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STABILITY IN MULTICRITERIA LOCATION PROBLEMS
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ABSTRACT. In this paper, the stability in multicriteria location problems is considered.
Given a family of parameterized multicriteria location problems, the (weak) Pareto
optimal value/solution mapping is defined as the set-valued mapping which associates
to each parameter value the set of all (weak) Pareto optimal values/solutions of the
problem. Sufficient conditions for the upper and lower semicontinuity of the (weak)
Pareto optimal value/solution mapping are obtained.

1 Introduction and preliminaries In a general continuous location model, finitely
many points called demand points in R™, modeling existing facilities or customers, are
given. Then a problem to locate a new facility in R™ is called a single facility location
problem. This problem is usually formulated as a minimization problem with an objective
function involving distances between the facility and demand points. Let d; € R™, i =1, 2,

-+, £ be demand points, and we consider d = (dy,ds, - -- ,dy) € R as the parameter. We
put I = {1, 2, ---, £}. In this paper, we consider a multicriteria location problem formulated
as follows:

(Pd) min f(:l:, d) = (’Ydl (CB - dl)v'YdQ (iB - d2)7 o d, (iB - d@))
st. xeX(d)

where © € R" is the variable location of the facility, and X is a set-valued mapping from
R™ to R™ (which associates to each parameter d € R™ a set X(d) C R™ and we denote
it as X : R* ~ R"), and Yd, : R" — R,i € I are gauges for each parameter d =
(dy,dy,--- ,dg) € R™. For each i € I and d; € R, let B;(d;) C R™ be a compact convex
set containing the origin in its interior, and it is assumed that the gauge d, R™ — R is
defined as follows:

vg,(x) =inf{r >0:x €rB;(d;)}, xeR"

Then B; : R ~» R",i € I are set-valued mappings. For each € R™ and d; € R",¢ € I,
the value v (x —d;) represents the distance from d; to x. For details, see [4] and references
therein in multicriteria location problems, see [2], [4], [5] and [7] in gauges and see [3] and
[6] in set-valued mappings.

Let us consider the following motivating example of the multicriteria location problem
(Pg). A company is going to develop a new product of some kind. Suppose that a product
is determined by n characteristic values, and that each product is represented as a point
x € R", and that each d;,i € I represents the preference of customer ¢ for the products.
Suppose also that for each i € I, the value Vd, (x — d;) represents the distance from the
preference of customer i, d;, to the product * € R", and that any customer prefers a
product near the preference of the customer. In this case, the multicriteria location problem
(Pg) is a problem to find a new product which is near preferences of customers as much
as possible, where the feasible region X (d) represents the set of all products which the
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company can produce. Then a (weak) Pareto optimal solution, which will be defined in
Definition 1 later, is the new product to be produced for the company. In fact, since a
(weak) Pareto optimal solution is not unique in general, the company needs to choose one
product among (weak) Pareto optimal solutions by using, for example, trade-off analysis.
The multicriteria location problem (P;) can also be used in order to evaluate existing
products. If an existing product is not a (weak) Pareto optimal solution, then the company
should stop producing the existing product because it means that there exists another
product which customers prefer its product to the existing product. Gauges Vd,»t € I are
asymmetric, which means that their unit balls are not symmetric around the origin, and
their gauges depend on demand points d;,7 € I. It is suitable to consider different distance
measures (gauges), which are asymmetric and depend on demand points, in the following
situation. For customers iy,ip € I with ¢y # 42, consider the ji-th and jp-th characters of
the products for ji,j2 € {1,2,---,n} with j; # jo. For customer i, let d]l € R be the
preference value for the ji-th character of the products. Suppose that for ¢ > 0 and the
ji-th character of the products, customer i; prefers the value d! + ¢ to the value d]! a

little and prefers the value dfll to the value dfll — e very much. In this case, it is suitable
to use a gauge in order to measure the distance from the preference of customer i; to a
product because of the asymmetricity. Suppose that the ji-th character of the products
is important for customer i; but not for customer is, and that the jo-th character of the
products is important for customer i but not for customer i;. In this case, it is suitable
to use different gauges in order to measure distances from preferences of customers to a
product because important characters of the products are different according to customers.
On the other hand, demand points d;,i € I, which represent preferences of customers for
the products, may be estimators based on some data in general. Such estimated preferences
of customers for the products may be different from true preferences of customers for the
products. Let (P1) and (P2) be multicriteria location problems with estimated and true
preferences of customers as demand points, respectively. In this case, the difference between
(weak) Pareto optimal solutions of (P1) and those of (P3) is very important. Therefore,
the stability in multicriteria location problems (P ) with respect to demand points, that
is, the stability of (weak) Pareto optimal solutions with respect to the parameter d is very
important .

