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Abstract. In this work, we introduce and study the pairwise almost regular-Lindelöf
bitopological spaces, their subspaces and subsets, and investigate some of their char-
acterizations. We also show that a pairwise almost regular-Lindelöf property is not a
hereditary property.

1. Introduction

The study of bitopological spaces was first initiated by J. C. Kelly [7] in 1963 and there-
after a large number of papers have been done to generalize the topological concepts to
bitopological setting. In literature there are several generalizations of the notion of Lindelöf
spaces and these are studied separately for different reasons and purposes. In 1984, Willard
and Dissanayake [18] introduced the notion of almost k-Lindelöf spaces, that for k = ℵ0

we call almost Lindelöf, and in 1996 Cammaroto and Santoro [2] studied and gave further
new results about these spaces followed by Kılıçman and Fawakhreh [9]. In the same paper
Cammaroto and Santoro introduced the notion of almost regular-Lindelöf spaces and gave
some of their characterizations. In 2001, Fawakhreh and Kılıçman [5], and Kılıçman and
Fawakhreh [10] studied and gave further new results about these spaces and their subspaces.

Recently the authors in [13] introduced and studied the notion of pairwise almost Lindelöf
spaces in bitopological spaces and extended some results due to Cammaroto and Santoro
[2], Kılıçman and Fawakhreh [9] and Fawakhreh [4]. The purpose of this paper is to define
and extend the notion of almost regular-Lindelöf property in bitopological spaces, which we
will call pairwise almost regular-Lindelöf spaces and investigate some of their characteriza-
tions. Further we also study the pairwise almost regular-Lindelöf subspaces and subsets and
investigate some of their characterizations.

In section 3, we shall introduce the concept of pairwise almost regular-Lindelöf bitopological
spaces by using pairwise regular cover. This study begin by investigating the (i, j)-almost
regular-Lindelöf property and some results obtained. Furthermore, we study the relation be-
tween (i, j)-nearly Lindelöf, (i, j)-almost Lindelöf and (i, j)-almost regular-Lindelöf spaces,
where i, j = 1 or 2, i �= j.

In section 4, we shall define the concept of pairwise almost regular-Lindelöf subspaces and
subsets. We shall define the concept of pairwise almost regular-Lindelöf relative to a bitopo-
logical space by investigating the (i, j)-almost regular-Lindelöf property and obtain some
results. Some counterexamples are provided in order to show that the pairwise almost
regular-Lindelöf property is not a hereditary property.

2. Preliminaries

Throughout this paper, all spaces (X, τ) and (X, τ1, τ2) (or simply X) are always meant
topological spaces and bitopological spaces, respectively unless explicitly stated. We always
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use (i, j)- to denote the certain property for τi has this property with respect to topology
τj , where i, j ∈ {1, 2} and i �= j. By i-int (A) and i-cl (A), we shall mean the interior and
the closure of a subset A of X with respect to topology τi, respectively. If S ⊆ A ⊆ X , then
i-intA (S) and i-clA (S) will be used to denote the interior and closure of S with respect to
topology τi in the subspace A, respectively. By i-open cover of X , we mean that the cover
of X by i-open sets in X ; similar for the (i, j)-regular open cover of X etc. In this paper
always i, j ∈ {1, 2} and i �= j.

Definition 2.1. [8, 14] A subset S of a bitopological space (X, τ1, τ2) is said to be (i, j)-
regular open (resp. (i, j)-regular closed) if i-int (j-cl (S)) = S (resp. i-cl (j-int (S)) = S). S
is called pairwise regular open (resp. pairwise regular closed) if it is both (1, 2)-regular open
and (2, 1)-regular open (resp. (1, 2)-regular closed and (2, 1)-regular closed).

We note that, the complement of an (i, j)-regular open (resp. pairwise regular open) set
is (i, j)-regular closed (resp. pairwise regular closed) and vice versa. It is always true that
i-int (j-cl (S)) is an (i, j)-regular open set since i-int (j-cl (i-int (j-cl (S)))) = i-int (j-cl (S)) .

Definition 2.2. Let (X, τ1, τ2) be a bitopological space. A subset F of X is said to be
(i) i-open if F is open with respect to τi in X, F is called open in X if it is both 1-open and
2-open in X, or equivalently, F ∈ (τ1 ∩ τ2) in X ;
(ii) i-closed if F is closed with respect τi in X, F is called closed in X if it is both 1-closed
and 2-closed in X, or equivalently, X \ F ∈ (τ1 ∩ τ2) in X ;
(iii) i-clopen if F is both i-closed and i-open set in X, F is called clopen in X if it is both
1-clopen and 2-clopen in X ;
(iv) (i, j)-clopen if F is i-closed and j-open set in X, F is called clopen if it is both (1, 2)-
clopen and (2, 1)-clopen in X.

Definition 2.3. [6, 11] A bitopological space (X, τ1, τ2) is said to be i-Lindelöf if the topo-
logical space (X, τi) is Lindelöf. X is called Lindelöf (or p-Lindelöf in [11]) if it is i-Lindelöf
for each i = 1, 2. Equivalently, (X, τ1, τ2) is Lindelöf if every i-open cover of X has a
countable subcover for each i = 1, 2.

Definition 2.4. [7, 8] A bitopological space (X, τ1, τ2) is said to be (i, j)-regular if for each
point x ∈ X and for each i-open set V of X containing x, there exists an i-open set U such
that x ∈ U ⊆ j-cl (U) ⊆ V. X is said to be pairwise regular if it is both (1, 2)-regular and
(2, 1)-regular.

Definition 2.5. [8, 14] A bitopological space X is said to be (i, j)-almost regular if for each
x ∈ X and for each (i, j)-regular open set V of X containing x, there is an (i, j)-regular
open set U such that x ∈ U ⊆ j-cl (U) ⊆ V. X is said to be pairwise almost regular if it is
both (1, 2)-almost regular and (2, 1)-almost regular.

Definition 2.6. [8, 14] A bitopological space X is said to be (i, j)-semiregular if for each
x ∈ X and for each i-open set V of X containing x, there is an i-open set U such that
x ∈ U ⊆ i-int (j-cl (U)) ⊆ V. X is called pairwise semiregular if it is both (1, 2)-semiregular
and (2, 1)-semiregular.

In other words, we can say that a space (X, τ1, τ2) is (i, j)-semiregular if and only if
the topology τi is generated by the (i, j)-regular open subsets of (X, τ1, τ2) where i, j ∈
{1, 2} , i �= j.

Now we give a relation between (i, j)-regularity with (i, j)-almost regularity and (i, j)-
semiregularity.

Theorem 2.1. A space X is (i, j)-regular if and only if it is (i, j)-almost regular and (i, j)-
semiregular.

