©

We call o+ Bry drift term and o2 volatility. Let parameter vector be 8 = [a, 3,02,7] ",
likelihood of y; with n observations is derived as follows:

l(g) — H 1 exp |:_ (yt — o — ﬁrt)2

2y
2y
t=11/2mo2r;

2
202r;
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2.2 Hierarchical Bayes Model I As a special case of mean reverting model, we now
assume that parameter «y in equation (2) equals to 0 and construct hierarchical Bayes model.
Consider mean and variance in equation (1) are random variables and y; is N (u, 0?), then
describe the probability density of y, with

_ 2
(4) f(yt|ﬂt7a2) = M} .

1
exp |—
V2mo? P [ 202
Further assume that the prior distribution for ; is N (¢, 02), and the prior distribution of

two types of uniform and inverse gamma with scale parameter vy/2 and shape parameter
Ao/2 in 0% + 2. These probability densities are written

1 _ 2
(5) g1(pltpeo5) = G exp [_%] s Y= a1+ biry,
0 0
1
(6) Mo +ad) = o
™) e 4o = EL o e [ M
2(0” +o05) = () o+ oy exp 27107

where I'(+) is gamma function, and Ao, v, k1 and ks are hyper parameters and given as a
prior information.(See Kawada(2008) about the detail of the model.)

2.3 Hierarchical Bayes Model IT We constructed the hierarchical Bayes model I whose
volatility’s fluctuation is not influenced by the interest rate. However, it is generally known
that the volatility is influenced by the interest rate, and it is thought that the model which
includes influence of the interest rate may capture the dynamics of the interest rate in
volatility well.

Therefore, we construct the model that depends upon influence of the interest rate in
volatility term as hierarchical Bayes model II. Now we assume that the prior of normal
distribution N (¢, 08) in p; and inverse gamma distribution which has shape parameter c
and scale parameter e "t in o2 + 2. In addition, we also assume uniform distribution as
the prior in the shape parameter c. These probability densities are written as

2
®  sldenod) = e |SUEE] =g b,
0 0
—pre)© e PTt
9 ha(o? 4 02le ey = L 2 oot o | | ks = o2 o2
(9) hs(o” +oglc,e”P™) ) (0% +07) exp poprpe L 3:ky =0%: 0§,
1
(10) (o) =1,

where the ratio k3 and k4 are given as a prior information.

3 Method of Parameter Estimation In this paper, we use GMM for mean reverting
model, and marginal likelihood and posterior expectation for our hierarchical Bayes models
to estimate the parameters. This section provides the details of the method of parameter
estimation for the models.
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3.1 GMM(Generalized Method of Moments) Using GMM, we estimate the param-
eters of mean reverting model (1) and (2). For the estimation, now we rewrite the equation

(1),
€441 = Ti41 — Tt — 0 — By,

and define the vector f;(8) be

€141
ft (0) = €417t

2 2,.2v
€41 — Jrgt
2,27
(€t41 —opry )t

If the parameter of a model assuming is correct, we have E[f;(0)] = 0 from (1) and (2). The
GMM procedure consists of replacing E[f:(0)] with its sample counterpart, g,,(0), using
the n observations where

and then choosing parameter estimators that minimize the quadratic form,

where W,, = (w}’) is a positive-definite symmetric weighting matrix, ¢7*(0) is ith element
of vector g,(0) and 4 is the number of parameters. See Chan et al.(1992) about selection

of weighting matrix W,,.

3.2 Marginal Likelihood and Posterior Expectations of Hierarchical Bayes
Model T We estimate the parameters in hierarchical Bayes model (4), (5), (6) and (7)
using marginal likelihood and posterior expectation.