In this paper, a family of parameterized multicriteria location problems (P ;) is consid-
ered, and the stability of Pareto and weak Pareto optimal values/solutions is investigated,
where we consider demand points as the parameter and distance measures depend on the
parameter. First, some auxiliary results are given in order to investigate the stability of
Pareto and weak Pareto optimal values/solutions. Next, the continuity of the weak Pareto
optimal value mapping, the continuity of the Pareto optimal value mapping, the continuity
of the weak Pareto optimal solution mapping, and the continuity of the Pareto optimal
solution mapping are investigated as the stability of Pareto and weak Pareto optimal val-
ues/solutions. Finally, some conclusions are given.

Definition 1. Let d = (dy,ds,--- ,d;) € R™.

(i) A point o € R™ is called a Pareto optimal solution of (P g4) if there is no & € X(d)
such that f(x,d) < f(xo,d) and f(z,d) # f(xo,d), where f(x,d) < f(xo,d) means that
Vg, (® — di) < vgq.(xo — d;),i € I. If @y € R" is a Pareto optimal solution of (Pg), then
f(=xo,d) is called a Pareto optimal value of (P g).

(ii) A point @y € R" is called a weak Pareto optimal solution of (P4) if there is no x €
X(d) such that f(z,d) < f(xo,d), where f(x,d) < f(xo,d) means that y4 (x —d;) <
Vd, (To — d;), i € I. If ®y € R" is a weak Pareto optimal solution of (P 4), then f(wo,d) is
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called a weak Pareto optimal value of (P g).

(iii) A point o € R" is called a strictly Pareto optimal solution of (Pg) if there is no
x € X(d) such that f(z,d) < f(xo,d) and x # x.

(iv) A point &y € R" is called an alternately Pareto optimal solution of (P g) if xo is a
Pareto optimal solution of (P 4) and not a strictly Pareto optimal solution of (P 4).

For details in Pareto optimality, see [1], [3] and [4].

We define a set-valued mapping F : R ~» R? as F(d) = f(X(d),d),d € R™, where
F(X(d),d) = {y e R : y = f(z,d), € X(d)}.

For multicriteria location problems (P ), we define set-valued mappings M : R ~»
RO WM : R ~s RE MS - R ~s R, WMS : R™ ~ R” as

M(d) = {yeF(d):(y—-RL)NF) = {y}},
WM(d) = {ye€F(d):(y—intRY)NF(d) =0},
MSd) = {zxeX(d): f(z,d) e M(d)},
WMS(d) = {xeX(d): flx,d) c WM(d)},

and they are called, respectively, the Pareto optimal value mapping, the weak Pareto optimal
value mapping, the Pareto optimal solution mapping, the weak Pareto optimal solution
mapping, where ]Rﬂ = {y € R’ : y > 0} is the non-negative orthant of R, and int ]Rﬂ
is the interior of RY, that is, int RY = {y € R® : y > 0}. For each parameter d € R",
M(d),WM(d), MS(d) and WMS(d) are, respectively, sets of all Pareto optimal values,
weak Pareto optimal values, Pareto optimal solutions and weak Pareto optimal solutions of
(Pg)-

Definition 2.(See [1].) A set A C R’ is said to be RY -compact if the section (y —R%)N A
is compact for any y € A.

Foraset ACR!, Ay ={y e A:(y—RL)NA={y}} is called the nondominated set
of A. For each d € R™, M(d) is the nondominated set of F(d), that is, M (d) = (F(d))n.

Definition 3.(See [1].) For a set A C R’ the nondominated set of A, Ay, is said to be
externally stable if for each y € A\ Ay, there exists § € Ay such that y € 7+ RY.

Definition 4.(See [4].) For a compact convex set B C R™ containing the origin in its
interior, assume that the gauge v : R™ — R is defined as v(x) = inf{r > 0:x € rB},x €
R™. Then the gauge ~ is said to be strictly convex if

YAz1 + (1 — N)z2) < My(x1) + (1 — A)y(z2)
for any &1, x2 € R™ with @1 # @2, which are not on the same half line emanating from the
origin, and any A with 0 < A < 1.
Definition 5.(See [6].) Let S : R? ~» R? be a set-valued mapping, and let w € RP.

(i) S is said to be upper semicontinuous at w if {ur} C RP, up — w, {vi} C RY, vy — 7,
v € S(uk) (k € N) imply that © € S(@), where N is the set of all natural numbers. S is
said to be upper semicontinuous (on RP) if S is upper semicontinuous at any u € RP.

