Scientiae Mathematicae Japonicae Online, e-2009 213

CONVEXITY OF THE SET OF FIXED POINTS OF A
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ABSTRACT. We introduce a new definition of nonlinear mapping, which is called
a quasi-pseudocontractive type mapping, defined on a nonempty closed convex
subset of a real Hilbert space, and we investigate convexity of the set of its fixed
points and approximation of its fixed point. We consider an iterative sequence
generated by the improved hybrid method, also known as the shrinking projec-
tion method, and prove that it converges strongly to a fixed point under some
conditions of the constants for quasi-pseudocontractive type Lipschitz mapping.

1. Introduction. Let C be a nonempty closed convex subset of a real Hilbert space H and
let T be a mapping of C' into itself. T is said to be strictly pseudocontractive [4] if there
exists a constant k < 1 such that

2 2 2
[Tz = Tyl|” < llz = ylI” + kl(x — Tz) = (y = Ty

for all x,y € C. If k = 0, T is said to be nonexpansive and it is said to be pseudocontractive
when k = 1.

As an approximation of a fixed point of nonlinear mappings, Ishikawa [6] proved a weak
convergence theorem for Lipschitz and pseudocontractive mappings. On the other hand,
Haugazeau [5] proposed a strongly convergent iterative scheme called the hybrid method;
see also [2, 11, 12, 13]. Acedo and Xu [1] and Marino and Xu [9] proved strong convergence
theorems for strictly pseudocontractive mappings and Zhou [18] proved a strong convergence
theorem for Lipschitz and pseudocontractive mappings.

In this paper, we consider the improved hybrid method, also known as the shrinking
projection method, introduced by Takahashi, Takeuchi and Kubota [16]. To this end, we
introduce a new definition of nonlinear mapping, which is called a quasi-pseudocontractive
type mapping, and prove strong convergence for quasi-pseudocontractive type Lipschitz
mappings under some conditions by the idea of [7, 8]. We also investigate the convexity
of the set of fixed points of quasi-pseudocontractive type Lipschitz mappings and give a
sufficient condition using an inequality of the constants.

2. Preliminaries. Throughout this paper, we denote by H a real Hilbert space with inner
product (-,-) and norm |[|-]]. N and R denote the set of all positive integers and the set of
all real numbers, respectively.

Let C be a nonempty closed convex subset of H and T a mapping of C' into itself. The
set of all fixed points of T' is denoted by F(T), that is, F(T) = {z € C': z = Tz}. Suppose
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that F(T) is nonempty. We say that T is quasi-pseudocontractive type if there exists a
constant k > 0 such that

ITz = 2||* < o = 2 + k |lo — Ta||?

for each z € C and z € F(T). For a concrete example of this mapping, see Example 3.4.
In a Hilbert space, it is known that

Az + (1= Nyll* = Mal® + (1= 2) Jyll* = A1 = A) 1= = y|)”

for each z,y € H and X\ € R.
Let C be a nonempty closed convex subset of H. We know that for every = € H, there
exists a unique element y € C such that

—y| = inf [lz — 2||.
lz =yl = inf ||z - ]

The mapping which maps x € H to y € C' is called the metric projection onto C' and, in
what follows, we denote this mapping by Px. For more details, see [14, 15] for example.

Let {C,} be a sequence of nonempty closed convex subsets of H. We define a subset
s-Li, C,, of H as follows: x € s-Li, C), if and only if there exists {z,} C H such that {z,}
converges strongly to xz and that z,, € C, for all n € N. Similarly, a subset w-Ls, C),, of
H is defined by the following: y € w-Ls,, C, if and only if there exist a subsequence {C,, }
of {C,} and a sequence {y;} C H such that {y;} converges weakly to y and that y; € Cp,
for all i € N. If Cy C H satisfies that Cy = s-Li,, C,, = w-Ls,, C,,, it is said that {C,}
converges to Cp in the sense of Mosco [10] and we write Co = M-lim,, C,,. For more details,
see [3].

Tsukada [17] proved the following theorem for the metric projection. We note that the
original theorem is proved in the setting of Banach space.

Theorem 2.1 (Tsukada [17]). Let {Cy} be a sequence of nonempty closed convex subsets
of H. If Cy = M-lim,, C,, exists and nonempty, then, for each x € H, {Pc,x} converges
strongly to Pc,x.

3. Strongly convergent sequence and convexity of the set of fixed points. In
this section, we consider an iterative sequence for a quasi-pseudocontractive type Lipschitz
mapping generated by the shrinking projection method. The first result shows strong
convergence of this sequence and a condition which guarantees the convexity of the set of
fixed points of the mapping.