Proposition 3.1. The posterior distribution for p; of hierarchical Bayes model I in
equation (5) is

2, 2 Yo’ +yog  oPop
(11) ‘Ll,t|”(/1t,0' +007ytNN P

o2+02 o240}
and its posterior expectation is

2 2
2 2 - Yio” + Y10y
(12) Elpt|te, 0% + 05, y] = T i i o2 2

Proof.  Using the following Bayesian law, we can derive

f(yelpe, 0®)g1 (e, o) Dy
(13) p(ﬂt|¢t,02+02,yt): = = —.
’ Jooo Fyelpe, ) g1 (pelibe, 05)dpe - Do
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We divide this expression into a numerator and a denominator for the advantage of the
calculation. The numerator is developed as follows:

D 1 exp {_ (e —pe)® (e _wt)2:|
V2mo2y\/2m0} 202 203
2 2,3 2 2 242
| (0 o) {pu - P a |y TR — (y202 4 o)
p— X
2moog b 2020(2) ,
and we set
Y =02+ 08,
2 212
0° + Y¢0,
Ry = T IURT 202 4 4207,

o2+ o}

then we have the numerator of the equation of the posterior distribution of

1 g{ e — Mp Ro
D= —ex 5
2mooy 2020
(14) (¢t02+yt02) 2
= 72 exp | — U f)_} ! exp —RO
20203 20203 oy 20

The denominator is also rewritten as

D ex / ex E{'ut — +yt00)}2 d
(15) 2= \/271-—2 P 2 2 20202 2mwo? 0(2) P Ht
o ()
exp | ——

20203

and (15), we can rewrite equation (13) as follows:

2T

™M

By the result of (14

~—

2 2
B> E{Ht (o +yt00)}2
2 2 _ _ Ry
plpuln, 0% + 00, 51) = 2ro20} P l 20202 '
Further we transform the equation,
2 2
ot
o =720,
1 Pi0® + yiop
m ¥ )
then we have
1 (pe — A )2}
2 2 m
,0° +0p, = exp | — .
Pt |9 05 Yt) ool p [ 202,

We find that this is the density of normal distribution which has mean A,, and variance o%.
Therefore the posterior distribution of p; of hierarchical Bayes model I in equation (5) is

Yo? +y0f  orof )
b

2 2
,0° 405,y ~ N ,
Haln 0- Yt ( o2+02 'o2+o0f
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and its posterior expectation is

2 2
+ Y0
E 2 2 _ Yo 0

[Mthptaa +007yt] O'2+0'(2)

We estimate the parameters a; and by in ¢y = ai + b1y using marginal likelihood
l1(0? 4+ 02) of 6% + 02 in hierarchical Bayes model I and 02 + 03 using its posterior expec-
tation.

Lemma 3.1. The marginal likelihood, 1;(02 + 03) which is used in estimation with
n observations y,, = [y1, -+ ,Yn| iS written as
1 n
16)  lLi(c®>+02) = {2n(c®+02)} "% x N Ty — )2
(16) 1(0” +09) {27(c” + 09)} exp 2(0? + 02 tz:;(yt Vt)

Proof. Likelihood has the information of parameters depending on data, and marginal
likelihood is provided by erasing unnecessary parameters using integral calculus from its
likelihood. The marginal likelihood I (02 4 02) (16) is derived as follows:

Lc*+03) = H/ Fyelpe, o) g1 (peltpr, o5 ) dpe.
t=17 —°

Using the result of (15) in proposition 3.1 and we have

n
1 1 (Y0 + ye0p)? 2 2, 2 2
Li(c?+0%) = —Xexp[ { — o+ yio
( o) £[1 27 (02 1 02) 20202 o2 + o2 (¢ 100)
N | P [ 1 {wta? +3103)* — ($30> + yPo3) (0" + od)
=1 V2m(0? +0f) 20%0] o2 + a3
_ ﬁ 1
i1 V27 (0% + o)
exp 1 (Wio* + yiog + 2yo?o]) — (Wict + yiog + Yvio?o] + yiotod
20203 o2+ 03
= [ x|t {y2 03 — Wyio*of + Voo 1
1V 2m(0? + o) | 202%03 o2 +o?
n -
1 1 )22 42
— H—xexp_ 22{(% th)gUoH
i1 V27 (0% 4+ 03) | 20%0; 0%+ o}
n -
1 1 5
= ————————— Xexp |—————5-(y — ¢ ]
t[[l 21 (02 + 02) | 2(02 +a§)( =)

= {2r(0*+ o)} e [—%Z@—W]. o

(0* +08) &

(17)
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In estimation, we choose the parameters aj, b1 and 02 + 02 to maximize this marginal
likelihood. However, seeing this marginal likelihood, we find that it maximizes if we esti-
mate 1y = a1 +biry,t = 1,--+ ,n minimizing a value of Y-, (y: —t¢)? regardless of 02 +o73.
Therefore, we estimate only a; and b; in this marginal likelihood and o2 + o2 is estimated
using posterior expectation. Next, we develop the posterior distribution of 0?4 o3 to obtain
its expectation.