(ii) S is said to be lower semicontinuous at w if {ux} C RP, uy, — @, v € S(u) imply the
existence of kg € N and {vy} C R such that v, — T and vy, € S(uy) (k > ko, k € N). S'is
said to be lower semicontinuous (on R?) if S is lower semicontinuous at any u € RP.

(iii) S is said to be continuous at w if S is both upper and lower semicontinuous at w. S is
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said to be continuous (on RP) if S is continuous at any u € RP.

Definition 6.(See [6].) Let S : R? ~ R? be a set-valued mapping, and let w € RP. S
is said to be locally bounded at w if there exists a neighborhood U C RP of w such that
S(U) Cc R? is bounded, where S(U) = Uyep S(u). S is said to be locally bounded (on RP)
if S is locally bounded at any u € RP.

2 Auxiliary results In this section, some auxiliary results are given in order to investi-
gate the stability of Pareto and weak Pareto optimal values/solutions.

First, we investigate the continuity of the objective function f : R” x R™ — R’ for
multicriteria location problems (P ).

Theorem 1. For each i € I, we define f; : R" x R" — R as fi(x,d;) = 74 (x — d;),
(z,d;) € R" x R*. If B; : R™ ~» R" 4 € I are continuous and locally bounded, then f; :
R”™ x R™ — R, ¢ € I are continuous.

Proof. Fix any i € [ and ¢ € R" and d; € R". We shall show that f; is continuous at
(®,d;) € R" x R". Let {z)} C R™ be any sequence which converges to T, and {d;r} C R"
be any sequence which converges to d,;.

(i) First, we consider the case & = d;. Then

fi(@. di) = g (T~ d;) =0,
fi(:ck., dlk‘) =d,, (ack — dik), ke N.

Since B; is convex-valued (which means that B;(d;) is convex for any d; € R"™) and

int B;(d;) # 0 and B; is continuous (especially lower semicontinuous), there exists a neigh-
borhood U (d;,0) C R®xR" of (d;,0) € R" x R™ such that U(d;,0) C gph B; from Theorem
5.9 in [6], where gph B; = {(d;, ) € R" x R" : € B;(d;)}. Without loss of generality,
assume that U(d;,0) = V(d;) x W for some neighborhood V(d;) C R" of d; and some
compact convex set W C R™ containing the origin in its interior. In this case, W C B;(d;)
for any d; € V(d;). Since d;, — d;, there exists kg € N such that d;, € V(d;) for any
k > ko. Now, we define a gauge 7o : R* — R as yo(z) = inf{r > 0: 2 € rW} x € R". For
each k > ko, since W C B;(d;1), we have

0 < filxk, dix) =g, (TK — dir) < Y0(zk — dir).

When k — oo, since vo(zr, — dix) — 70(% — d;) = 0, we have fi(xy,dix) — 0 = fi(T,d;).

Therefore, f; is continuous at (z, d;).

(ii) Next, we consider the case T # d;. For each k € N, since

Vd,, (@1 — dir) < 7g,, (@k — dic = (T~ di)) +7g,, (T — di),
Vd,, (T —di) < g, (T —di — (xr — dir)) +7g,, (T — dir)

by triangular inequality for gauges, we have
g, (E—zp+2dip,—di) —dir) < g, (Tr—dir) =g, (T—di) < g (®s—T+d;)—dip).

From the result of (i),

i (1, (25— i) =g, (- A} =0
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Thus, if it can be shown that

(1) Hm g (& —di) =g (Z—d)),
then
A fi(zg,dig) = lm yg (zk —di)

= [Jlim [{de (r — dir) — g, (T — Ei)} +7q,, (@ —di)

= Oty (=@ —d,)
and f; is continuous at (%,d;). In order to show (1), it is sufficient to show that
z-—d;

2 lim —— | =1
Note that _

_ T —d; - _

To= —— " bd Bi(d;) ¢ Bi(dy)

7d, (T —d;

where bd B;(d;) is the boundary of B;(d;). For each k € N, since bd B;(d;;,) N {AZg: A >
0} = {Ty} for some T € R, we have