Theorem 3.1. Let C' be a nonempty closed conver subset of H. Let T be a quasi-
pseudocontractive type Lipschitz mapping of C into itself with constants k > 0 and L > 0,
respectively, and suppose that F(T) # (0. Let {c,} be a real sequence in [0,1]. For an initial
point x € C, let {x,} be a sequence generated by

r1 =z € C,
Cy =0C,
Yn = Ty + (1 — ap)zy,
() Copr={2€Cp:
1Tyn — 2”2 < |l@n — ZH2 + B l|lTn — Txn”z + Y |1 Tn — Tyn”Q}v
Tn4+1 = PCn+1xa

for each n € N, where
B = an(kL?a2 + (k+ 1)ay, — 1) and v, = k(1 — ay,)
for each n € N. Then the following hold:
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(i) {zn} converges strongly to a point of (.-, Cy for every initial point z € C;
(ii) if for every initial point x € C, the strong limit xo of {x,} belongs to F(T), then
F(T) is a closed conver set and xo = Pp(pyx for each initial point x € C.

Proof. First let us prove that {x,,} is well defined. To this end, it is sufficient to show that
D={zeC:|Ty—z|° <|lz—z|*+B|lx — Tx||* + |z — Ty||*} is nonempty, closed and
convex for any z € C' and « € [0, 1], where 3 = a(kL?*a® + (k+1)a —1), v = k(1 — a), and
y=aTz+ (1 —a)r. Let z € C, a €[0,1], and y = aTz + (1 — a)z. Let z € F(T). Then,
since T is quasi-pseudocontractive type and Lipschitz, we have that
ITy — 2|
2 2
<y = 21"+ klly = Tyl
= ||[aTz+ (1 —a)x — z||2 +Ek||aTz+ (1 - o)z — Ty||2
= a|Tz — 2"+ (1 - o) [lz — 2|* — a(l — @) | Tz — ||
+k(a|[Te = Ty|* + (1 - a) | = Ty|* — a(l — ) [Tz — z|)
<a(llz =2l + ke = Ta*) + (1= a) |z — 2" = a(l — a) [T — ||
+kaL? | —y|* + (1 - a)[lz = Ty|* - a(l - a) [Tz — =|*)
= |lz = 2* + ak e = Tz||* = a(1 - ) & - Ta|*
+k(@PL? |z = Tz|* + (1 — @) 2 = Ty||* — a(1 — @) |z — Te||)
=z —2|* + (ak — a(l — @) + k(a®L? — a(1 - a)) |z — Tz|
+ k(1 =)z = Tyl
= ||lz — 2| + a(kL?® + (k + 1o — 1) |z = Ta||* + k(1 — a) [lo = Ty|
= ||z = 2I* + Bllz — Tz|* + v [l - Ty|*.

2

Thus z € D and hence we obtain that F(T') C D. Since F/(T) is nonempty, so is D. On
the other hand, the inequality

ITy = 2I* < & = 2[|* + 8 ||z — T|* + v ||z — Ty|*
is equivalent to
Ty —a|® +2 (& — 2, Ty — x) < Bllo = Tx||* + v |« - Ty|*

and therefore D is closed and convex. Consequently we obtain that every C), is nonempty
closed convex subset of C', and hence {x,} is well defined.

Next, let us show (i). From the definition of {C,}, one has C,+1 C C, for every
n € N. Thus it follows that {C,,} converges to Cop =(),—; C,, in the sense of Mosco. Since
0 # F(T) CN,~; Cp, it follows from Theorem 2.1 that {z,,} = {Pc, x} converges strongly
to Pg,x, therefore (i) holds.

To prove (ii), let us suppose that the strong limit x¢ of {z,} belongs to F(T) for every
initial point = € C. Let w be an arbitrary point of Fy = (), ey Cn(u), where {Cy,(u)}
is a sequence of closed convex subsets defined by (1) with an initial point « € C. Then,
since w € Cy(w) for every n € N, it follows that x, = P¢, (wyw = w for every n € N. This
yields that the strong limit of {z,} is w and hence w € F(T). Therefore we have that
F(T) = Fy and thus F(T) is closed and convex. Using (i), we have that the strong limit of
{x,} with an initial point € C'is Pg,® = Pp(r)r, which completes the proof. O
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Now let us consider conditions for the coefficient sequence {«,,} and constants k and L
which guarantee that the sequence {z,} defined in Theorem 3.1 converges strongly to a
fixed point of T.

