Scientiae Mathematicae Japonicae Online, e-2009, 177-183 177

CERTAIN HYPERGEOMETRIC MATRIX FUNCTIONS
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ABSTRACT. This paper deals with the study of a new kind of hypergeometric matrix
function, say, p-hypergeometric function of the single complex variable z. The integral
form and the composition of p-hypergeometric matrix function are investigated.

1 Introduction Special matrix functions appear in the study of statistics [2] and Lie
groups theory [3]. Hypergeometric matrix function

F(A,B,Ci2) = (A)"(B);,[(C)"]flzn,
n=0 :

has been recently introduced by L. Jédar and J.C. Cortés in [5]. They prove that this
function is convergent for |z| < 1 if C'+ nl is invertible for all integer n > 0. Moreover, if
A, B, C are positive stable matrices in CV*¥ such that m(C) > M (A) + M (B), the series
is absolutely convergent for |z| = 1 where,

M(A) = max{Re(z): z € 0(A)},
M(B) = max{Re(z) : z € 0(B)},

and
m(C) = min{Re(z) : z € o(C)},

where o(A) is the set of all eigenvalues of A.
Also, they give an integral representation of F'(4, B;C; z) for |z| < 1 in the form

F(A,B;C;z2) = </01(1 —tz)" MBI (1 - t)Cdet> r~Y(B)r-(c - B)r(c),

where B, C and C' — B are positive stable matrices and BC = CB.

2 p-Hypergeometric Matrix Function We introduce and study a new kind of hyper-
geometric matrix function with parameter p that is the p-hypergeometric matrix function

PF(A,B;C;z2) = Z (A)"(B(Z);[)('C)n]_l Z2" = Z U,z p=2,3,...,
n>0 ’ n>0

of matrices coefficients of the single complex variable z. Note that if p = 1 one obtains the
hypergeometric matrix function F(A, B;C; z).
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The radius of convergence of it is the subject of this section. For this purpose we recall
relation (17) of [6] in the form

(2.1) H(C+nI)—1 = H% (% +I)1 = %H (% +I)1 < mn > ||Cl.
Denote

(2.2) yn) = CTHIIHC+ DT H(C+ (=117 [l n> 0.

Since

(2.3) I (An 1< (I A Dn and || (B)n < (I B ),

then by (2.2) and (2.3) we get

A Dl B [Dny(n)

Hence

| Unia ] 2+ (LA D B Do+ 1)t
[0 = (1 A (T3 D () + )27
QAL B Lo (€ £ )
nP(p+E)p+ ). (0 + )
oy (B + A+ 1)
T et )+ ) (p+ )1 - 1)

lim sup

n—oo

< limsup ‘

n—oo

=lim sup

n—oo

|z| =0 for all z.

Then the p-hypergeometric matrix function is an entire function for all p = 2,3, . ...
Putting p = 1 we see that the hypergeometric matrix function F(A, B;C; z) converges
in |z] <1 (c.f. [5]).

2.1 Integral Form of the p-Hypergeometric Matrix Function Suppose that B and

C' are matrices in the space CV*¥ of the square complex matrices of the same order N,
such that

(2.4) BC = CB,

and

(2.5) C, B and C — B are positive stable matrices.

Since

(2.6) B(B+1I)...(B+ (n—1)I)=T"YB)[(B +nl),

then

@) (B)n[(C)a] ™t =I'"Y(B)I(B + nI)[L~1(C)I(C + nI)]

=I"YB)I'}(C - B)T(C — B)T(B + nI)I "} (C 4+ nI)T(C).
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By Lemma 2 of [5] and (2.5), we see that

1
(2.8) / (PO — )Pl = B(B +nl,C — B)
. 0

=I'(C — B)T(B +nI)T " (C +nl).

(From relations (2.7) and (2.8) we get

1
29 (B =T mr e B) ([ e e T e

0

Hence, formally one can write

PF(A,B;C;2) anz;) (on)! o
_ Z:O (A)nfl(i));ll(c ~B) </01 B n=DI(1 _ t)Cdet) r(C)z"

1
= </ PR(A, —; —t2) tB71(1 - t)C_B_Idt> r~Y(B)r—(c - B)r().
0
This is the integral form of p-hypergeometric matrix function.

3 Composite Hypergeometric Matrix Function Let us introduce the following no-
tation

n = (nlanQa' "7nk)7
(n) =n1 +ng+ -+ ng,
gﬂ — 2?12’32 . Z]’::lk’
A:(AlaAQa 7Ak)a
EZ(BMBQ; 7Bk)a
Q: (017027" '7Ck)a
(A)Q = (Al)nl (AQ)TL2 . (Ak)nk7
(ﬁ)ﬂ = (Bl)nl (BQ)nz (Bk)nkv
(C)n = (C1)n, (C2)ny - - - (Ck )y,
and
F:(FlvFQa' 7Fk)
Suppose that
Ai n; Bi n; Ci n; -1 n; -
(3.1) Fi(Ai, B;;Cisz) = (Ai)n,( (3%)[!( Jn] Moi=1,2,...,k,
are k hypergeometric functions with square complex matrices A1, As, ..., Ak, B1, Ba ,. .., B

and Cq,Cs, ..., Cy of the same order N.
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Construct the function

(3.2) F(A B;C;z) =) (A)Q(E)ﬁ[,(c =Y U™

n>0 (ﬂ) n>0

This function, will be called the composite hypergeometric matrix function of several com-
plex variables 21, 22, ..., 2k.