— . _ =l
xr =
where || - || is Euclidean norm (defined on R™). Thus, in order to show (2), it is sufficient to

show that
lim =, = =g.
k—o0

Since B; is locally bounded and d;;, — d;, {1} is bounded. Thus, {Z}} has a convergent
subsequence. Let {ZTy } be any convergent subsequence of {Zy}, and Z{, be its limit. Since
B; is continuous (especially upper semicontinuous), we have &, € B;(d;). Thus, &, = uxo
for some p with 0 < < 1. Since B; is continuous (especially lower semicontinuous), there
exist k1 € N and {Z} C R"™ such that Z;, — Ty and Ty € B;(d;;), k > k1. Again, since
B is continuous (especially lower semicontinuous), there exist € > 0 and ke € N such that
V={x eR": |x| < e} Cint By(di) for any k > ko by the same argument in (i). If
uw =0, then Tyy € V C int B;(d;) for sufficiently large ¥’ € N, which contradicts that
Ty € bd B;(dir). Thus, > 0. Suppose that u < 1. Since

Ty — Ty, T — Ty=pTy, 0<p<l, {ZTp}C{\To:\>0},
for sufficiently large k¥’ € N, we have Z # Ty and
{ZBy + ATy —T) : A2 1NV £D
and &y € B;(di ),V Cint B;(di) and Ty € int B;(d;xs) from the convexity of B;(dx ),

which contradicts that Ty € bd B;(dirs). Thus, p = 1 and T, = To. Namely, Ty is a
unique accumulation point of {Zj}. Therefore, {Z;} converges to Zy. O
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Throughout this paper, it is assumed that the objective function f : R"® x R™ — R¢
for multicriteria location problems (P 4) is continuous. For example, f : R" x R™ — Rf is
continuous if B; : R™ ~» R" ¢ € I are continuous and locally bounded from Theorem 1.

Next, we investigate the continuity of the set-valued mapping F : R™ ~» R¢.

Lemma 1. Let dy € R™, and assume that X t R™ ~» R™ is lower semicontinuous at dg.
Then F : R™ ~» R? is lower semicontinuous at dp.

Proof. Let {d;} C R™ be any sequence which converges to dy, and fix any g, € F(do).
Then there exists o € X (dy) such that §, = f(Zo,do). Since X is lower semicontinuous
at dy, there exist {Z},} C R"™, which converges to g, and ko € N such that T} € X (dy) for
any k > ko. For each k € N, we put y, = f(ZTr,dy). Then g, € F(d}) for any k > k.
Since f is continuous, we have

Jm g, = lim f(@y.dy) = f(To,do) = Yo

Therefore, F' is lower semicontinuous at dj. O

Lemma 2. Let do = (do1,doz, - -+ ,dos) € R, and assume that B;, : R” ~ R” is locally
bounded at dy;, for some iy € I, and that X :E%”Z ~» R™ is upper semicontinuous at dy.
Then F : R* ~» R’ is upper semicontinuous at dy.

Proof. Let {dy} C R™ be any sequence which converges to dy, and {g,} C R’ be
any sequence which converges to g, € R’ such that g, € F(dy),k € N. Then for each
k € N, there exists Ty, € X (dy) such that ¥, = f(Zk,dy). For each k € N, if we put g, =
(r1sUn2> -+ Upe) € R and di = (dpr, di2, - -+, die) € R™, then g, = V4., (Tr—dy;),i € 1.
Since ¥, — Yy, {Y;} is bounded. Thus, there exists P > 0 such that L

(3) Ogyki:’}/ak‘(fk—aki)gp, keN, iel.

Now, we shall show that {Z) — dy;, } is bounded. Since Bj, is locally bounded at do;,, there
exists a neighborhood U of do;, such that B;,(U) = Ug. ., Bi,(di,) is bounded. Since
.

dyi, — doi,, there exists kg € N such that dy;, € U for any k > ko. Thus, for sufficiently
large ug € R,

U Bio(driy) € | Bioldiy) C Up={z € R™ : ]| < uo}.
k>ko d;,cu

For Uy, which is a compact convex set containing the origin in its interior, we define the
gauge vy, : R — R as vy, (x) = inf{r > 0:x € rUp},x € R". Since By, (dyi,) C Up, k >
ko, we have

0 < v (®r — diy) < d,., (®k —driy) <P, k2> ko

from (3). Thus, {Ty — d;, } is bounded. Since di;, — doiy, {dki,} is bounded. Thus,
{Zy} is also bounded. Thus, there exists a subsequence {Zy} C {Fx} which converges
to Ty € R™. Since X is upper semicontinuous at dy, we have Ty € X(dy). Since f is
continuous, we have

Yo = lim g = lim f@y,dp) = f(@o,do) € F(X(do), do) = F(d).

From Lemma 1 and 2, the following lemma is obtained.
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Lemma 3. Let do = (do1,do2, -+ ,dor) € R™, and assume that B;, : R ~» R™ is locally
bounded at do;, for some i € I, and that X : R* ~» R" is continuous at dy. Then
F : R ~ R? is continuous at d.

