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Abstract. This paper deals with the study of a new kind of hypergeometric matrix
function, say, p-hypergeometric function of the single complex variable z. The integral
form and the composition of p-hypergeometric matrix function are investigated.

1 Introduction Special matrix functions appear in the study of statistics [2] and Lie
groups theory [3]. Hypergeometric matrix function

F (A,B; C; z) =
∞∑

n=0

(A)n(B)n[(C)n]−1

n!
zn,

has been recently introduced by L. Jódar and J.C. Cortés in [5]. They prove that this
function is convergent for |z| < 1 if C + nI is invertible for all integer n ≥ 0. Moreover, if
A, B, C are positive stable matrices in CN×N such that m(C) > M(A) + M(B), the series
is absolutely convergent for |z| = 1 where,

M(A) = max{Re(z) : z ∈ σ(A)},
M(B) = max{Re(z) : z ∈ σ(B)},

and

m(C) = min{Re(z) : z ∈ σ(C)},

where σ(A) is the set of all eigenvalues of A.
Also, they give an integral representation of F (A,B; C; z) for |z| < 1 in the form

F (A,B; C; z) =
(∫ 1

0

(1 − tz)−AtB−1(1 − t)C−B−Idt

)
Γ−1(B)Γ−1(C − B)Γ(C),

where B, C and C − B are positive stable matrices and BC = CB.

2 p-Hypergeometric Matrix Function We introduce and study a new kind of hyper-
geometric matrix function with parameter p that is the p-hypergeometric matrix function

pF (A,B; C; z) =
∑
n≥0

(A)n(B)n[(C)n]−1

(pn)!
zn =

∑
n≥0

Unzn; p = 2, 3, . . . ,

of matrices coefficients of the single complex variable z. Note that if p = 1 one obtains the
hypergeometric matrix function F (A,B; C; z).
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The radius of convergence of it is the subject of this section. For this purpose we recall
relation (17) of [6] in the form

∥∥∥∥(C + nI)−1

∥∥∥∥ =
∥∥∥∥ 1

n

(
C

n
+ I

)−1 ∥∥∥∥ =
1
n

∥∥∥∥
(

C

n
+ I

)−1 ∥∥∥∥ ≤ 1
n − ‖C‖ , n > ‖C‖.(2.1)

Denote

γ(n) =‖ C−1 ‖‖ (C + I)−1 ‖ · · · ‖ (C + (n − 1)I)−1 ‖; n > 0.(2.2)

Since

‖ (A)n ‖≤ (‖ A ‖)n and ‖ (B)n ‖≤ (‖ B ‖)n,(2.3)

then by (2.2) and (2.3) we get

‖ Un ‖≤ (‖ A ‖)n(‖ B ‖)nγ(n)
(pn)!

.

Hence

lim sup
n→∞

∣∣∣∣‖ Un+1 ‖ zn+1

‖ Un ‖ zn

∣∣∣∣ ≤ lim sup
n→∞

∣∣∣∣(‖ A ‖)n+1(‖ B ‖)n+1γ(n + 1)(pn)!zn+1

(‖ A ‖)n(‖ B ‖)nγ(n)(pn + p)!zn

∣∣∣∣
= lim sup

n→∞

∣∣∣∣ (‖ A ‖ +n)(‖ B ‖ +n) ‖ (C + nI)−1 ‖
np(p + p

n )(p + p−1
n ) . . . (p + 1

n )

∣∣∣∣|z|
≤ lim sup

n→∞

n2(‖A‖
n + 1)(‖B‖

n + 1)

np+1(p + p
n )(p + p−1

n ) . . . (p + 1
n )(1 − ‖C‖

n )
|z| = 0 for all z.

Then the p-hypergeometric matrix function is an entire function for all p = 2, 3, . . . .
Putting p = 1 we see that the hypergeometric matrix function F (A,B; C; z) converges

in |z| < 1 (c.f. [5]).