Proposition 3.2.(a).  Using n observations vector y,, = [y1,- - ,yn] the posterior
distribution for o2 + o2 with the prior (6) is derived
n 2
n _
(18) 0'2 —+ 0(2)|yn ~ G(L71 <§ — ]., —thl(yg wt) ) 5

where Ga™! describe inverse gamma distribution. The posterior expectation for the distri-
bution (18) is calculated as

S (e —te)’
(19) Elo*+oily,] = —2—

z_)

Proof. See Appendix A.1.1. o

Proposition 3.2.(b).  The posterior distribution for 0% + o3 with the prior (7) is
derived

n _ 2 A
(20) o +oily, ~ Ga! (n—;Vo,Et1(yt 2¢t) + 0),

and the posterior expectation for the distribution (20) is calculated as

Z?:l(yt—wtf‘i‘ko
-2

(21) E [02 + 0(2)|yn] = n+vo _ 1
2

Proof. See Appendix A.1.2. o

Because vy = a1 +byr¢, substituting the estimators of a; and by into each of the posterior
expectation of 02 + 03, we have the estimators of o2 + o3.

3.3 Marginal Likelihood and Posterior Expectations of Hierarchical Bayes
Model IT The parameters of hierarchical Bayes Model II are also estimated by its marginal
likelihood and posterior expectation. We derive the marginal likelihood and the posterior
distributions.

Proposition 3.3. The posterior distribution for wp; of hierarchical Bayes model II in
equation (8) is

2 2 2 2
pto + Yoy 070G )
b

22 *+og,ye~ N
(22) Hel e, o7 + 05, ( o2+o02 o240}
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and its posterior expectation is

0% + y,08

23 E 2oyl =
(23) (el or, 0% + g, Yt 0% 1 o2

Proof. This proof can lead similarly Proposition 3.1 using Bayesian law. ¢

We need to develop the posterior distribution of 02 + o2 in equation (9) because it is
estimated using posterior expectation.

Proposition 3.4. The posterior distribution of o2 + o3 is derived by following
Bayesian law,
12(0'2 + O'%)h3(0’2 + 0’(2))
Jo" 1202 + af)hz (0% + 0§)d(0? + 07)

(24) p(0® +ofle, e y,) =
where l3(0? 4 o) is marginal likelihood of 0% 4 o2 in hierarchical Bayes model II. We have

n 2
(25) 0?4+ 0l|c,e Py, ~ Ga? (g +e, Mft@t) + e—x)n) 7

and find that the expectation
21;1(?!;_‘%)2 + e—prf,

26 E 2 2 —Pprt —
(26) [a +ojle,e ;yn] -1 ’

where ¢y = ag + bary.

Proof. This proof can lead similarly Lemma 3.1 and Proposition 3.2.(b) using Bayesian
law. o

The parameters as, bs, ¢ and p are estimated by marginal likelihood of ¢ and e P™ in
hierarchical Bayes model II.

Proposition 3.5. The marginal likelihood I(c,e™P") is derived as follows:

Ce+d)] o at 2 (e+3)
27 l(c,e™Pt) = | ———22| (2n)" 2 e Pre)e [ ] ,
@0 e = || et e (oo
for convenience of estimation,
n L(c+3)
1 ) = ——log(2 log ———2%
ogl(c,e™ ™) 5 log(2m) +nlog o)