For example, if we define X : R™ ~» R" as X(d) = A,d € R™ for a closed set A C R",
then X : R ~» R” is continuous.

Example 1. We define X : R* ~s R" as
X(d)=co {dy,dy, - ,d;}, d=(dy,dy, - ,d;) € R™

where co {d1,dsa,- - ,d} is the convex hull of {d;,d2, - ,d;}. Then it can be seen that
X : R™ ~ R™ is continuous.
Example 2.(See Example 5.10 in [6].) Assume that g; : R* xR" - R, j =1,2,--- ,m are

continuous, and that g;(z, d) is convex in € R™ for each j € {1,2,---,m} and d € R™.
We define X : R™ ~+ R™ as

X(d)={xcR": gj(x,d) <0,j=1,2,--- ,m}, deR"™

Then for d € R™, if there exists & € R™ such that g;(z, d) <0,j=1,2,--- ,m, then
X : R™ ~ R™ is continuous not only at d but at every d in some neighborhood of d.

Now, we refer to the following theorem.

Theorem 2.(Theorem 2.21 in [1].) Let A C R’ be a nonempty Rﬂ—compact set. Then the
nondominated set of A, Ay, is externally stable.

Lemma 4. Let dy € R, and assume that X (do) is closed. Then F(dy) is RY -compact.

Proof. First, we shall show that F(dy) is closed. Let {g,} C F(dp) be any convergent
sequence, and g, € R’ be its limit. For each k € N, there exists Z, € X(dp) such that
Y, = f(@r,do). For each k € N, if we put g, = (U1, oo+ - Upe) € R and dy =
(do1,do2,- - ,dor) € R™, then 7,, = g (T, — doi),s € I. Since ¥, — Yy, {Ui} is

01

bounded. Thus, there exists P > 0 such that
0<TGp =75 @x—dy) <P, keN iel
0%

Thus, {Zx} is bounded, and there exists a subsequence {Zx/} C {®}} which converges to
To € R™. Since X (dp) is closed, Ty € X (dp). Since f is continuous, we have

Yo = Jim yp = lim f(@y,do) = f(Fo,do) € f(X(do),do) = F(dp).

Therefore, F(dy) is closed.

Next, we shall show that any section of F'(dp) is compact. Fix any y € F(dp). Since
F(dy) is closed, (y — RS ) N F(do) is also closed. On the other hand, since, F(dy) C R, we
have (y —R%)NF(dy) C (y—RL)NRY. Since (y —R%)NRY is bounded, (y—R4)NF(dy)
is also bounded. Therefore, the section (y —R%) N F(dp) is compact. O

From Theorem 2 and Lemma 4, the following theorem is obtained.

Theorem 3. Let dy € R™, and assume that X (dp) is closed. Then M(dp) is externally
stable.

The following theorem gives sufficient conditions for that the set of all weak Pareto
optimal solutions coincides with the set of all Pareto optimal solutions and that there does
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not exist any alternately Pareto optimal solution.

Theorem 4. Let dy = (do1,do2, - ,dor) € R™, and assume that X (do) is convex, and
that all gauges vz i € I are strictly convex. Then WMS (dp) = MS(dyp), and there does
.

not exist any alterﬁately Pareto optimal solution of (PE ).
0

Proof. Let SMS(dp) be the set of all strictly Pareto optimal solutions of (PE ). From
0

Definition 1, SMS(dy) ¢ MS(dy) C WMS(dp). Thus, in order to show that WMS(do)
= MS(dp) and there does not exist any alternately Pareto optimal solution of (PE ), it is
0

sufficient to show that WMS(dy) C SMS(dp). Fix any o € WM S(dy) and x; E;X(Eo)
with &1 # xg. We put s = % Then there exists ¢ € I such that 74 (xo — doi) <
0%

A’Em (o — 301‘)- If o — dy; and x5 — dy; are on the same line passing through the origin,
then Vd., (xo — doi) < Vd., (xo — do;i) < Vd., (x1 — do;). If they are not on the same line
passing through the origin, then Vd,, (o — dy) < Vd,, (1 — dp;) from the strict convexity
of a function ¢ — v5 ((1 —t)xo + tey — do;) defined on {t e R:0 <t <1}. Therefore,

01

X € SMS(E()) o

3 Main results In this section, by using the results given in the previous section, the
continuity of the weak Pareto optimal value mapping, the continuity of the Pareto optimal
value mapping, the continuity of the weak Pareto optimal solution mapping, and the con-
tinuity of the Pareto optimal solution mapping are investigated as the stability of Pareto
and weak Pareto optimal values/solutions.