2.1 Integral Form of the p-Hypergeometric Matrix Function Suppose that B and
C are matrices in the space C

N×N of the square complex matrices of the same order N ,
such that

BC = CB,(2.4)

and

C,B and C − B are positive stable matrices.(2.5)

Since

B(B + I) . . . (B + (n − 1)I) = Γ−1(B)Γ(B + nI),(2.6)

then

(B)n[(C)n]−1 =Γ−1(B)Γ(B + nI)[Γ−1(C)Γ(C + nI)]−1

=Γ−1(B)Γ−1(C − B)Γ(C − B)Γ(B + nI)Γ−1(C + nI)Γ(C).
(2.7)
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By Lemma 2 of [5] and (2.5), we see that

∫ 1

0

tB+(n−1)I(1 − t)C−B−Idt = B(B + nI, C − B)

=Γ(C − B)Γ(B + nI)Γ−1(C + nI).
(2.8)

¿From relations (2.7) and (2.8) we get

(B)n[(C)n]−1 = Γ−1(B)Γ−1(C − B)
(∫ 1

0

tB+(n−1)I(1 − t)C−B−Idt

)
Γ(C).(2.9)

Hence, formally one can write

pF (A,B; C; z) =
∑
n≥0

(A)n(B)n[(C)n]−1

(pn)!
zn

=
∑
n≥0

(A)nΓ−1(B)Γ−1(C − B)
(pn)!

(∫ 1

0

tB+(n−1)I(1 − t)C−B−Idt

)
Γ(C)zn

=
(∫ 1

0

pF (A,−;−; tz) tB−I(1 − t)C−B−Idt

)
Γ−1(B)Γ−1(C − B)Γ(C).

This is the integral form of p-hypergeometric matrix function.

3 Composite Hypergeometric Matrix Function Let us introduce the following no-
tation

n = (n1, n2, . . . , nk),
(n) = n1 + n2 + · · · + nk,

zn = zn1
1 zn2

2 . . . znk

k ,

A = (A1, A2, . . . , Ak),
B = (B1, B2, . . . , Bk),
C = (C1, C2, . . . , Ck),

(A)n = (A1)n1(A2)n2 . . . (Ak)nk
,

(B)n = (B1)n1(B2)n2 . . . (Bk)nk
,

(C)n = (C1)n1(C2)n2 . . . (Ck)nk
,

and

F = (F1, F2, . . . , Fk).

Suppose that

Fi(Ai, Bi; Ci; zi) =
∑
ni≥0

(Ai)ni(Bi)ni [(Ci)ni ]−1

(ni)!
zni

i , i = 1, 2, . . . , k,(3.1)

are k hypergeometric functions with square complex matrices A1, A2, . . . , Ak, B1, B2 ,. . . , Bk

and C1, C2, . . . , Ck of the same order N .
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Construct the function

F (A, B; C; z) =
∑
n≥0

(A)n(B)n[(C)n]−1

(n)!
zn =

∑
n≥0

Unzn.(3.2)

This function, will be called the composite hypergeometric matrix function of several com-
plex variables z1, z2, . . . , zk.

We begin the study of this function by calculating its radius of convergence R. For this
purpose, we recall relation (1.3.10) of [8] and keeping in mind that σn ≥ 1. Hence

1
R

= lim sup
(n)→∞

(‖ Un ‖
σn

) 1
(n)

= lim sup
(n)→∞

(‖ (A)n(B)n[(C)n]−1 ‖
(n)!

) 1
(n)
(

1
σn

) 1
(n)

≤ lim sup
(n)→∞

(‖ (A1)n1 . . . (Ak)nk
(B1)n1 . . . (Bk)nk

[(Ck)nk
]−1 . . . [(C1)n1 ]−1 ‖

n1!n2! . . . nk!

) 1
(n)

≤ lim sup
(n)→∞

(∥∥∥∥
(

n−A1
1 (A1)n1

(n1 − 1)!

)
(n1 − 1)!nA1

1 ...

(
n−Ak

k (Ak)
nk

(nk − 1)!

)
(nk − 1)!nAk

k

(
n−B1

1 (B1)n1

(n1 − 1)!

)
(n1 − 1)!nB1

1 ...

(
n−Bk

k (Bk)nk

(nk − 1)!