Proof. Let X be an (i, j)-almost regular and (i, j)-semiregular space. Let x ∈ X and let M
be any i-open set in X containing x. Since X is (i, j)-semiregular, there exists an i-open
set U such that x ∈ U ⊆ i-int (j-cl (U)) ⊆ M. Again, since i-int (j-cl (U)) is an (i, j)-regular



PAIRWISE ALMOST REGULAR-LINDELÖF 483

open neighbourhood of x and X is (i, j)-almost regular, there is an (i, j)-regular open set
V such that x ∈ V ⊆ j-cl (V) ⊆ i-int (j-cl (U)). Hence x ∈ V ⊆ j-cl (V) ⊆ M. Thus X
is (i, j)-regular since an (i, j)-regular open set V is also i-open set in X . Conversely, let
X be an (i, j)-regular space. It is obvious by the definitions that X is (i, j)-semiregular.
Let x ∈ X and let N be any (i, j)-regular open set in X containing x. Since X is (i, j)-
regular, there exists an i-open set U such that x ∈ U ⊆ j-cl (U) ⊆ N. Thus x ∈ U ⊆ i-
int (j-cl (U)) ⊆ j-cl (U) ⊆ N. So there exists an (i, j)-regular open set i-int (j-cl (U)) such
that x ∈ i-int (j-cl (U)) ⊆ j-cl (i-int (j-cl (U))) ⊆ N. Therefore X is (i, j)-almost regular and
completes the proof.

Corollary 2.1. A space X is pairwise regular if and only if it is pairwise almost regular
and pairwise semiregular.

Definition 2.7. [12, 13] A bitopological space X is said to be (i, j)-nearly Lindelöf (resp.
(i, j)-almost Lindelöf) if for every i-open cover {Uα : α ∈ ∆} of X, there exists a countable
subset {αn : n ∈ N} of ∆ such that X =

⋃
n∈N

i-int (j-cl (Uαn)) (resp. X =
⋃

n∈N

j-cl (Uαn)).

X is called pairwise nearly Lindelöf (resp. pairwise almost Lindelöf) if it is both (1, 2)-
nearly Lindelöf (resp. (1, 2)-almost Lindelöf) and (2, 1)-nearly Lindelöf (resp. (2, 1)-almost
Lindelöf).

Theorem 2.2. A bitopological space X is (i, j)-nearly Lindelöf if and only if every (i, j)-
regular open cover of X has a countable subcover.

Proof. Let X be an (i, j)-nearly Lindelöf space and let {Uα : α ∈ ∆} be an (i, j)-regular open
cover of X . Then X =

⋃
α∈∆

Uα =
⋃

α∈∆

i-int (j-cl (Uα)). Hence {Uα : α ∈ ∆} is also an i-open

cover of X since i-int (j-cl (Uα)) is also i-open set. So there is a countable subset {αn : n ∈ N}
of ∆ such that X =

⋃
n∈N

i-int (j-cl (Uαn)) =
⋃

n∈N

Uαn . Thus {Uα : α ∈ ∆} has a countable

subfamily which cover X . Conversely, let {Uα : α ∈ ∆} be an i-open cover of X . Since Uα ⊆
i-int (j-cl (Uα)), then X =

⋃
α∈∆

Uα ⊆ ⋃
α∈∆

i-int (j-cl (Uα)). Hence {i-int (j-cl (Uα)) : α ∈ ∆}
is an (i, j)-regular open cover of X . So there exists a countable subset {αn : n ∈ N} of ∆
such that X =

⋃
n∈N

i-int (j-cl (Uαn)). Thus X is (i, j)-nearly Lindelöf.

Corollary 2.2. A bitopological space X is pairwise nearly Lindelöf if and only if every
(i, j)-regular open cover of X has a countable subcover for each i, j ∈ {1, 2} , i �= j.

Definition 2.8. [13] A subset S of a bitopological space X is said to be (i, j)-almost Lindelöf
relative to X if for every cover {Uα : α ∈ ∆} of S by i-open subsets of X such that S ⊆⋃
α∈∆

Uα, there exists a countable subset {αn : n ∈ N} of ∆ such that S ⊆ ⋃
n∈N

j-cl (Uαn). S

is called pairwise almost Lindelöf relative to X if it is both (1, 2)-almost Lindelöf relative to
X and (2, 1)-almost Lindelöf relative to X.

Locally finite is the well known concept in topology. When we extend this concept to a
bitopological space (X, τ1, τ2), the term i-locally finite apear as in the following definition.

Definition 2.9. A family U = {Uα : α ∈ ∆} of subsets of a space (X, τ1, τ2) is i-locally
finite if for every point x ∈ X, there exists an i-neighbourhood Ux of x such that the set
{α ∈ ∆ : Ux ∩ Uα �= ∅} is finite, i.e., each x ∈ X has an i-neighbourhood Ux meeting only
finitely many Uα ∈ U .

In 1969, Singal and Arya [15] introduced the notion of nearly paracompact spaces in
topological spaces. We extend this notion to bitopological spaces as follows.

Definition 2.10. A bitopological space X is said to be (i, j)-nearly paracompact if every
cover of X by (i, j)-regular open sets admits an i-open refinement which is i-locally finite.
X is called pairwise nearly paracompact if it is both (1, 2)-nearly paracompact and (2, 1)-
nearly paracompact.
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3. Pairwise Almost Regular-Lindelöf Spaces

In 1981, Cammaroto and Faro [1] introduced the notion of regular cover in topological
spaces. We extend this concept to bitopological spaces as in the following definition.

Definition 3.1. An i-open cover {Uα : α ∈ ∆} of a bitopological space X is said to be (i, j)-
regular cover if for every α ∈ ∆, there exists a (j, i)-regular closed subset Cα of X such that
Cα ⊆ Uα and X =

⋃
α∈∆

i-int (Cα). {Uα : α ∈ ∆} is called pairwise regular cover if it is both

(1, 2)-regular cover and (2, 1)-regular cover.

In the following definition we extend the notion of almost regular-Lindelöf spaces due to
Cammaroto and Santoro [2] to the bitopological spaces.

Definition 3.2. A bitopological space X is said to be (i, j)-almost regular-Lindelöf if for
every (i, j)-regular cover {Uα : α ∈ ∆} of X, there exists a countable subset {αn : n ∈ N} of
∆ such that X =

⋃
n∈N

j-cl (Uαn). X is called pairwise almost regular-Lindelöf if it is both

(1, 2)-almost regular-Lindelöf and (2, 1)-almost regular-Lindelöf.

Now we give some characterizations of (i, j)-almost regular-Lindelöf spaces.

Theorem 3.1. Let X be a bitopological space. The following conditions are equivalent:
(i) X is (i, j)-almost regular-Lindelöf;
(ii) for every family {Cα : α ∈ ∆} of i-closed subsets of X such that for each α ∈ ∆ there
exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and

⋂
α∈∆

i-cl (Aα) = ∅, there exists

a countable subfamily {Cαn : n ∈ N} such that
⋂

n∈N

j-int (Cαn) = ∅;
(iii) for every family {Cα : α ∈ ∆} of i-closed subsets of X for which every countable sub-
family {Cαn : n ∈ N} satisfies

⋂
n∈N

j-int (Cαn) �= ∅, the intersection
⋂

α∈∆

i-cl (Aα) �= ∅ for

each (j, i)-regular open subset Aα of X with Aα ⊇ Cα.

