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ABSTRACT. Let f:Y — Z with Y C X :=1Il;c7 X;. Then

(a) J C I is essential if there are =,y € Y such that d(z,y) = J and f(z) # f(v),
where d(z,y) :={i € I : x; # y; }; Jy := {i : {1} is essential}; an essential J is optimally
essential if no essential J' C J satisfies |J'| < |J|; J € Jy if J is a maximal family of
pairwise disjoint optimally essential sets; Ay :=sup{|J|: J € Js}.

(b) f depends on J C I'if [x,y € Y,z; = yj] = f(x) = f(y); Dy :={J CI:f
depends on J}; py := min{|J| : J € Dy}.

Theorem 1. J € Dy = Ay < |J|.

Theorem 2. 7 € Jy == JJ € Dy.

That context is strictly set-theoretic. Henceforth let X; and Z be spaces with Z
Hausdorff, and let f € C(Y,Z). This is known: (*) if ¥ contains a o-product then
J € Dy iff Jp C J. The authors give examples to show: Jy € Dy in (*) can fail, if
any one of the three hypotheses are omitted; J,J’ € J5, with |J| # |J’|, can occur;
J € Dy = |J| > A can occur; J € Jy = |J| < Ay can occur; [J| < Af = J & Dy
(hence, Ay < py) can occur.

The authors’ interest in (*) is motivated by their observation that when X has the
k-box topology, its obvious analogue, say (*)x, can fail. They propose and prove (what
seem to be) appropriate modifications of (*)x.

1. INTRODUCTION AND HISTORICAL PERSPECTIVE

Conventions, Notation, Definitions 1.1. (a) Topological spaces considered here are
not subjected to any special standing separation properties. Additional hypotheses are
imposed as required.

(b) w is the least infinite cardinal, ¢ is the cardinality of [0,1], and « and  are infinite
cardinals. For I a set and 3 an arbitrary cardinal we write [[]° := {J C I : |J| = B};
the notation [I]<# is defined analogously. Also, for A and B sets, we write AAB :=
(A\B) U (B\A).

(c) For a set {X; : i € I} of sets and J C I, we write X; := IL;cy X;; and for every
generalized rectangle A = I;er A; C X1 the restriction set of A, denoted R(A), is the set
R(A)={iel:A; # X;}. When each X; = (X;,7;) is a space, the symbol (X7), denotes
X1 with the s-boz topology; this is the topology for which {IL;c; U; : U; € T;, |R(U)| < s} is
a base. Thus the w-box topology on X7 is the usual product topology. We note that even
when & is regular, the intersection of fewer than k-many sets, each open in (X;),, may fail
to be open in (X7).

(d) For z,y € X; = Il;c; X;, the symbol d(z, y) denotes the difference set of {x, y}—that
is, the set d(z,y) ={i € I:x; # y;}.

(e) For p € X1 =I5 X, the x-X-product of X based at p is the set ¥,.(p) := {z € X :
d(p, @) <k}
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(f) A set Y C X7 is k-invariant [12] provided for every z,y € Y and J € [I]<" the point
z € X1 defined by x5 = 275, yn\g = 21\, is in Y.

(g) For spaces Y and Z we denote by C(Y,Z) the set of continuous functions from Y’
into Z.

(h) If k is a cardinal number then D(k) denotes the discrete space with cardinality k.

Remarks 1.2. (a) In the notation of 1.1(e), the usual X-product based at p € X is the
set 3(p) = X+ (p), and the “little o-product” [7] is the set o(p) := Z,,(p) C X1. If | X;| > 2
for all ¢ € I then 7;[Xx(p)] = Xy iff J € [I]<", so if the sets X; are topological spaces then
each ¥ (p) C Xy is dense in (X7).

(b) Clearly, every ¥.-space in X7, also every generalized rectangle in X7, is x-invariant.
(Note that the notion s-invariant is closely related to, but different from, the notion of a
subspace invariant under projection defined in [15].)

The following definition and lemma are strictly set-theoretic, in the sense that topology
plays no role in their statements. For the applications, of course, X; and Z will be spaces,
and f € C(Y, Z).