)
(nk − 1)!nBk

k

nCk

k

(nk − 1)!
(nk − 1)![(Ck)

nk
]−1n−Ck

k ...
nC1

1

(n1 − 1)!
(n1 − 1)![(C1)n1 ]

−1n−C1
1

∥∥∥∥
1

n1!n2! . . . nk!

) 1
(n)

≤ lim sup
(n)→∞

(‖ Γ−1(A1) ‖ · · · ‖ Γ−1(Ak) ‖‖ Γ−1(B1) ‖ · · · ‖ Γ−1(Bk) ‖)
(‖ Γ(Ck) ‖ · · · ‖ Γ(C1) ‖)

1
(n)

lim sup
(n)→∞

(
‖ nA1

1 ‖ · · · ‖ nAk

k ‖‖ nB1
1 ‖ · · · ‖ nBk

k ‖‖ n−Ck

k ‖ · · · ‖ n−C1
1 ‖

n1n2 . . . nk

) 1
(n)

,

(3.3)

where

σn =
{

(n1+...+nk

n1
)

n1
2 (n1+...+nk

n2
)

n2
2 ...(n1+...+nk

nk
)

nk
2 , n �= 0

1 , n = 0.

For positive numbers µi and positive integer n, we can write

ni = µin, i = 1, 2, . . . , k.

Using relation (8) of [5] for any square complex matrix A of size N

‖ etA ‖≤ etM(A)
N−1∑
j=0

(‖ A ‖ N
1
2 t)j

j!
; t ≥ 0,

and considering that nA = eA ln n one gets

‖ nA ‖≤ nM(A)
N−1∑
j=0

(‖ A ‖ N
1
2 lnn)j

j!
.(3.4)
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Substitute from (3.4) into (3.3) one gets

1
R

≤ lim sup
n(µ1+···+µk)→∞

{
(µ1n)M(A1)

N−1∑
j=0

(‖ A1 ‖ N
1
2 lnµ1n)j

j!
. . .

(µkn)M(Ak)
N−1∑
j=0

(‖ Ak ‖ N
1
2 lnµkn)j

j!
(µ1n)M(B1)

N−1∑
j=0

(‖ B1 ‖ N
1
2 lnµ1n)j

j!
. . .

(µkn)M(Bk)
N−1∑
j=0

(‖ Bk ‖ N
1
2 lnµkn)j

j!
(µ1n)−m(C1)

N−1∑
j=0

(‖ C1 ‖ N
1
2 lnµ1n)j

j!

. . . (µkn)−m(Ck)
N−1∑
j=0

(‖ Ck ‖ N
1
2 lnµkn)j

j!
1

(µ1n)! . . . (µkn)!

} 1
n(µ1+···+µk)

.

(3.5)

Since
N−1∑
j=0

(‖ A ‖ N
1
2 lnµn)j

j!
≤ (N lnµn)N−1

N−1∑
j=0

(‖ A ‖)j

j!
= (N lnµn)N−1e‖A‖,

then

1
R

≤ lim sup
n(µ1+···+µk)→∞

{nM(A1)+···+M(Ak)+M(B1)+···+M(Bk)

n−m(C1)−···−m(Ck)−k} 1
n(µ1+···+µk)

lim sup
n(µ1+···+µk)→∞

(
(N lnµ1n)N−1e‖A1‖ . . . (N lnµkn)N−1e‖Ak‖

) 1
n(µ1+···+µk)

lim sup
n(µ1+···+µk)→∞

(
(N lnµ1n)N−1e‖B1‖ . . . (N lnµkn)N−1e‖Bk‖

) 1
n(µ1+···+µk)

lim sup
n(µ1+···+µk)→∞

(
(N lnµ1n)N−1e‖C1‖ . . . (N lnµkn)N−1e‖Ck‖

) 1
n(µ1+···+µk)

= 1,

i.e. the radius of convergence of the composite hypergeometric matrix function is one and
it is regular in the sphere S̄R; R = 1 (c.f. [8]).