Proof. (i) ⇔ (ii): Let {Cα : α ∈ ∆} be a family of i-closed subsets of X such that for each
α ∈ ∆ there exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and

⋂
α∈∆

i-cl (Aα) =

∅. It follows that X = X \
( ⋂

α∈∆

i-cl (Aα)
)

=
⋃

α∈∆

i-int (X \ Aα). Since Cα ⊆ Aα = j-

int (i-cl (Aα)) ⊆ i-cl (Aα), then X\i-cl (Aα) ⊆ X\Aα ⊆ X\Cα, i.e., i-int (X \ Aα) ⊆ X\Aα ⊆
X \Cα. Therefore X =

⋃
α∈∆

i-int (X \ Aα) ⊆ ⋃
α∈∆

(X \ Cα). So, the family {X \ Cα : α ∈ ∆}
is an (i, j)-regular cover of X because for each α ∈ ∆, the (j, i)-regular closed subset
X \ Aα of X satisfies the conditions X \ Aα ⊆ X \ Cα and X =

⋃
α∈∆

i-int (X \ Aα). By (i),

there exists a countable subfamily {X \ Cαn : n ∈ N} such that X =
⋃

n∈N

j-cl (X \ Cαn) =

X \
( ⋂

n∈N

j-int (Cαn)
)

. Therefore
⋂

n∈N

j-int (Cαn) = ∅. Conversely, let {Uα : α ∈ ∆} be an

(i, j)-regular cover of X . By Definition 3.1, for each α ∈ ∆, Uα is i-open set in X and there
exists a (j, i)-regular closed subset Cα of X such that Cα ⊆ Uα and X =

⋃
α∈∆

i-int (Cα). The

family {X \ Uα : α ∈ ∆} of i-closed subsets of X satisfies the conditions, for each α ∈ ∆
there exists a (j, i)-regular open subset X \ Cα of X such that X \ Cα ⊇ X \ Uα and⋂
α∈∆

i-cl (X \ Cα) =
⋂

α∈∆

(X \ i-int (Cα)) = X \
( ⋃

α∈∆

i-int (Cα)
)

= X \ X = ∅. By (ii),

there exists a countable subset {αn : n ∈ N} of ∆ such that
⋂

n∈N

j-int (X \ Uαn) = ∅, i.e.,

X \
( ⋃

n∈N

j-cl (Uαn)
)

= ∅ and therefore X =
⋃

n∈N

j-cl (Uαn).

(ii) ⇔ (iii): Straightforward.
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Corollary 3.1. Let X be a bitopological space. The following conditions are equivalent:
(i) X is pairwise almost regular-Lindelöf;
(ii) for every family {Cα : α ∈ ∆} of i-closed subsets of X such that for each α ∈ ∆ there
exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and

⋂
α∈∆

i-cl (Aα) = ∅, there exists a

countable subfamily {Cαn : n ∈ N} such that
⋂

n∈N

j-int (Cαn) = ∅ for each i, j ∈ {1, 2} , i �= j;

(iii) for every family {Cα : α ∈ ∆} of i-closed subsets of X for which every countable sub-
family {Cαn : n ∈ N} satisfies

⋂
n∈N

j-int (Cαn) �= ∅, the intersection
⋂

α∈∆

i-cl (Aα) �= ∅ for

each( j, i)-regular open subset Aα of X with Aα ⊇ Cα for each i, j ∈ {1, 2} , i �= j.

Suppose that {Uα : α ∈ ∆} is an (i, j)-regular cover (resp. pairwise regular cover) of a
bitopological space X . If for every α ∈ ∆, Uα is an (i, j)-regular open (resp. pairwise regular
open) subset of X , then {Uα : α ∈ ∆} is called (i, j)-regular cover (resp. pairwise regular
cover) of X by (i, j)-regular open (resp. pairwise regular open) subsets of X .

Theorem 3.2. Let (X, τ1, τ2) be a bitopological space. For the following conditions
(i) X is (i, j)-almost regular-Lindelöf;
(ii) for every (i, j)-regular cover {Uα : α ∈ ∆} of X by (i, j)-regular open subsets of X, there
exists a countable subset {αn : n ∈ N} of ∆ such that X =

⋃
n∈N

j-cl (Uαn) ;

(iii) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X such that for each
α ∈ ∆ there exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and

⋂
α∈∆

i-cl (Aα) = ∅,
there exists a countable subfamily {Cαn : n ∈ N} such that

⋂
n∈N

j-int (Cαn) = ∅;
(iv) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X for which every count-
able subfamily {Cαn : n ∈ N} satisfies

⋂
n∈N

j-int (Cαn) �= ∅, the intersection
⋂

α∈∆

i-cl (Aα) �= ∅
for each (j, i)-regular open subset Aα of X with Aα ⊇ Cα;
we have that (i) ⇒ (ii) ⇔ (iii) ⇔ (iv) and if X is (i, j)-semiregular, then (ii) ⇒ (i).

Proof. (i) ⇒ (ii): It is obvious by the Definition 3.1 and Definition 3.2 since every (i, j)-
regular open set in X is i-open.

(ii) ⇔ (iii): Let {Cα : α ∈ ∆} be a family of (i, j)-regular closed subsets of X such that
for each α ∈ ∆ there exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and⋂
α∈∆

i-cl (Aα) = ∅. It follows that X = X \
( ⋂

α∈∆

i-cl (Aα)
)

=
⋃

α∈∆

i-int (X \ Aα). Since

Cα ⊆ Aα = j-int (i-cl (Aα)) ⊆ i-cl (Aα), then i-int (X \ Aα) ⊆ X \ Aα ⊆ X \ Cα. Therefore
X =

⋃
α∈∆

i-int (X \ Aα) ⊆ ⋃
α∈∆

(X \ Cα). So, the family {X \ Cα : α ∈ ∆} is an (i, j)-regular

cover of X by (i, j)-regular open subsets of X . By (ii) there exists a countable subfamily

{X \ Cαn : n ∈ N} such that X =
⋃

n∈N

j-cl (X \ Cαn) = X \
( ⋂

n∈N

j-int (Cαn)
)

. Therefore⋂
n∈N

j-int (Cαn) = ∅. Conversely, let {Uα : α ∈ ∆} be an (i, j)-regular cover of X by (i, j)-

regular open subsets of X . Then for each α ∈ ∆, there exists a (j, i)-regular closed subset
Cα of X such that Cα ⊆ Uα and X =

⋃
α∈∆

i-int (Cα). The family {X \ Uα : α ∈ ∆} of

(i, j)-regular closed subsets of X satisfies the conditions, for each α ∈ ∆ there exists a
(j, i)-regular open subset X \ Cα of X such that X \ Cα ⊇ X \ Uα and

⋂
α∈∆

i-cl (X \ Cα) =

X \
( ⋃

α∈∆

i-int (Cα)
)

= X \X = ∅. By (iii), there exists a countable subset {αn : n ∈ N} of

∆ such that
⋂

n∈N

j-int (X \ Uαn) = ∅, i.e., X \
( ⋃

n∈N

j-cl (Uαn)
)

= ∅. Therefore X =
⋃

n∈N

j-

cl (Uαn) and (ii) proved.