First, we investigate the continuity of the weak Pareto optimal value mapping WM :
R™ ~s RE.

Theorem 5. Let_ao = (do1,do2, - ,doe) € R™, and assume that B;, : R™ ~» R" is
locally bounded at dy;, for some i € I, and that X : R™ ~» R™ is continuous at d. ’Ehen
the weak Pareto optimal value mapping WM : R™ ~s R? is upper semicontinuous at d.

Proof. Let {d.} C R™ be any sequence which converges to dy, and {g, } be any sequence
which converges to g, € R’ such that y, € WM(d),k € N. From Lemma 3, F is
continuous (especially upper semicontinuous) at dy. Thus, g, € F(dy). Suppose that
Yo ¢ WM (dp). Then there exists § € F(dp) such that § < y,. Since F is continuous
(especially lower semicontinuous) at dp, there exist {g,} C R, which converges to ¥, and
ko € N such that 3, € F(d},) for any k > k. Then for any sufficiently large k € N, 3, < Ty,
which contradicts that g, € WM (dy). O

The following theorem gives sufficient conditions for the weak Pareto optimal value
mapping WM : R™ ~ R to be continuous.

Theorem 6. Let dy = (do1,do2, - ,dor) € R™, and assume that B;, : R™ ~» R™ is locally
bounded at Emo for some ig € I, and that X : R* ~» R" is continuous at dp. Furthermore,
assume that there exists a neighborhood U(dy) of dy such that X(d) is closed for any
d € U(dy). Then if WM(dy) = M(dyp), then the weak Pareto optimal value mapping
WM : R™ ~ RY is continuous at dp.

Proof. From Theorem 5, it is sufficient to show that WA is lower semicontinuous at d.
Let {d;} C R™ be any sequence which converges to dy, and fix any g, € WM (dy) C F(dp).
Since F is continuous (especially lower semicontinuous) at dy from Lemma 3, there exist
{9} € RY which converges to ¥, and ky € N such that g, € F(dy) for any k& > k.
If y, € WM(d},) for any sufficiently large k¥ € N, then WM is lower semicontinuous at
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dy. Thus, without loss of generality, assume that g, ¢ WM (dy,) for any k > ko. From
Theorem 3, M(dy) is externally stable for any sufficiently large & € N. Thus, there exists
{y,} C R such that y, € WM(dy) and gy, < ¥, for any sufficiently large k£ € N. In
order to show that WM is lower semicontinuous at dy, it is sufficient to show that {g,}
converges to Y. Since Y, — Yy, {Yy} is bounded. Thus, there exists y, € R} such that
Y € (yo — Rﬂ) N Rﬁ_ for any k > kg. For any sufficiently large k € N, since y, < 7, and
Y, € WM(dy) C F(dy), we have g, € (yo—R%)NRY. Thus, {g,} is bounded, and {g,,} has
a convergent subsequence. Let {g,,} be any convergent subsequence of {¥,}, and 7, € R’
be its limit. Then gy, < ¥,. Since F is continuous (especially upper semicontinuous) at do
from Lemma 3, we have g, € F(dy). Thus, gy, = §,- Namely, 7, is a unique accumulation

point of {y, }. Therefore, {y,} converges to . O
For example, the condition "W M (dy) = M(dy)” in Theorem 6 holds if X (do) is convex and
all v5 ,4 € I are strictly convex from Theorem 4, where dy = (do1, do2, - - - , doe) € R™.

01

Next, we investigate the continuity of the Pareto optimal value mapping M : R™ ~» RY.

Theorem 7. Let dy = (do1,do2, -+ ,dos) € R™, and assume that B;, : R™ ~» R™ is locally
bounded at Emo for some ig € I, and that X : R™ ~» R™ is continuous at dy. Furthermore,
assume that there exists a neighborhood U(dy) of dy such that X(d) is closed for any
d € U(dp). Then the Pareto optimal value mapping M : R™ ~» R’ is lower semicontinuous
at do.