2 B tzn; [C(_pm " (C " %> o { (ye — <Pt)22+ 2empre H 7

Proof. See Appendix A.2. ¢

In estimation, we choose the parameters as, by, ¢ and p to maximize this marginal

likelihood. Substituting (ag, b2, ¢, p) estimated in (28) into the posterior expectations (26)

and we have a estimator of 02 + o2 in hierarchical Bayes model I1.
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4 Simulation Analysis In this section, we show the effectiveness and the validity of
usage of marginal likelihood and posterior expectation in parameter estimation and the
information criterion EIC for model selection. We generate simulation data from the models
that we suggested and implement the parameter estimation of each model for the simulation
data. Using the estimators, we calculate EIC and choose the model that the value is smallest
as the most suitable one for the data which we analyzed. (See Ishiguro, Sakamoto and
Kitagawa(1997) about the detail of EIC.) We generate 1000 simulation data for three of
hierarchical Bayes models.

For the comparison, we also estimate mean reverting model (1) and (2) using GMM
for the simulation data. Estimation results are shown in from Table 1 to Table 3. The
hierarchical Bayse models used in the simulation are as follows.

(i)Simulation data 1Fhierarchical Bayes model I(hy) with uniform distribution (see (4),
(5) and (6))
ye ~ N, UQ)v
e ~ N(ay +b1Tt;U(2))»
o +o2 ~ Uni(0,k), o%:08 =ki: ks,

ap = 1.6,b1 = —O.Q,kz 1.0,](31 : kg =17:3.

The estimation result is given in Table 1. It is shown that the most suitable model is hier-
archical Bayes model I(hy), though the true model is hierarchical Bayes model I(hy). This
can be considered due to the estimation bias.

(ii)Simulation data 2Fhierarchical Bayes model I(hs) with inverse gamma distribution
(see (4), (5) and (7))
Ye N(:utva2)v
pe ~ N(ai+bire,0p),

A
o +of ~ Ga_1<%,70>, 0?02 =k : ko,

a1 = 0.6, b1 = —0.15, Vg = 3.0, /\0 = 6.0, kl : kg =7:3.

The estimation result is given in Table 2. It is shown that the most suitable model is hier-
archical Bayes model I(hs).

(iii)Simulation data 3Fhierarchical Bayes model II (see (4), (8), (9) and (10))

Yy~ N(Mt702)?
pe ~  Nlag +bary,00),
o’ +of ~ Gat (c,e_p”) , 0208 =ks:ky,

¢ ~ Uni(0,1)

as = 0.7, bg = —O.Z,p = O.l,l = 10.07 kg : kj4 =8:2.

The estimation result is given in Table 3. It is shown that the most suitable model is
hierarchical Bayes model II.

Note that the estimate of 0® 4+ 02 in hierarchical Bayes model IT depends on time ¢ and
we have estimates of the same number as the data, therefore it is described as expectation.
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5 Data Analysis The weekly Japanese average interest rates on certificates of deposit
(new issues) less than 30 days in the period from January 2001 to December 2008 which is
418 observations are used in this practical analysis. Figure 1 shows the data r; and Figure
2 shows y; = 1141 — . Because the values of the data are so small, we extend the data
100 times and use it for the analysis. In this estimation, the values of hyper parameter are
Ao = 1.0, v = 5.0, k1 = ks = 0.8, and ko = k4 = 0.2 respectively. The result is shown in
Table 4, in which the most suitable model is hierarchical Bayes model II.

DATA
0 %
[ 1

Kl
|

2
|

o 100 200 300 400

Index

Figure 1: Short-Term Interest Rate Data

10
|

o 100 =200 300 400

Index

Figure 2: First Differenced Rate Data

6 Summary and Conclusions In this paper, we constructed more useful models based
on mean reverting model to express the dynamics of short-term interest rate using hierarchi-
cal Bayes method. We further suggested a method of parameter estimation for the models
using its marginal likelihood and posterior expectation and made model selection by EIC. In
adopting Bayesian approach uncertainty relative to all unkown parameters is infered from
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likelihood and posterior probabilities, which reflect both data and prior information about
the interest rate process.