Theorem 3.2. Let C' be a nonempty closed convex subset of H. Let T be a quasi-
pseudocontractive type Lipschitz mapping of C into itself with constants k > 0 and L > 0,
respectively, and suppose that F(T) # 0. Let {ay,} be a real sequence in [0,1]. For an initial
point x € C, let {x,} be a sequence generated by (1). Suppose that there exists a cluster
point ag of {an,} which satisfies g > 0 and

k-1 kT 12+ 4kL% — (k+1)
— <
@ RS 0s TR

Then, F(T) is a closed conver set and {x,} converges strongly to Pp(ryx.

Proof. By Theorem 3.1(i), {z,,} converges strongly to zo € C. Since z¢ € (), —; Cn, we
have that
1Tyn — xOHQ < |lzy — x0||2 + Bp l|lzn — TanQ + Y |20 — Tyn||2
for every n € N, where vy, = @, T2y, + (1 — an)@n, Bn = an(kL?a? + (k + 1)a,, — 1) and
T = k(1 — a,) for n € N. Let {ay,} be a subsequence of {a,} converging to ag. Then,
using the continuity of T', we have that {y,, } converges strongly to yo = apTxo+ (1—ag)zo.
Also, {Bn,} and {7y, } converges to By = ag(kL?a? + (k + 1)ag — 1) and v = k(1 — ),
respectively. Thus we get that
ITyo — wol® < [lzo — oll* + Bo llwo — Tol|* + 70 |20 — Tyol®
and hence
—Bo llwo — Tol* < (0 — 1) [lzo — Twol* -
Since (k —1)/k < oy, we have that
kE—1
70—1:k:(1—a0)—1§k(1—k)—l:O.
Further, since
/e + 12+ 4kL2 — (k +1) (k+ 12 +4kL% — (k+1)
2k L2 2k L2 ’
we have that kL?a3 + (k+ 1)ap — 1 < 0 and thus we obtain that

Bo = ag(kL*ad + (k+1)ag — 1) < 0.

Hence we have that ||zg — T'zo||* < 0, which implies 29 € F(T). By Theorem 3.1(ii), F(T)
is a closed convex set and xo = Pp(ryz, which is the desired result. O

<0<ap<

Suppose that £ > 0 and L > 0 satisfy that

(1+2L%) + 5 +4L?
2(1+L?) '

0<k<

We note that

0< (k+1)24+4kL%2 — (k+1)
2k L2

for every £ > 0 and L > 0. If 1 < k, then it holds that

Q+QL%44m+4L2<1<k<(1+2ﬁ)+V5+4m
2(1+ L?) 2(1+ L?) '

<1
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From the quadratic formula for k, it follows that (1 + L?)k? — (1 + 2L?)k — (1 — L?) < 0,
or equivalently

(14 2Lk + (1 —2L%))? < (k4 1)? + 4k L2,
Thus we have that
2L%(k —1) < \/(k+1)2 +4kL? — (k+ 1)
and since both k and L are positive, it follows that
k—1 - (k+1)2+4kL? — (k+1)
k 2kL?

On the other hand, if 0 < k < 1, then obviously the inequality above holds since (k—1)/k <
0. Using this inequality, we have the following result.

Theorem 3.3. Let C' be a nonempty closed conver subset of H. Let T be a quasi-
pseudocontractive type Lipschitz mapping of C into itself with constants k > 0 and L > 0,
respectively. Suppose that

(1+2L2) + /5 +4L?

k
0<k< 2(1+ 12)
Then, F(T) is closed and convez.

Proof. If F(T) = (), then the result is trivial. Thus we may assume that F(T) # (. Define
a sequence {a,} by

{k:l (k+1)2+4k:L2—(k+1)}
o, = max

k 4k L?

for every n € N. Then, from the calculation above, the cluster point «g of {«a,,} satisfies
that
k-1 <on < (k4+1)244kL? — (k+1)
koo 2% L2

Applying Theorem 3.2, we obtain the result. g

Let us show an example of the mapping which is neither pseudocontractive nor strictly
pseudocontractive, but satisfies the assumption of this theorem.

Example 3.4. Let U be a mapping of R? into itself defined by
U(z) =U(x1,22) = (x1c080 — 2 8in 60, 1 sin @ + x4 cos §)

forall z = (z1,22) € R?, where /2 < 6 < 7 with cos® > —1/5. We have (z —y, Uz — Uy) =
cosf ||Ux — Uy||2 for all z,y € R%2. Let T'= I — U, where I is the identity mapping on R2,
Then, we get that

[Tz —2)|* = ||z — 2)|* + (1 — 2cos8) ||z — Tz|
for every z € R? and z € F(T). We also have that
|72 — Tyl = /201 = cos) Jlz — ]
for all z,y € R2. Let k = 1 — 2cosf and L = 1/2(1 —cosf). Then, T is a quasi-
pseudocontractive type Lipschitz mapping with constants L > 0 and & > 0 satisfying

that
(142L?) + /5 +4L?