Proof Let {d;} C R™ be any sequence which converges to do, and fix any g, € M(dy) C
F(dp). Since F is continuous (especially lower semicontinuous) at dy from Lemma 3, there
exist {g, } C R¥, which converges to ¥,, and ko € N such that 3, € F(dy,) for any k > k.
If 5, € M(dy) for any sufficiently large k € N, M is lower semicontinuous at dy. Thus,
without loss of generality, assume that 7, ¢ M (d},) for any k > ko. From Theorem 3, M (d},)
is externally stable for any sufficiently large k € N. Thus, there exists {g,} C R such that
¥, € M(dy) and g, <y, for any sufficiently large k € N. In order to show that M is lower
semicontinuous at dp, it is sufficient to show that {@,} converges to ¥,. Since T, — Yo,
{y,} is bounded. Thus, there exists y, € R such that g, € (yo—R,)NRY for any k > ko.
Thus, for any sufficiently large k € N, since 3, < 7, and Y, € M(dx) C F(dy), we have
Ui, € (yp —RY)NRY. Thus, {g,} is bounded, and {g,} has a convergent subsequence.
Let {9, } be any convergent subsequence of {@,}, and g, € R’ be its limit. Then gy, < Y.
Since F is continuous (especially upper semicontinuous) at do from Lemma 3, we have
Yo € F(do). Thus, Y, = Y. Namely, 7, is a unique accumulation point of {g,, }. Therefore,
{Y,.} converges to Y. O

Theorem 8. Let dy = (doi,do2, - ,doe) € R™, and assume that B;, : R” ~ R" is
locally bounded at Em‘o for some ig € I, and that X : R™ ~» R™ is continuous at d.
Furthermore, assume that there exists a neighborhood U (dy) of dy such that X (d) is closed
for any d € U(dy). Then if WM (dy) = M(dyp), then the Pareto optimal value mapping
M : R™ ~» R? is continuous at dp.

Proof. From Theorem 7, it is sufficient to show that M is upper semicontinuous at d.
Let {dy} C R™ be any sequence which converges to dy, and {¥,} be any sequence which
converges to Y, € R’ such that g, € M(dy),k € N. Since F is continuous (especially upper
semicontinuous) at do from Lemma 3, we have 3, € F(dy). Suppose that y, ¢ M(dy) =
WM (dp). Then there exists § € F(dy) such that y < ¥,. Since F is continuous (especially
lower semicontinuous) at dp, there exist {7, } C R’, which converges to g, and ky € N such
that g, € F(dy) for any k > ko. Then for any sufficiently large k € N, g, < ¥, which
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contradicts that g, € M (dy). O

Next, we investigate the continuity of the weak Pareto optimal solution mapping WM S :
R™ ~» R™ and the Pareto optimal solution mapping M S : R ~» R™.

Theorem 9. Let dy = (do1,do2, - - - ,dos) € R™, and assume that B;, : R" ~ R" is locally
bounded at dom for some ig € I, and that X : R"Z ~ R"™ is contmuous at dy. Then the
weak Pareto optimal solution mapping WMS : R™ ~+ R™ is upper semicontinuous at d.

Proof. Let {d;} C R™ be any sequence which converges to dy, and {Z}} be any sequence
which converges to Ty € R” such that T, € WMS(dy),k € N. Then for each k € N, we
put Y, = f(Tx,dr) € WM(dy). Since X is continuous (especially upper semicontinuous)
at dy, we have ®y € X (dp). Since f is continuous and WM is upper semicontinuous at doy
from Theorem 5, we have G, = f(To,do) € WM (dy). Therefore, @y € WMS(dy). O

Theorem 10. Let dy = (do1,do2, - ,doe) € R™, and assume that B;, : R" ~ R"
is locally bounded at Eol‘g for some iy € I, and that X : R* ~» R” is continuous at
dy. Furthermore, assume that there exists a neighborhood U(dy) of dy such that X (d)
is closed for any d € U(dp). Then if WM(dy) = M(dp) and there does not exist any
alternately Pareto optimal solution of (Pag)7 then the weak Pareto optimal solution mapping

WMS : R™ ~» R™ is continuous at dy.

Proof. From Theorem 9, it is sufficient to show that WM S is lower semicontinuous at
dy. Let {dk} c R™ be any sequence which converges to dy, and fix any Top € WMS(dO)
We put y, = f(:co,do) Then Y, € WM (dyp). Since WM is continuous (especially lower
semicontinuous) at dy from Theorem 6, there exist {7, } C R*, which converges to ¥, and
ko € N such that g, € WM (d},) for any k > ko. Let {Z.} C R™ be any sequence such
that g, = f(Tk,dy) and T € WMS(dy) for each k > ko. In order to show that WMS
is lower semicontinuous at dy, it is sufficient to show that {Zr} converges to Ty. By the
same argument in the proof of Lemma 2, {Z)} is bounded. Thus, {Ek} has a convergent
subsequence. Let {Zy } be any convergent subsequence of {Zy}, and T, € R be its limit.
Since X is continuous (especially upper semicontinuous) at dy, we have T, € X (dp). Since
f is continuous, we have

f(fo,a()) = yO = k’h—{noogk/ = k’11—1>noo f(jk’vak”) = f(ié)aao)