Simulation results showed that our method is effective and valid in the modeling of the
short-term interest rate and estimation. Seeing the estimation results of Japanese interest
rate data, we found that our models are more suitable than the mean reverting model for
the interest rate data which we analyzed in the model selection using EIC. In comparison
with GMM and MCMC, large reduction of calculation time is realized by using marginal
likelihood and posterior expectation for estimation. And we can apply the information
criterion EIC that is an inclusive model evaluation method.

Hierarchical Bayes method allows to infer an influence of drift and volatility in the
interest rate at each hierarchy. For future prospects, it is necessary to consider more useful
models of drift term, and to further examine how to take in influence of the interest rate in
volatility.

A Appendix

A.1 Proof of Proposition 3.2 In this Appendix, we develop the posterior distributions
and expectations of 02 + 02 of hierarchical Bayes model I in proposition 3.2.

A.1.1  Proof of Proposition 3.2.(a) Firstly, we consider the posterior distribution of o2+ o2
which has uniform distribution as the prior in equation (6). It is derived using following
Baysian law:

li(0® + ag)hi(0” + 07) Ds
29 o + o n) = o =7
(29) p( 0[yn) Jo l(0% 4 03)hi(0? + 08)d(0? +03)  Da

where [(02 +02) is the marginal likelihood in Lemma 3.1. We divide this expression into nu-
merator and denominator for the advantage of the calculation. The denominator advanced
as follows:

Dy

[e.¢] n 1 n
/0 {21(0? +03)} 2 x T X exp l 02 ey Z ] o +07)

t=1

n
0—2+0— Z

t:l

no 1 > n
=—(2m)72 x p x/ (02 +0%)72 x exp d(o? + a3).
0

Now we set

o
o2+ o02’
1 _
dP = —md(ch +02), d(o*+ot)=—P 2P,
n
T= Z(yt - )

t=1

then we rewrite

D4 = —(27‘(’)7% X
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Futher we set

Q=3P
dQ = —dP,
then
9 (572 2
Dy = —(27‘(’)72 X —/0 (TQ) 67Q X (T) dQ
. 2\2 7t 1 e,
= —(2m)% x (T) x E/o QG V7 lem9dQ,
we find that

Therefore we have

. (2\ " 1 n
D47—(2’/T) X(?) XEXF(g—l)

Do it likewise, the numerator is rewritten as follows:
w1 n T
D3 = (27)72 x s P21 xexp {—EP} :

Consequently, the equation of the posterior distribution of o2 + o2 is

D3 —(2m)7% x £ x P51 xexp [~ L P]
Dy —(@2r) Ex(B):FlxixI(2-1)
T\ * 1 . r
= — X X Pi_2 X EP
(2) I —1) ‘
We set
5= g -1,
T
u=—
27
then it is rewritten as follows:
&_ u’ sflefuP

D4 - F(S)
u’ —(s Bz e
~T(s) (0 +0f) e o743

)

We find that this is the density of inverse gamma Ga~!(s,u), therefore the posterior distri-
bution of 02 + 03 is derived as follows:

" a2
o’ +aily, ~ Ga™* (g _1 M) .
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Because of the expectation of inverse gamma distribution Ga='(s,u) is u/(s — 1), the
posterior expectation of (18) is

) ) ST (ye—e)?
2
E[o® +ogly,] = BEEVE

A.1.2  Proof of Proposition 3.2.(b) Secondly, we consider the posterior distribution of o2 +

o2 which has the prior distribution of inverse gamma in equation (7). The Bayesian law is
applied to this derivation:

l1(0? 4+ 0)ha(0? + 0}) Ds
30 o? +02ly,) = = 0 9 = —.
(30) o oly) Jo (02 + 08)ha(0? + 0§)d(c% +03)  De

The numerator is derived as follows:

n Y
o - s el ]

A0 = y A
2 2 2\— (%2 +1) . 0
Ty o) e )
and the denominator is derived as follows:
[e%s) n 2
2 2\ —n E = (yt - w)
DG = ) {27T(0' —+ JO)} 2 X exp |:_§(0'12——|—0'(2)):|
(%)%0 2 2\ — (2 +1) [ Ao ] 2 2
X + 2 ————1d +
F(VTO) (U UO) exp 2(0_2+0_(2)) (0’ 0’0)
Aoy L0
— mx )