1<k
shs 201 + L2
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4. A condition for the sequence of coefficients for convex combination. Let us
consider conditions for {a,,} and its cluster point ag. In Theorem 3.2, we suppose that «q
satisfies (k —1)/k < ag < (v/(k+1)2 +4kL? — (k + 1))/(2kL?). For the existence of such
o, it is sufficient that k£ > 0 and L > 0 satisfy
(142L%) +V5+4L2

21+ L?) ’
as we have already seen before. On the other hand, it holds that
(k+1)2+4kL? — (k+1)

2k L2

for any £ > 0 and L > 0. Thus we have that

k=1 /(k+1)2+4kL% — (k+1)
ko 2kL2

(3) 0<k<

0< <1

[0,1] N #0

whenever k and L satisfy the inequality (3). Suppose that {a,} C [0,1] is dense in [0, 1].
Then, we may find a cluster point «g of {«,} satisfying (2). Namely, such a sequence {a;, }
always satisfies the condition in Theorem 3.2 whenever k and L satisfy (3). Consequently,
we obtain the following result.

Theorem 4.1. Let C' be a nonempty closed conver subset of H. Let T be a quasi-
pseudocontractive type Lipschitz mapping of C into itself with constants k > 0 and L > 0,
respectively, and suppose that F(T) # 0. Let {c,} be a real sequence in [0, 1] which is dense
in [0,1]. For an initial point x € C, let {x,} be a sequence generated by (1). Suppose that

(1+2L%) + b +4L?
2(1+L?)

Then, F(T) is a closed conver set and {x,} converges strongly to Pp(ryx.

0<k<

We shall show examples satisfying the assumption in this result.

Example 4.2. Let us define a real sequence {«,} by

1+ cos(mrn)
Oy = —————
2
for every n € N, where r is an irrational number. Then {«,} is a sequence in [0, 1] and
we may show that it is dense in [0,1]. Therefore this sequence satisfies the assumption in
Theorem 4.1, that is, for any & > 0 and L > 0 satisfying (3), the inequality (2) holds for
some cluster point of {«a,}.

Example 4.3. Let us define a sequence {a,,} as follows:

011:1,
1 2
Qg = — a3 = —
2 2a 3 27
1 2 3
oy ==, Oa5=_—-, Q= —,
Ty Ty T3
1 2 3 4
a7_4) a8_47 Oé9—4, a10_47""

More precisely, we define this sequence by using a sequence {sy}. Let

k
sk=0+1+2+-+j=> j
j=0
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for every k € N U {0}. Then, for each i € N, there exists unique k(i) € N such that
Sk(i)—1 <t < Sg(i). Using this mapping k£ : N — N, we define a,, by
N — Sk(n)—1

k(n)
for each n € N. Then, the sequence {a,} C [0,1] is dense in [0, 1] and hence it satisfies the
assumption in Theorem 4.1.

Ay =

For every L > 0, we have

(1+2L%) + /5 +4L?
21+ L?) '
Therefore, if 0 < k < 1, then

(1+2L%) + /5 +4L?
2(1+ L?)

0<k<

holds. Thus we have the following result.

Theorem 4.4. Let C' be a nonempty closed conver subset of H. Let T be a quasi-
pseudocontractive type Lipschitz mapping of C into itself with constants k > 0 and L > 0,
respectively, and suppose that F(T) # 0. Let {c,} be a real sequence in [0, 1] which is dense
in [0,1]. For an initial point x € C, let {x,} be a sequence generated by (1). If 0 <k <1,
then F(T) is a closed convex set and {x,} converges strongly to Ppr)x.

Suppose that a mapping T" : ¢ — C has a fixed point. We say that T is quasi-
pseudocontractive if
1Tz — 2 < |lo = 2|* + & — Te||?
for every z € C and z € F(T). Namely, a quasi-pseudocontractive mapping is a quasi-
pseudocontractive type mapping with constant 1. As a special case of the previous theorem,
we also get the following result for a quasi-pseudocontractive mapping.

Theorem 4.5. Let C' be a nonempty closed conver subset of H. Let T be a quasi-
pseudocontractive Lipschitz mapping of C into itself with Lipschitz constant L > 0 and
suppose that F(T) # (. Let {a,} be a real sequence in [0,1] which is dense in [0,1]. For an
initial point x € C, let {z,} be a sequence generated by (1). Then F(T) is a closed convex
set and {x,} converges strongly to Pp(ryx.
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