Definition 1.3. Let f:Y — Z, with Y C X; = ;1 X;.
(a) If J C I, then f depends on J if [x,y € Y and x5 = yj] = f(z) = f(y). In this
case, fy:my|Y] = Z is well-defined by the rule f = fyomyly;
(b) Jy:={i:i €I and there exist x,y € Y such that d(z,y) = {1} and f(z) # f(y)};
(c) Dy :={J CI: f depends on J};
(d) gy :=min{|J| : J € Dy}.

Remark 1.4. The function f of Definition 1.3 depends on J = ( if and only if f is a
constant function; in this case, the function fp = f; is not defined. In what follows we use
the notation f; only with the understanding that J # 0.

Lemma 1.5. LetY C Xy and f:Y — Z. If J € Dy then Jy C J.

Proof. For i € Jy there are z,y € Y with d(z,y) = {i} and f(x) # f(y). If ¢ € J fails then
xy =yy with f(z) # f(y), a contradiction. O

In Statement 1.6 below we use our notation and terminology to restate (the contrapositive
of) Proposition 3.3 in [16], which appears in [16] without proof.

Statement 1.6. Let f: X; — Z be a function between the sets Xy := Il;c; X; and Z, and
let Jy CJCI. Then

(a) J € Dy; and

(b) if X1 and Z are topological spaces and f is continuous, then fj is also continuous.

Discussion 1.7. In our view, Statement 1.6 is seriously flawed. First, Remark 1.4 shows
for constant functions f that 1.6(b) is meaningless (f; being then undefined since J = §))—
but the condition that f be non-constant is not given in [16]. More seriously, Example 1 in
Discussion 1.10 shows that even when X; and Z are topological spaces and f € C(X;, Z)
is non-constant, the relation Jy € Dy of 1.6(a) may fail; in that example one has J; = ()
(or J; = {i} where i € I), but for J C I one has J € Dy if and only if |I\J| < w (see also
Example 2.1 below).

In remarks parallel to those of Miscenko [16], Husek [11] pointed the way to the following
proposition.

Proposition 1.8. Let X; be a product space, Y be a subspace of Xy, Z be a Hausdorff
space, and f € C(Y,Z). If there is p € Xy such that o(p) C Y, then for each J C I:
JeDyiff J O Jy.
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Remark 1.9. Proposition 1.8 is not explicitly stated in [11] but it can be found implicitly
(without proof) there on page 33. For a full and direct proof of Proposition 1.8 see Corollary
1.12 below, and for a generalization see Lemma 2.32. The condition in Proposition 1.8 that
Z is a Hausdorfl space is not mentioned in [11], but its applications in [11] are in that
setting. In Discussion 1.10 below we indicate the necessity of some of the hypotheses in
(our formulation of) Proposition 1.8.

For Husek’s comments on this matter, see pp. 33 and 36 of [11].

Discussion 1.10. We give three simple examples showing that the conclusion of Propo-
sition 1.8 can fail if any one of the three hypotheses (a) Z is a Hausdorff space, (b) f is
continuous, and (c) there is p € X such that o(p) C Y, is omitted.

Let X1 = ,;er X; with |I| > w and with each X; a Hausdorff space such that |X;| > 1.
We will arrange in each case that f is non-constant on Y and Jy = 0, so f does not depend
on Jy.

Example 1: (a) fails, (b) and (c) hold. Let Z C X; be maximal with respect to the
property p,q € Z,p # q = o(p) No(q) = 0. Then X; = Upez o(p) and the map f :
Y := X; — Z given by f(z) :==p € Z if z € o(p) is well-defined from X; onto Z, and
continuous when Z is given the indiscrete (“concrete”) topology. (Here J; = (). To preserve
the foregoing essential properties, but with J; # 0, fix p € Z and i € I, choose ¢ € o(p)
so that d(p,q) = {i} and now define f(x) as before when x ¢ o(p). When z € o(p) define
f(z) = ¢ whenever x; = ¢; and f(x) = P otherwise. Then f : X; — Z U {q¢}, (a) fails and
(b) and (c) hold, and Jy = {i} # 0.)

Example 2: (b) fails, (a) and (c) hold. Take data as in Example 1, but with Z now given
the usual topology inherited from Y = X;. Then f is not continuous since for p € Z the
set f~1(p), which is o(p), is proper and dense in Y, hence is not closed. Again (c) holds,
just as in (a), since Y = X7 = cx, o(p).