(iii) ⇔ (iv): Straightforward.
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(ii) ⇒ (i): Let {Uα : α ∈ ∆} be an (i, j)-regular cover of X satisfies the conditions of
Definition 3.1 above. Since X is (i, j)-semiregular, by definition the topology τi is generated
by the (i, j)-regular open subsets of X , so we can assume that Uα is (i, j)-regular open
set in X for each α ∈ ∆. Hence {Uα : α ∈ ∆} is (i, j)-regular cover of X by (i, j)-regular
open subsets of X . By (ii), there exists a countable subset {αn : n ∈ N} of ∆ such that
X =

⋃
n∈N

j-cl (Uαn). This shows that X is (i, j)-almost regular-Lindelöf.

Corollary 3.2. Let (X, τ1, τ2) be a bitopological space. For the following conditions
(i) X is pairwise almost regular-Lindelöf;
(ii) for every (i, j)-regular cover {Uα : α ∈ ∆} of X by (i, j)-regular open subsets of X,
there exists a countable subset {αn : n ∈ N} of ∆ such that X =

⋃
n∈N

j-cl (Uαn) for each

i, j ∈ {1, 2} , i �= j;
(iii) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X such that for each
α ∈ ∆ there exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and

⋂
α∈∆

i-cl (Aα) = ∅,
there exists a countable subfamily {Cαn : n ∈ N} such that

⋂
n∈N

j-int (Cαn) = ∅ for each

i, j ∈ {1, 2} , i �= j;
(iv) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X for which every count-
able subfamily {Cαn : n ∈ N} satisfies

⋂
n∈N

j-int (Cαn) �= ∅, the intersection
⋂

α∈∆

i-cl (Aα) �= ∅
for each (j, i)-regular open subset Aα of X with Aα ⊇ Cα for each i, j ∈ {1, 2} , i �= j;
we have that (i) ⇒ (ii) ⇔ (iii) ⇔ (iv) and if X is pairwise semiregular, then (ii) ⇒ (i).

It is clear that, every (i, j)-almost Lindelöf space is (i, j)-almost regular-Lindelöf.

Question 3.1. Does (i, j)-almost regular-Lindelöf spaces imply (i, j)-almost Lindelöf?

The authors conjecture that the answer of this question is no. We can answer this question
with some restriction on the space as in the following proposition. Before that we need to
prove the following lemma.

Lemma 3.1. Let X be an (i, j)-almost regular space. Then for each x ∈ X and for each
(i, j)-regular open subset W of X containing x, there exist two (i, j)-regular open subsets U
and V of X such that x ∈ U ⊆ j-cl (U) ⊆ V ⊆ j-cl (V) ⊆ W.

Proof. Let x ∈ X and let W be an (i, j)-regular open subset of X containing x. Since X is
(i, j)-almost regular, there is an (i, j)-regular open subset V such that x ∈ V ⊆ j-cl (V) ⊆ W.
Again, since V is an (i, j)-regular open set in X containing x and X is (i, j)-almost regular,
there exists an (i, j)-regular open subset U such that x ∈ U ⊆ j-cl (U) ⊆ V. So, x ∈ U ⊆ j-
cl (U) ⊆ V ⊆ j-cl (V) ⊆ W. Thus U and V are two (i, j)-regular open subsets of X that we
are required. This completes the proof.

Corollary 3.3. Let X be a pairwise almost regular space. Then for each x ∈ X and for each
(i, j)-regular open subset W of X containing x, there exist two (i, j)-regular open subsets U
and V of X such that x ∈ U ⊆ j-cl (U) ⊆ V ⊆ j-cl (V) ⊆ W for each i, j ∈ {1, 2} , i �= j.

Proposition 3.1. An (i, j)-almost regular-Lindelöf and (i, j)-almost regular space X is
(i, j)-nearly Lindelöf.

Proof. Let {Uα : α ∈ ∆} be an (i, j)-regular open cover of X . For each x ∈ X , there exists
αx ∈ ∆ such that x ∈ Uαx . Since X is (i, j)-almost regular, there exist two (i, j)-regular
open subsets Vαx and Wαx of X such that x ∈ Vαx ⊆ j-cl (Vαx) ⊆ Wαx ⊆ j-cl (Wαx) ⊆ Uαx

by Lemma 3.1. Since for each α ∈ ∆, there exists a (j, i)-regular closed set j-cl (Vαx)
in X such that j-cl (Vαx) ⊆ Wαx and X =

⋃
x∈X

Vαx =
⋃

x∈X

i-int (j-cl (Vαx)), the family

{Wαx : x ∈ X} is an (i, j)-regular cover of X by (i, j)-regular open subsets of X . Since X is
(i, j)-almost regular-Lindelöf, there exists a countable subset of points x1,x2, . . . , xn, . . . of
X such that X =

⋃
n∈N

j-cl
(
Wαxn

) ⊆ ⋃
n∈N

(
Uαxn

)
by Theorem 3.2. Therefore X is (i, j)-nearly

Lindelöf.
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Corollary 3.4. A pairwise almost regular-Lindelöf and pairwise almost regular space X is
pairwise nearly Lindelöf.

Remark 3.1. The Proposition 3.1 immediately answers the restriction of Question 3.1 since
(i, j)-nearly Lindelöf spaces is also (i, j)-almost Lindelöf.

Proposition 3.1 implies the following corollary.

Corollary 3.5. Let X be an (i, j)-almost regular space. Then X is (i, j)-almost regular-
Lindelöf if and only if it is (i, j)-nearly Lindelöf.

Corollary 3.6. Let X be a pairwise almost regular space. Then X is pairwise almost
regular-Lindelöf if and only if it is pairwise nearly Lindelöf.

Lemma 3.2. An (i, j)-semiregular space X is (i, j)-nearly Lindelöf if and only if it is i-
Lindelöf.

Proof. Let U = {Uα : α ∈ ∆} be an i-open cover of X . For each x ∈ X , there exists αx ∈ ∆
such that x ∈ Uαx . Since X is (i, j)-semiregular and Uαx ∈ U , there is an i-open set Vαx

such that x ∈ Vαx ⊆ i-int (j-cl(Vαx)) ⊆ Uαx . So, X =
⋃

x∈X

Vαx ⊆ ⋃
x∈X

i-int (j-cl(Vαx)). Now

{i-int (j-cl (Vαx)) : x ∈ X} forms an (i, j)-regular open cover of X . Since X is (i, j)-nearly
Lindelöf, there exists a countable subset of points x1, x2, . . . , xn, . . . of X such that

X =
⋃
n∈N

i-int (j-cl (Vαxn)) ⊆
⋃
n∈N

Uαxn
.