4 Composite p-Hypergeometric Matrix Function Let

piF (Ai, Bi; Ci; zi) =
∑
n≥0

(Ai)n(Bi)n[(Ci)n]−1

(pini)!
zni

i , i = 1, 2, . . . , k,

are k, p-hypergeometric matrices functions of the square complex matrices Ai, Bi and Ci

of the same order N .
Construct the composite p-hypergeometric matrix function of these functions for any

mode of arrangement we put

pF (A,B; C; z) =
∑
n≥0

(A)n(B)n[(C)n]−1

(pni)!
zn =

∑
n≥0

Unzn,(4.1)

where

pF = p1F1(A1, B1; C1; z1) . . . pkFk(Ak, Bk; Ck; zk).
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Then pF (A, B; C; z) is the p-hypergeometric matrix function.
Now we calculate the radius of convergence of this function as follows

1
R

= lim sup
(n)→∞

(‖ Un ‖
σn

) 1
(n)

= lim sup
(n)→∞

(‖ (A)n(B)n[(C)n]−1 ‖
(pn)!

) 1
(n)
(

1
σn

) 1
(n)

≤ lim sup
(n)→∞

(‖ (A1)n1 . . . (Ak)nk
(B1)n1 . . . (Bk)nk

[(Ck)nk
]−1 . . . [(C1)n1 ]−1 ‖

(p1n1)! . . . (pknk)!

) 1
(n)

≤ lim sup
(n)→∞

∥∥∥∥
((

n−A1
1 (A1)n1

(n1 − 1)!

)
(n1 − 1)!nA1

1 ...

(
n−Ak

k (Ak)
nk

(nk − 1)!

)
(nk − 1)!nAk

k

(
n−B1

1 (B1)n1

(n1 − 1)!

)
(n1 − 1)!nB1

1 ...

(
n−Bk

k (Bk)
nk

(nk − 1)!

)
(nk − 1)!nBk

k

nCk

k

(nk − 1)!
(nk − 1)![(Ck)nk

]−1n−Ck

k ...
nC1

1

(n1 − 1)!
(n1 − 1)![(C1)n1

]−1n−C1
1

∥∥∥∥
1

(p1n1)!(p2n2)! . . . (pknk)!

) 1
(n)

= lim sup
(n)→∞

{ ‖ nA1
1 ‖ · · · ‖ nAk

k ‖‖ nB1
1 ‖ · · · ‖ nBk

k ‖‖ n−Ck

k ‖ · · · ‖ n−C1
1 ‖

pp1+1
1 n1(n1 − 1

p1
) . . . (n1 − p1−1

p1
)pp2+1

2 n2(n2 − 1
p2

) . . . (n2 − p2−1
p2

)

1
ppk+1

k nk(nk − 1
pk

) . . . (nk − pk−1
pk

)
} 1

(n) ,

(4.2)

as above putting ni = µin and using relation (3.4) we get

1
R

≤ lim sup
n(µ1+···+µk)→∞

(
nM(A1)+···+M(Ak)+M(B1)+···+M(Bk)n−m(Ck)−···−m(C1)−k

) 1
n(µ1+···+µk)

lim sup
n(µ1+···+µk)→∞

(
(N lnµ1n)N−1e‖A1‖ . . . (N lnµkn)N−1e‖Ak‖

) 1
n(µ1+···+µk)

lim sup
n(µ1+···+µk)→∞

(
(N lnµ1n)N−1e‖B1‖ . . . (N lnµkn)N−1e‖Bk‖

) 1
n(µ1+···+µk)

lim sup
n(µ1+···+µk)→∞

(
(N lnµ1n)N−1e‖Ck‖ . . . (N lnµkn)N−1e‖C1‖

) 1
n(µ1+···+µk)

lim sup
n(µ1+···+µk)→∞

(
1

pp1+1
1 (µ1n − 1

p1
) . . . (µkn − p1−1

p1
)pp2+1

2 (µ2n − 1
p2

) . . . (µkn − p2−1
p2

)
1

. . . ppk+1
k (µkn − 1

pk
) . . . (µkn − pk−1

pk
)
)

1
n(µ1+···+µk) = 0.

Then the composite p-hypergeometric matrix function is an entire function.
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