Since there does not exist any alternately Pareto optimal solution of (PE ) from the assump-
0 — —
tion, Ty is a strictly Pareto optimal solution of (PE ). Thus, since f(Z;,do) = f(To,do),
0
we have T(, = Tyg. Namely, T( is a unique accumulation point of {Zy}. Therefore, {Ty}

converges to Tp. O

For example, the condition ”there does not exist any alternately Pareto optimal solution of
(PE )” in Theorem 10 holds if X (dy) is convex and all Yg. i €1 are strictly convex from
0 01

Theorem 4, where 30 = (801,302, s ,304) S R™.

Theorem 11. Let dy = (do1,do2, - ,doe) € R™, and assume that B;, : R® ~» R” is
locally bounded at do;, for some ig € I, and that X : R™ ~s R" is continuous at do.
Furthermore, assume that there exists a neighborhood U(dy) of dy such that X (d) is closed
for any d € U(dp). Then if WM (dy) = (do) then the Pareto optimal solution mapping
MS : R™ ~ R™ is upper semicontinuous at dy.

Proof. Let {d} C R™ be any sequence which converges to dy, and {Z}} be any sequence
which converges to Ty € R™ such that T € MS(di),k € N. Then for each k € N, we
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put ¥, = f(Tk,dr) € M(dy). Since X is continuous (especially upper semicontinuous)
at dy, we have Ty € X(do). Since f is continuous and M is continuous (especially up-
per semicontinuous) at dy from Theorem 8, we have Y, = f(To,do) € M(dy). Therefore,
o € MS(EO) O

Theorem 12. Let dy = (do1,do2, - ,doe) € R™, and assume that B;, : R® ~» R” is
locally bounded at Em‘o for some i € I, and that X : R* ~» R™ is continuous at dy. Fur-
thermore, assume that there exists a neighborhood U(dy) of dy such that X (d) is closed for
any d € U(dp). Then if WM (dy) = M(dy) and there does not exist any alternately Pareto
optimal solution of (PEO)’ then the Pareto optimal solution mapping M S : R™ ~» R is

continuous at dj.

Proof. From Theorem 11, it is sufficient to show that M S is lower semicontinuous at do.
Let {d)} C R™ be any sequence which converges to dy, and fix any o € M S(dp). We put
Yo = f(To,do). Then g, € M(dy). Since M is lower semicontinuous at dy from Theorem
7, there exist {7, } C R, which converges to ¥, and kg € N such that g, € M(dy) for any
k > ko. Let {Z;} C R" be any sequence such that ¥, = f (%, dx.) and T), € M.S(dy) for any
k > ko. In order to show that M S is lower semicontinuous at dp, it is sufficient to show that
{Zr} converges to Ty. By the same argument in the proof of Lemma 2, {Z;} is bounded.
Thus, {Z;} has a convergent subsequence. Let {&j } be any convergent subsequence of
{Zi}, and T, € R™ be its limit. Since X is continuous (especially upper semicontinuous)
at do, we have T, € X (dp). Since f is continuous, we have

f(fo,ao) =Yy = k,h_{noogk’ = k,h_r?loof(ik’vak”) = f(f(/),ao)

Since there does not exist any alternately Pareto optimal solution of (PE ) from the assump-
0 p— p—
tion, Ty is a strictly Pareto optimal solution of (PE ). Thus, since f(T,,do) = f(To,do),
0

we have T[, = Tp. Namely, Z( is a unique accumulation point of {Z;}. Therefore, {Z)}
converges to Tg. 0

4 Conclusions In this paper, we dealt with a family of parameterized multicriteria lo-
cation problems, and investigated the stability of Pareto and weak Pareto optimal val-
ues/solutions, where we considered demand points as the parameter and distance measures
depended on the parameter. First, we gave sufficient conditions for the objective function
of the multicriteria location problems to be continuous as Theorem 1, and gave sufficient
conditions for that the set of all weak Pareto optimal solutions coincides with the set of
all Pareto optimal solutions and that there does not exist any alternately Pareto optimal
solution as Theorem 4. Next, we investigated the continuity of the weak Pareto optimal
value mapping as Theorem 5 and 6, the continuity of the Pareto optimal value mapping as
Theorem 7 and 8, the continuity of the weak Pareto optimal solution mapping as Theorem
9 and 10, and the continuity of the Pareto optimal solution mapping as Theorem 11 and
12.
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