Therefore X is i-Lindelöf. The converse is obvious.

Corollary 3.7. A pairwise semiregular space X is pairwise nearly Lindelöf if and only if it
is Lindelöf.

Theorem 2.1, Proposition 3.1 and Lemma 3.2 yield the following proposition.

Proposition 3.2. An (i, j)-regular and (i, j)-almost regular-Lindelöf space X is i-Lindelöf.

Corollary 3.8. A pairwise regular and pairwise almost regular-Lindelöf space X is Lin-
delöf.

Proposition 3.2 implies the following corollary.

Corollary 3.9. Let X be an (i, j)-regular space. Then X is (i, j)-almost regular-Lindelöf
if and only if it is i-Lindelöf.

Corollary 3.10. Let X be a pairwise regular space. Then X is pairwise almost regular-
Lindelöf if and only if it is Lindelöf.

Proposition 3.3. Let X be an (i, j)-almost regular and (i, j)-nearly Lindelöf space. Then
X is (i, j)-nearly paracompact.

Proof. Let V = {Vα : α ∈ ∆} be an (i, j)-regular open cover of X . For each x ∈ X , there
exists αx ∈ ∆ such that x ∈ Vαx . Since X is (i, j)-almost regular, there exists an (i, j)-regular
open neighbourhood Uαx of x such that x ∈ Uαx ⊆ j-cl (Uαx) ⊆ Vαx . So {Uαx : x ∈ X} is
an (i, j)-regular open cover of X . Since X is (i, j)-nearly Lindelöf, there exists a countable
subset of points x1, x2, . . . , xn, . . . of X such that X =

⋃
n∈N

Uαxn
. For each n ∈ N, put

Gn = Vαxn
\

(
n−1⋃
k=1

i-cl
(
Uαxk

))
. By construction {Gn : n ∈ N} is an i-locally finite family

of V . In fact, if x ∈ X then there exist Uαxp
(since

{
Uαxn

: n ∈ N
}

is a cover of X) and
Vαxp

such that x ∈ Uαxp
⊆ Vαxp

. We will prove that Uαxp
intersects at most finitely many

members of the family {Gn : n ∈ N}. Since G1 = Vαx1
, G2 = Vαx2

\ i-cl
(
Uαx1

)
, . . . , Gp =

Vαxp
\
(
i-cl

(
Uαx1

) ∪ · · · ∪ i-cl
(
Uαxp−1

))
, Gp+1 = Vαxp+1

\
(
i-cl

(
Uαx1

) ∪ · · · ∪ i-cl
(
Uαxp

))
,

then Uαxp
∩ Gr = ∅ for each r ≥ p + 1. Therefore Uαxp

intersects at most a finite number
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of sets in the family {Gn : n ∈ N}. Next we assert that {Gn : n ∈ N} is the required i-open
refinement of V. Let x be any point of X . We wish to prove that x lies in an element of
{Gn : n ∈ N}. Consider the cover

{
Vαxn

: n ∈ N
}

of X ; let N be the smallest integer such
that x lies in VαxN

. Observe that the point x is not lies in Gk for k < N but x lies in GN

since it is not lies in
N−1⋃
k=1

i-cl
(
Uαxk

)
. Therefore x ∈ ⋃

n∈N

Gn which implies that {Gn : n ∈ N}
covers X . This shows that X is (i, j)-nearly paracompact.

Corollary 3.11. Let X be a pairwise almost regular and pairwise nearly Lindelöf space.
Then X is pairwise nearly paracompact.

By using Proposition 3.1 and Proposition 3.3, we have the following proposition.

Proposition 3.4. An (i, j)-almost regular and (i, j)-almost regular-Lindelöf space X is
(i, j)-nearly paracompact.

Corollary 3.12. A pairwise almost regular and pairwise almost regular-Lindelöf space X
is pairwise nearly paracompact.

Definition 3.3. [3] A bitopological space X is said to be (i, j)-extremally disconnected if
the i-closure of every j-open set is j-open. X is called pairwise extremally disconnected if it
is both (1, 2)-extremally disconnected and (2, 1)-extremally disconnected.

Proposition 3.5. If (X, τ1, τ2) is (j, i)-extremally disconnected, then it is (i, j)-almost reg-
ular.

Proof. Let x ∈ X and let V be an (i, j)-regular open subset of X containing x. Hence V is
also an i-open subset of X containing x. Since X is (j, i)-extremally disconnected, j-cl (V)
is an i-open set in X and so j-cl (V) = i-int (j-cl (V)) = V. Thus V is an (i, j)-regular open
subset of X such that x ∈ V ⊆ j-cl (V) ⊆ V. This shows that X is (i, j)-almost regular.

Corollary 3.13. If (X, τ1, τ2) is pairwise extremally disconnected, then it is pairwise almost
regular.

The converse of Proposition 3.5 is not true by the following counterexample.

Example 3.1. Consider (R, τ1, τ2) where R is the real line, τ1 is usual topology and τ2 is
a right order topology [16] (or right ray topology or right hand topology), i.e., a topology
generated by {(x,∞) : x ∈ R}. Observe that R is (2, 1)-almost regular since the only (2, 1)-
regular open subsets of R are sets of the form (x,∞) , x ∈ R. But it is not (1, 2)-extremally
disconnected since (3,∞) is a 2-open set in R and 1-cl ((3,∞)) = [3,∞) is not 2-open set
in R.

It is easy to prove the following proposition.

Proposition 3.6. Let (X, τ1, τ2) be a (j, i)-extremally disconnected and (i, j)-almost regular-
Lindelöf space, then it is (i, j)-nearly Lindelöf.

Proof. This is a direct consequence of Proposition 3.5 and Proposition 3.1 above.

Corollary 3.14. Let (X, τ1, τ2) be a pairwise extremally disconnected and pairwise almost
regular-Lindelöf space, then it is pairwise nearly Lindelöf.

Proposition 3.6 implies the following corollary.

Corollary 3.15. Let (X, τ1, τ2) be a (j, i)-extremally disconnected space. Then X is (i, j)-
almost regular-Lindelöf if and only if it is (i, j)-nearly Lindelöf.

Corollary 3.16. Let (X, τ1, τ2) be a pairwise extremally disconnected space. Then X is
pairwise almost regular-Lindelöf if and only if it is pairwise nearly Lindelöf.
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4. Pairwise Almost Regular-Lindelöf Subspaces and Subsets

A subset S of a bitopological space X is said to be (i, j)-almost regular-Lindelöf (resp.
pairwise almost regular-Lindelöf) if S is (i, j)-almost regular-Lindelöf (resp. pairwise almost
regular-Lindelöf) as a subspace of X , i.e., S is (i, j)-almost regular-Lindelöf (resp. pairwise
almost regular-Lindelöf) with respect to the inducted bitopology from the bitopology of X .