We begin the study of this function by calculating its radius of convergence R. For this
purpose, we recall relation (1.3.10) of [8] and keeping in mind that o, > 1. Hence

%Zlimsup (M) 2 — Jimsup (I (A )Q(B)ﬂ['(Q)Jl ||>® (i>g

(n)—o0 On (n)—o0 (n)! On

< timsup (L0 By B (o] - (G 1)
(n)—o0 711!712! .. .nk!
—Aq —Ayg
3! Al " A nk ('Ak)n A
<l L —Dnt | — — 1)Indk
menn (| (S Yo -t (B Y
—Bl — By,
Bl) n k(Bk)
T S A | k ng 1\ B
( (= 1)! )(m 1)in? ( (1) )(nk 1)ng
(33) an o)
k 1,~C U 1 —-C
(e — 1! (i = D(Ck),,, 17 my, " m(nl = DI(C1)n, ] "0
1 w
nl'ng'nk'>
<timsnp (T4 |- T 11T By) - T80 )
(I TCr) [+~ [ T(Cr) )
umsup<” I P 0 P g - l) |
(n)—o0 ning ... Nk

where

ni no ngk

o [ (e S (e 5 (et B
= 1 ,n=0.

For positive numbers p; and positive integer n, we can write
ng =pwun, t=12,... k.

Using relation (8) of [5] for any square complex matrix A of size N

| A N2t
” tA ||<etM(A)Z ‘ H ) St >0,
7=0
and considering that n4 = e4™™" one gets

N-1
Al Nzl
(3.49) | HSnM‘A)Z—H —
7=0
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Substitute from (3.4) into (3.3) one gets

N-1
i < limsup { M(A1 Z ” Ay H N2 lnﬂln)
R n(p1+--+pg)—o0 =0
N— 1
AN ) NS By H N jny
()4 S >
. J!
JZO Jj=
(3.5) . Nt
(Ukn)M(Bk) (I Be | N 1n“k”) —m(Cy) Z e Nz hwm)
il
=0 J: o
i J ey
()~ 3 (I Ck | N2 In pgm) 1 } CEER
= J! (pan)!. .. (pxn)!
Since
N-1 N—1 .
A N 1 All)?
H || 2 n/ﬂl) § (NIHILLTL)N71 M _ (NIHILLTL)N leHAH
j=0 j=0 J:
then
l < lim sup {nM(Al)+'"+M(Ak)+N1(B1)+--~+M(Bk)
RS

(i) =00
1
n—m(Cl)—m—m(Ck)—k}m

1
lim sup ((N In Mln)NfleHz‘hH . (N In Mkn)N*leﬂAkH) n(u1t o Frg)
n(p1+Hpg)—o0

1imsup ((N lnﬂlln)NfleHBlH o (N h’lﬂ,kn)NileHBkH) T EEETTS)
n(p1t-+pg)—o0

1
lim sup ((N lnuln)NfleHClH (N mukn)Nﬂe”ck”) RO TR _ 1,

n(p1+-+pg)—00
Le. the radius of convergence of the composite hypergeometric matrix function is one and
it is regular in the sphere Sp; R =1 (c.f. [8]).
4 Composite p-Hypergeometric Matrix Function Let

(A)n(Bi)nl(Ci)n] ™! .,

7

PF(Ai,Bi;Ciizi) = ) i=1,2,....k

=0 (ping)!

are k, p-hypergeometric matrices functions of the square complex matrices A4;, B; and C}
of the same order N.

Construct the composite p-hypergeometric matrix function of these functions for any
mode of arrangement we put

(4.1) PE(A,B;Ciz) =) (A)"(E)"[S.Q)"]_ 2= Uz

n>0

where

PF = Py (A1,By;Ch521) ... PRFL(Ag, By Ci; 21)-
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Now we Calculate the radlus of convergence of this functlon as follows

n A)n(B)n n -1 (?1) (Tl)
Lo (LN _ @I, N (1
R (oo \ On (n)—o0 (pn)! on

- I (AD)n, - (Ak)n (Bu)ny - - (Br)n [(Ci)n ]t [(C1)y 1 ) @
<1(17rznili<? < (prna)!. .. (prmr)! >

A(4y) Ak (4,)
<hmsupH(<nl( ) 1)( N, ( , ”’“)(nk—l)!n,‘?’“

(n)—o0 ny — ]_ nk — 1\
o (B n; P*(B
(71)1)( — 1B (%) (s — 1)In >
(4.2) (ng —1)! (ng, — 1)!
ng" 1, _c nfl .
7(%_1)!(%—1) [(Cr),, 17 g oD _1)!(711—1) (R
1 ) w
(pin1)!(p2n2)!. .. (prn)!
A B, —C —c
— limsup{ g - A ng® Wm0 g™ I ng @ - g |
oo Py a(m — &) (1 — B T (ny — 1) (ns — 22T
1 e
1 — }(m7
pik"l' (nk—pik)...(nk—p’;)—kl)
as above putting n; = p;n and using relation (3.4) we get
L lim sup (nM<A1>+"'+M<Ak>+M<31>+--~+M<Bk>nfm<ck>f»--fm<cl>fk) CrET
R (i teetin)—oo
lim sup ((N lnuln)NfleHAll\ (N lnﬂkn)NfleHAkH) T o)
n(p1tFpg)— 00
1
lim sup ((N In Mln)N—leHBl” ..(Nn Mkn)N_le”Bk”) TR
n(p1tFpg)— 00
o
lim sup ((N In Ml’l’L)N_leHC’“” ...(NIn ,Ukn)N_lellclll) QTR =TT
n(p1tFpg)— o0
li (— 1
im sup — _
()0 PP (pan = ) (e — B (pan — 1) (e — 2221

pr+1 11 pr—1 )m =0.
k _ L _ Pk—
cpp (e = o) - (pen — B2

Then the composite p-hypergeometric matrix function is an entire function.
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