4w T+ \
/ Pl exp [— ”; OP] x (—=P?)dP
0
)\0 Yo oo
" 20 ntv T
= —(27)7 2 x (2V02 / prE-l exp {— _;/\OP] dP.
0

Now we set for advantage,

then we have

aor 2 . nivg
De_—(27r)7%><(2)z ></ ( 2 ) w2
0

dM
(%) T+ C T
Aoy e
= —(27)" % x (3 Vz X < 2 ) ></ M1~ M gy
F(TO) T+A0 0
vo n+tvg
)\0 2
_n (— 2 2 n+ 1
=—(2 : r :
(W)QXF("—QO)X<T+/\O> X < 5 >
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Do it likewise, we rewrite the equation of the numerator and have

(A—z‘)z%} ntvy T+>\0P] .
r'eg) 2

Ds=—(2m)"% x 1 X exp [—

Therefore, the equation of the posterior distribution of 0% + o2 which has the prior distri-
bution of inverse gamma,

n Ao ntv
D, —(2m) 7 x oy X P e [T
D_G B _n 20y ntvo n+u
—(2m)7= x (1“2(370) X (19xg) Yo ()
n+vg
T+ A\ 2 1 ntv T+ X\
= g XTXP%_lxeXp— +OP
2 re5=) 2
Setting
s n+ v
=
W = T+ o
=5
then we have
D5 ’U,,S, ’_1 'p
— = —— x P?* x e*
Dy I(s) ¢

s’ 4

_u 2 2\ —(s'+1) 7(,2:_,,2’

=——x(c°+o0 X e 0.
This is the density of inverse gamma distribution Ga~*(s’, u’), and we find that the posterior
distribution of 02 + 02 which has the prior distribution of inverse gamma is

n+vy Yoy (ye — )+ Ao)
2 2 '

i~

Consequently, we find that the posterior expectation of o2 + o2 in (20) is

S (ye—ve) 4o
2

E[U2 + U(%'yn] = n+vo _ 1
2

A.2 Proof of Proposition 3.5 The marginal likelihood I(c, e™P"t) of hierarchical Bayes
model II is derived as follows:

n e} o)
(B1) Ie,e™™) = H/ / F(yelue, 0%)g2(elor, o8)ha(0® + aple, e )dped(0® + o).
t=170 J—o0
Firstly, we consider the integral in equation (31).

/ / Frliae, 02 g2 (el e, 02)hs(0® + 02, e P dpuyd(0? + o2)
0 —00

oo 00 1 _ 2
_ / / exp [_ (ye gt) ]
0 J_oco V2mo? 20
1

Y
y exp [_M}
2mod 203
(e7P™)° o | o\ (et1 e P 2, 2
Xw((j + UO) ( + )GXp —m d/,l/td(O' + O'O) = D7.
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In proposition 3.1, we found that

D,

/ Fyelpe, o) g2 (pel e, o3 ) dpne

/Oo #exp {—(yt_ut)q x— 3 XP [_M] e

oo V2102 202 2ol 202
1 1 2]
= —————eXp |5 (Ut — ¥t )
2m (02 + 03) [ 2(02"‘08)( )

substituting this into D7 and we have

1

| T e s o]

D; =

><(e_th)c(o'Q—l—UQ)_(c-’_l)eXp _ e~ P d(0'2+02)
I'(c) 0 02403 0
(e7Pm)e 1 /Oo 2 2\—Ll, 2 | 2\ (ctl)
= 2m) "2 o+ o8) 2(0° +o5)” "
e [ e o)

(ye — ¢1)? e P 2 2
X — — d
exp [ 2(02 + 0(2)) o2 + 08 (0% +07)