Definition 4.1. Let S be a subset of a bitopological space X. A cover {Uα : α ∈ ∆} of S
by i-open subsets of X such that S ⊆ ⋃

α∈∆

Uα is said to be (i, j)-regular cover of S by i-open

subsets of X if for each α ∈ ∆, there exists a (j, i)-regular closed subset Cα of X such that
Cα ⊆ Uα and S ⊆ ⋃

α∈∆

i-int (Cα). {Uα : α ∈ ∆} is called pairwise regular cover by open

subsets of X if it is both (1, 2)-regular cover of S by 1-open subsets of X and (2, 1)-regular
cover of S by 2-open subsets of X.

Definition 4.2. A subset S of a bitopological space X is said to be (i, j)-almost regular-
Lindelöf relative to X if for every (i, j)-regular cover {Uα : α ∈ ∆} of S by i-open subsets
of X, there exists a countable subset {αn : n ∈ N} of ∆ such that S ⊆ ⋃

n∈N

j-cl (Uαn). S is

called pairwise almost regular-Lindelöf relative to X if it is both (1, 2)-almost regular-Lindelöf
relative to X and (2, 1)-almost regular-Lindelöf relative to X.

It is obvious by the Definitions 4.1 and 4.2 that every (i, j)-almost Lindelöf relative to
the space is (i, j)-almost regular-Lindelöf relative to the space.

Question 4.1. Is (i, j)-almost regular-Lindelöf relative to the space implies (i, j)-almost
Lindelöf relative to the space?

The authors conjecture that the answer is no.

Theorem 4.1. Let X be a bitopological space and S ⊆ X. The following are equivalent:
(i) S is (i, j)-almost regular-Lindelöf relative to X ;
(ii) for every family {Cα : α ∈ ∆} of i-closed subsets of X such that for each α ∈ ∆ there

exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and
( ⋂

α∈∆

i-cl (Aα)
)
∩S = ∅, there

exists a countable subfamily {Cαn : n ∈ N} such that
( ⋂

n∈N

j-int (Cαn)
)
∩ S = ∅;

(iii) for every family {Cα : α ∈ ∆} of i-closed subsets of X for which every countable subfam-

ily {Cαn : n ∈ N} satisfies
( ⋂

n∈N

j-int (Cαn)
)
∩S �= ∅, the intersection

( ⋂
α∈∆

i-cl (Aα)
)
∩S �=

∅ for each (j, i)-regular open subset Aα of X with Aα ⊇ Cα.

Proof. The proof of this theorem is similar to the proof of the Theorem 3.1 above in fact
the Theorem 3.1 is a special case of this theorem for S = X . It can be done by replacing

X = X \
( ⋂

α∈∆

i-cl (Aα)
)

with S ⊆ X \
( ⋂

α∈∆

i-cl (Aα)
)

.

Corollary 4.1. Let X be a bitopological space and S ⊆ X. The following are equivalent:
(i) S is pairwise almost regular-Lindelöf relative to X ;
(ii) for every family {Cα : α ∈ ∆} of i-closed subsets of X such that for each α ∈ ∆ there

exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and
( ⋂

α∈∆

i-cl (Aα)
)

∩ S = ∅,

there exists a countable subfamily {Cαn : n ∈ N} such that
( ⋂

n∈N

j-int (Cαn)
)
∩ S = ∅ for

each i, j ∈ {1, 2} , i �= j;
(iii) for every family {Cα : α ∈ ∆} of i-closed subsets of X for which every countable subfam-

ily {Cαn : n ∈ N} satisfies
( ⋂

n∈N

j-int (Cαn)
)
∩S �= ∅, the intersection

( ⋂
α∈∆

i-cl (Aα)
)
∩S �=

∅ for each (j, i)-regular open subset Aα of X with Aα ⊇ Cα for each i, j ∈ {1, 2} , i �= j.
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Definition 4.3. Let S be a subset of a bitopological space X. A cover {Uα : α ∈ ∆} of S
by (i, j)-regular open subsets of X such that S ⊆ ⋃

α∈∆

Uα is said to be (i, j)-regular cover of

S by (i, j)-regular open subsets of X if for each α ∈ ∆, there exists a (j, i)-regular closed
subset Cα of X such that Cα ⊆ Uα and S ⊆ ⋃

α∈∆

i-int (Cα). {Uα : α ∈ ∆} is called pairwise

regular cover by pairwise regular open subsets of X if it is both (1, 2)-regular cover of S by
(1, 2)-regular open subsets of X and (2, 1)-regular cover of S by (2, 1)-regular open subsets
of X.

Theorem 4.2. Let X be a bitopological space and S ⊆ X. For the following conditions:
(i) S is (i, j)-almost regular-Lindelöf relative to X ;
(ii) for every (i, j)-regular cover {Uα : α ∈ ∆} of S by (i, j)-regular open subsets of X, there
exists a countable subset {αn : n ∈ N} of ∆ such that S ⊆ ⋃

n∈N

j-cl (Uαn) ;

(iii) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X such that for each

α ∈ ∆ there exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and
( ⋂

α∈∆

i-cl (Aα)
)
∩

S = ∅, there exists a countable subfamily {Cαn : n ∈ N} such that
( ⋂

n∈N

j-int (Cαn)
)
∩S = ∅;

(iv) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X for which every

countable subfamily {Cαn : n ∈ N} satisfies
( ⋂

n∈N

j-int (Cαn)
)

∩ S �= ∅, the intersection( ⋂
α∈∆

i-cl (Aα)
)
∩ S �= ∅ for each (j, i)-regular open subset Aα of X with Aα ⊇ Cα;

we have that (i) ⇒ (ii) ⇔ (iii) ⇔ (iv) and if X is (i, j)-semiregular, then (ii) ⇒ (i).

Proof. The proof of this theorem is similar to the proof of the Theorem 3.2 above and
Theorem 3.2 is a special case of this theorem. So we omit the details.

Corollary 4.2. Let X be a bitopological space and S ⊆ X. For the following conditions:
(i) S is pairwise almost regular-Lindelöf relative to X ;
(ii) for every (i, j)-regular cover {Uα : α ∈ ∆} of S by (i, j)-regular open subsets of X,
there exists a countable subset {αn : n ∈ N} of ∆ such that S ⊆ ⋃

n∈N

j-cl (Uαn) for each

i, j ∈ {1, 2} , i �= j;
(iii) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X such that for each

α ∈ ∆ there exists a (j, i)-regular open subset Aα of X with Aα ⊇ Cα and
( ⋂

α∈∆

i-cl (Aα)
)
∩

S = ∅, there exists a countable subfamily {Cαn : n ∈ N} such that
( ⋂

n∈N

j-int (Cαn)
)
∩S = ∅

for each i, j ∈ {1, 2} , i �= j;
(iv) for every family {Cα : α ∈ ∆} of (i, j)-regular closed subsets of X for which every

countable subfamily {Cαn : n ∈ N} satisfies
( ⋂

n∈N

j-int (Cαn)
)

∩ S �= ∅, the intersection( ⋂
α∈∆

i-cl (Aα)
)

∩ S �= ∅ for each (j, i)-regular open subset Aα of X with Aα ⊇ Cα for

each i, j ∈ {1, 2} , i �= j;
we have that (i) ⇒ (ii) ⇔ (iii) ⇔ (iv) and if X is pairwise semiregular, then (ii) ⇒ (i).

Proposition 4.1. If {Ak : k ∈ N} is a countable family of subsets of a space X such that
each Ak is (i, j)-almost regular-Lindelöf relative to X, then

⋃ {Ak : k ∈ N} is (i, j)-almost
regular-Lindelöf relative to X.

Proof. Let {Uα : α ∈ ∆} be an (i, j)-regular cover of
⋃ {Ak : k ∈ N} by i-open subsets of X .

Then for each α ∈ ∆, there exists a (j, i)-regular closed subset Cα of X such that Cα ⊆ Uα

and
⋃

k∈N

Ak ⊆ ⋃
α∈∆

i-int (Cα). Let ∆k = {α ∈ ∆ : Uα ∩ Ak �= ∅}, then for each αk ∈ ∆k ⊆
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∆ there exists a (j, i)-regular closed subset Cαk
of X such that Cαk

⊆ Uαk
and Ak ⊆⋃

αk∈∆k

i-int (Cαk). So {Uαk
: αk ∈ ∆k} is an (i, j)-regular cover of Ak by i-open subsets of

X . Since Ak is (i, j)-almost regular-Lindelöf relative to X , there exists a countable subfamily{
Uαkn

: n ∈ N
}

such that Ak ⊆ ⋃
n∈N

j-cl
(
Uαkn

)
. But a countable union of countable sets

is countable, so
⋃

k∈N

Ak ⊆ ⋃
k∈N

( ⋃
n∈N

j-cl
(
Uαkn

))
=

⋃
kn∈N

j-cl
(
Uαkn

)
. This implies that

⋃ {Ak : k ∈ N} is (i, j)-almost regular-Lindelöf relative to X .

Corollary 4.3. If {Ak : k ∈ N} is a countable family of subsets of a space X such that each
Ak is pairwise almost regular-Lindelöf relative to X, then

⋃ {Ak : k ∈ N} is pairwise almost
regular-Lindelöf relative to X.

Theorem 4.3. If S is an (i, j)-almost regular-Lindelöf subspace of a bitopological space X,
then S is (i, j)-almost regular-Lindelöf relative to X.

Proof. Let {Uα : α ∈ ∆} be an (i, j)-regular cover of S by i-open subsets of X . Then for
each α ∈ ∆, there exists a (j, i)-regular closed subset Cα of X such that Cα ⊆ Uα and
S ⊆ ⋃

α∈∆

i-intX (Cα). For each α ∈ ∆, we have i-intX (Cα) ∩ S and Uα ∩ S are i-open sets

in S, and Cα ∩ S is j-closed set in S. Since for each α ∈ ∆, there exists a (j, i)-regular
closed set j-clS (i-intX (Cα) ∩ S) in S such that j-clS (i-intX (Cα) ∩ S) ⊆ Cα∩S ⊆ Uα∩S and

S =
( ⋃

α∈∆

i-intX (Cα)
)

∩ S =
⋃

α∈∆

(i-intX (Cα) ∩ S) ⊆ ⋃
α∈∆

i-intS (j-clS (i-intX (Cα) ∩ S)),

i.e., S =
⋃

α∈∆

i-intS (j-clS (i-intX (Cα) ∩ S)), then the family {Uα ∩ S : α ∈ ∆} is an (i, j)-

regular cover of S. Since S is an (i, j)-almost regular-Lindelöf subspace of X , there exists a
countable subset {αn : n ∈ N} of ∆ such that S =

⋃
n∈N

j-clS (Uαn ∩ S). Since for each n ∈ N,

j-clS (Uαn ∩ S) ⊆ j-clX (Uαn), we obtain that S ⊆ ⋃
n∈N

j-clX (Uαn). This shows that S is

(i, j)-almost regular-Lindelöf relative to X .

Corollary 4.4. If S is a pairwise almost regular-Lindelöf subspace of a bitopological space
X, then S is pairwise almost regular-Lindelöf relative to X.

Question 4.2. Is the converse of Theorem 4.3 above true?

The authors conjecture that the answer is no.

Theorem 4.4. If every (i, j)-regular closed proper subset of a bitopological space X is (i, j)-
almost regular-Lindelöf relative to X, then X is (i, j)-almost regular-Lindelöf.

Proof. Let {Uα : α ∈ ∆} be an (i, j)-regular cover of X . Then for each α ∈ ∆, there
exists a (j, i)-regular closed subset Cα of X such that Cα ⊆ Uα and X =

⋃
α∈∆

i-int (Cα).

Choose an arbitrary α0 ∈ ∆ so that i-int (Cα0) is nonempty and let ∆∗ = ∆ \ {α0}. Put
K = X \ (i-int (Cα0)), then K is an (i, j)-regular closed proper subset of X and K ⊆ ⋃

α∈∆∗
i-

int (Cα). Therefore {Uα : α ∈ ∆∗} is an (i, j)-regular cover of K by i-open subsets of X by
Definition 4.1. By hypothesis, K is (i, j)-almost regular-Lindelöf relative to X , hence there
exists a countable subset {αn : n ∈ N

∗} of ∆∗ such that K ⊆ ⋃
n∈N∗

j-cl (Uαn). So we have

X = K∪(i-int (Cα0)) ⊆ K∪(j-cl (Uα0)) ⊆
( ⋃

n∈N∗
j-cl (Uαn)

)
∪(j-cl (Uα0)) =

⋃
n∈N

j-cl (Uαn).

This shows that X is (i, j)-almost regular-Lindelöf.

Corollary 4.5. If every (i, j)-regular closed proper subset of a bitopological space X is (i, j)-
almost regular-Lindelöf relative to X for each i, j ∈ {1, 2} , i �= j, then X is pairwise almost
regular-Lindelöf.
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Theorem 4.5. Let X be a bitopological space and let A a (j, i)-clopen subspace of X. Then
A is (i, j)-almost regular-Lindelöf if and only if it is (i, j)-almost regular-Lindelöf relative
to X.

Proof. The necessity can be obtained from Theorem 4.3. For the sufficiency, let {Uα : α ∈ ∆}
be an (i, j)-regular cover of A. Then for each α ∈ ∆, Uα is i-open set in A and there ex-
ists a (j, i)-regular closed subset Cα of A such that Cα ⊆ Uα and A =

⋃
α∈∆

i-intA (Cα).

Since i-open and (j, i)-regular closed subsets of a (j, i)-clopen subspace of X is i-open
and (j, i)-regular closed sets in X respectively, then {Uα : α ∈ ∆} is an (i, j)-regular cover
of A by i-open subsets of X . Since A is (i, j)-almost regular-Lindelöf relative to X ,
there exists a countable subset {αn : n ∈ N} of ∆ such that A ⊆ ⋃

n∈N

j-clX (Uαn). Then

A =
( ⋃

n∈N

j-clX (Uαn)
)

∩ A =
⋃

n∈N

(j-clX (Uαn) ∩ A) =
⋃

n∈N

j-clA (Uαn). Therefore A is

(i, j)-almost regular-Lindelöf.