(e7Pre)e 1 [T 2 —(ct+2 (yr — 1)* + 2e7 P 2 2
= o 007 e T ew |-t | (ot + o).
Secondly, setting
1 -1
—— = L, ————d(6*+02)=dL,
o2+ o} (02 + 03)? (0" +0)
1
~zdL = d(o? + a2),
(e — @) +2e7P = M,
then
B (e*th)c o 0 (C+§) L 1
D; = ) (2m) "2 ooL 2) exp 5 ( 7 )dL
(e_th) 1 /OO ( 1 ML
= 2 Le=3) ——=|dL
o) (2m) "2 ; 2) exp 5 d
Futher we set
ML 2N 2
=N, L=—" L=—dN
2 ’ M’ d Md ’

and transform the equation as follows:

D, = %(2@% /OOO <%>(Cé)ezv <%> AN
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the integral is gamma function and it is rewritten as

o0 . 1
/ Ntz —le=NgN =T <c—|— 5) .
0

Substituting it into the integral of the marginal likelihood,

Dr = [ [ fwhnot)gmliden obha(o? + oflee T dud(o? + o)
0 —o0
(e—pn)c o 9 (c+3) 1
o 2™\ €t 3
1
(efprt)c 3 2 (C+§) 1
= 2 T il
F(C) ( 7T) 2 (yt — (pt)g 1 2ePre c+ 5
1 (c+3)
= Teta) oy d ey |
() (Yr — pr)? + 2ePm
then
n oS] e8]
e =TI [ [ sl ot)oatuulas,baod)ha(c? + e, pidpud(o® + )
t=170 =00
n T 1 2 (C+%)
— H (C+ 2)(271')_%(6_;0”)0 |: :|
o T (e — p1)* + 2e7Pm
IR . 2 (c+2)
(32) _ | Dlets) @2m) % T (e ") [ S } .
L) t=1 (ye — p)? + 2e7Pre
We take a logarithm of (32) and have
n T(c+2)
1 ) = —Diog(2 log ——27
ogl(c,e™™) 5 log(2m) + nlog e

+t§n:1 {C(_p”) " (C - %) o [(yt - Sﬁt)22+ 26’7”] } '
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Table 1: Estimation Result of Simulation data 1 (k= 1.0,k1 : ko =7:3)

True | mean reverting Bayes Bayes Bayes
values model model I(h1) model I(hy) model 1T
@ 1.2356
16 -0.1658
o? 0.292
vy -0.1295
ai 1.6 1.5485 1.5485
b1 -0.2 -0.2084 -0.2084
o2+ 03 0.1753 0.1785
as 1.5086
by -0.2025
c 1.3773
D 0.3164
E[o? + 03] 0.1750
EIC 1113.775 1105.908 1096.829 1111.197
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Table 2: Estimation Result of Simulation data 2 (19 = 3.0,\g = 6.0,k1 : ko =7 : 3)

True | mean reverting Bayes Bayes Bayes
values model model I(h;) model I(hy) model II
o 0.5734
I6; -0.1304
o? 1.6036
0 -0.6532
ai 0.6 0.6144 0.6144
b1 -0.15 -0.1386 -0.1386
o? + o} 0.2291 0.2322
as 0.6211
by -0.1404
c 3.8289
P 0.1061
E[o? + 03] 0.2287
EIC 1430.378 1391.636 1364.476 1368.669
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Table 3: Estimation Result of Simulation data 3 (I = 10.0, k3 : ks = 8 : 2)

True | mean reverting Bayes Bayes Bayes
values model model I(hy1) model I(hy) model I
@ 0.5577
16} -0.1630
o? 0.3825
~ -0.4638
ay 0.5583 0.5583
b1 -0.1607 -0.1607
o? + 0} 0.1208 0.1243
as 0.7 0.5640
by -0.2 -0.1649
c 3.6597
D 0.1 0.3584
E[o? + 03] 0.1206
EIC 774.511 736.478 725.966 723.830
Table 4: Estimation Result of Short-Term Interest Rate Data
mean reverting Bayes Bayes Bayes
model model I(h;) model I(hy)  model 11
@ 0.1925
3 -0.0101
o? 0.0510
0 0.7334
ai 0.1490 0.1490
b1 -0.0077 -0.0077
o? + o} 6.3939 6.2902
as 0.1039
ba -0.0072
c 1.4542
D -0.0522
Elo? + o}] 6.3729
EIC 2883.2780 1975.1840 1970.6630  1785.5820
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