Corollary 4.6. Let X be a bitopological space and let A a clopen subspace of X. Then A is
pairwise almost regular-Lindelöf if and only if it is pairwise almost regular-Lindelöf relative
to X.

Note that, the space X in above propositions is any bitopological space. If we consider
X itself is an (i, j)-almost regular-Lindelöf, we have the following results.

Theorem 4.6. Let X be an (i, j)-almost regular-Lindelöf space. If A is a proper (i, j)-
clopen subset of X, then A is (i, j)-almost regular-Lindelöf relative to X.

Proof. Let {Uα : α ∈ ∆} be an (i, j)-regular cover of A by i-open subsets of X . Hence
the family {Uα : α ∈ ∆} ∪ {X \ A} is an (i, j)-regular cover of X since X \ A is a proper
(j, i)-clopen subset of X is also a (j, i)-regular closed subset of X . Since X is (i, j)-almost
regular-Lindelöf, there exists a countable subfamily {X \ A,Uα1 , Uα2 , . . . } such that X =( ⋃

n∈N

j-cl (Uαn)
)
∪ j-cl (X \ A) =

( ⋃
n∈N

j-cl (Uαn)
)
∪ (X \ A). But A and X \A are disjoint;

therefore we have A ⊆ ⋃
n∈N

j-cl (Uαn). This completes the proof.

Corollary 4.7. Let X be a pairwise almost regular-Lindelöf space. If A is a proper clopen
subset of X, then A is pairwise almost regular-Lindelöf relative to X.

It is very clear that Theorem 4.6 implies the following corollary.

Corollary 4.8. Let X be an (i, j)-almost regular-Lindelöf space. If A is an (i, j)-clopen
subset of X, then A is (i, j)-almost regular-Lindelöf relative to X.

Theorem 4.7. Let X be an (i, j)-almost regular-Lindelöf space. If A is a clopen subset of
X, then A is (i, j)-almost regular-Lindelöf.

Proof. This is a direct consequence of Corollary 4.8 and Theorem 4.5 above.

Corollary 4.9. Let X be a pairwise almost regular-Lindelöf space. If A is a clopen subset
of X, then A is pairwise almost regular-Lindelöf relative to X.

Question 4.3. Is i-closed subspace of an (i, j)-almost regular-Lindelöf space X (i, j)-almost
regular-Lindelöf?

Question 4.4. Is (i, j)-regular closed subspace of an (i, j)-almost regular-Lindelöf space X
(i, j)-almost regular-Lindelöf?

The authors conjecture that the answers are no. Observe that the condition in Theorem
4.6 that a subset should be (i, j)-clopen is necessary and it is not sufficient to be only i-open
or (i, j)-regular open as examples below show. Arbitrary subspaces of (i, j)-almost regular-
Lindelöf spaces need not be (i, j)-almost regular-Lindelöf nor (i, j)-almost regular-Lindelöf
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relative to the spaces. An i-open or (i, j)-regular open subset of an (i, j)-almost regular-
Lindelöf space is neither (i, j)-almost regular-Lindelöf nor (i, j)-almost regular-Lindelöf rel-
ative to the spaces as the following examples also show. We need the following lemma
(see [17], 11).

Lemma 4.1. If A is a countable subset of ordinals Ω not containing ω1 where ω1 being the
first uncountable ordinal, then sup A < ω1.

Example 4.1. Let Ω denotes the set of ordinals which are less than or equal to the first un-
countable ordinal number ω1, i.e., Ω = [0, ω1]. This Ω is an uncountable well-ordered set with
a largest element ω1, having the property that if α ∈ Ω with α < ω1, then {β ∈ Ω : β ≤ α} is
countable. Since Ω is a totally ordered space, it can be provided with its order topology. Let
us denote this order topology by τ1. Choose discrete topology as another topology for Ω de-
noted by τ2. So (Ω, τ1, τ2) forms a bitopological space. Now it is known that Ω is a 1-Lindelöf
space (see [17, 16]), so it is (1, 2)-almost Lindelöf and thus (1, 2)-almost regular-Lindelöf.
The subspace Ω0 = Ω \ {ω1} = [0, ω1), however is not 1-Lindelöf (see [17, 16]). We notice
that Ω0 is (2, 1)-clopen subset of Ω and also (1, 2)-regular open subset of Ω. Observe that
Ω0 is not (1, 2)-almost regular-Lindelöf by Proposition 3.2 since it is (1, 2)-regular space.
Moreover Ω0 is not (1, 2)-almost regular-Lindelöf relative to Ω by Theorem 4.5. By another
way, the family {[0, α) : α ∈ Ω0} of 1-open sets in Ω is (1, 2)-regular cover of Ω0 by 1-open
subsets of Ω because Ω0 ⊆ ⋃

α∈Ω0

[0, α) and for each α ∈ Ω0, there exists a (2, 1)-regular closed

subset [0, α) of Ω such that [0, α) ⊆ [0, α) and Ω0 ⊆ ⋃
α∈Ω0

[0, α) =
⋃

α∈Ω0

1-int ([0, α)). But the

family {[0, α) : α ∈ Ω0} has no countable subfamily {[0, αn) : n ∈ N} such that Ω0 ⊆ ⋃
n∈N

2-

cl ([0, αn)) =
⋃

n∈N

[0, αn). For if {[0, α1) , [0, α2) , . . . } satisfy the condition: 2-closures of it

elements cover Ω0, then sup {α1, α2, . . . } = ω1 which is impossible by Lemma 4.1.

Example 4.2. Let Ω = [0, ω1] and τ1 is the order topology as in Example 4.1. Choose
cocountable topology as another topology for Ω denoted by τ2. Now Ω is a 1-Lindelöf space
(see [17, 16]), so it is (1, 2)-almost Lindelöf and thus (1, 2)-almost regular-Lindelöf. The
subspace Ω0 = Ω \ {ω1}, however is not 1-Lindelöf (see [17, 16]). We notice that Ω0 is
(2, 1)-clopen subset of Ω and also (1, 2)-regular open subset of Ω. Observe that Ω0 is not
(1, 2)-almost regular-Lindelöf by Proposition 3.2 since it is (1, 2)-regular space. Moreover Ω0

is not (1, 2)-almost regular-Lindelöf relative to Ω by the similar argument as Example 4.1.

So we conclude that an (i, j)-almost regular-Lindelöf property is not hereditary property
and therefore pairwise almost regular-Lindelöf property is not so.
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37–57.
[7] J. C. Kelly, Bitopological spaces, Proc. London Math. Soc., 13(3)(1963), 71–89.
[8] F. H. Khedr and A. M. Alshibani, On pairwise super continuous mappings in bitopological spaces, Int.

J. Math. & Math. Sci., 14(4)(1991), 715–722.
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154(8)(2007), 1600–1607.
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