Example 3: (c) fails, (a) and (b) hold. Choose any Y C X such that |[Y No(p)| =1 for
each p € X;. (It is easy to see, arguing as in [3, 2.4], that ¥ may even be chosen dense in
X;.) Then f:=id:Y — Z :=Y are as required.

[As an alternative to Example 3, take X; := {0,1} with |I| > w, fix p € X; and
set Y i={z € X;: |{i € I : x; # pi}| is even}. Then Y is again dense in X;, and
f=1id:Y — Z =Y are as required.]

Lemma 1.11. Let X; be a product space, p € X;, and o(p) CY C X;. Let Z be a
Hausdorff space, f € C(Y,Z), and g := flo(p). Then

(a) Jg = Jy;

(b) Jf S Df,' and

(c) Jg € Dy.
Proof. (a) We first show J;, C Jy. If i € J, then there are z,y € o(p) C Y such that
f(x) =g(x) # g(y) = f(y) and d(z,y) = {1}, so i € Jy.

Now we show J; C J,. Given ¢ € Jy, there are z,y € Y such that d(z,y) = {i} and
f(x) # f(y), and since Z is a Hausdorff space and f € C(Y, Z) there are basic neighborhoods
U and V of x and y, respectively, such that f[U]N f[V] = 0. Now define z’,y' € X1 by

—a;=y; =y, if j#i,j € RU)UR(V),
oy =y = p; if j € IN(R(U) U R(V)).
Then ',y € o(p) and d(z',y") = {i}, and from =’ € U, ¢y € V follows g(z') = f(z') #
fW') = g(y'), hence i € J.

(b) Suppose there are x,y € Y such that x5, = y;, and f(x) # f(y). We claim there is
a net s(A) = (z(\),y(N)) in o(p) x o(p) such that
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(i) s(\) converges to (z,y), and
(ii) z(A); = y(A); for all A and all i € Jy.
Indeed, using the density of o(p) X o(p) in Y x Y, begin with a net s'(\) = (z/(A),3'()\)) in
o(p) x o(p) which converges to (z,y) and define x(\) and y(\) by
z(A) = z'(A) , and
(1) R B A OV A
YN: = i deJy
The finite set d(y' (), 2’ (N\)) contains d(y(X), z(N)), so from z'(A) = x(\) € o(p) follows
y(A) € o(p); condition (i) holds since x(A); and y(\); converge to x; and y;, respectively,
for all ¢ € I; and condition (ii) is obvious. The claim is established.

Since Z is a Hausdorff space and the nets f(z(\)) and f(y(\)) converge to f(z) and f(y),
respectively, there is A such that

(2) g(x(N) = f(x(N) # fy(N) = g(y(N).

We have z(\)s; = y(A)s, by (1) and hence 2(\)y, = y(\)J, by (a), so g(z(A)) = g(y(N)),
contrary to (2). It follows for z,y € Y that if 25, =y, then f(x) = f(y)—i.e., (b) holds.
(c) This is immediate from (a) and (b), since if 2,y € o(p) and x;, = ys,, then g(z) =

f@)=fly) = g(). O

Corollary 1.12. Let X;, Y, Z, f and g be as in Lemma 1.11. Then for each J C I these
conditions are equivalent:

(a) J e Df,‘

(b) J € Dy;

(c) J 2 Jf; and

(d) J 2 Jg.

Proof. This is clear from Lemma 1.5 (where continuity of f is not assumed) and Lemma
1.11. O

Remark 1.13. We note that if p, Y, X7, Z, f and ¢ are as in Lemma 1.11, then there is a
least (= smallest) set J C I on which f depends, and a least set J C I on which g depends.
These sets coincide: we have J = Jy = J;. Clearly in this case py = pg = |J|.

2. SOME MORE GENERAL RESULTS

We would like to generalize Proposition 1.8 (or, equivalently, Corollary 1.12) to the x-box
topology. One might expect that the appropriate legitimate generalization is this (this is
the “obvious analogue” (*), of (*) to which we refer in the Abstract):

(1) Let X1 be a product space, Y be a subspace of (X1)x, Z be a Hausdorff space, and
feCY,Z). If there is p € X1 such that X.(p) CY, then J; € Dy.

The following example shows that statement (1) is invalid. In this example we have even
Y = (X1)s.

Example 2.1. Let {X; : i € I} be a family of discrete spaces and k > |I| > w be a
cardinal number. Then (Xr), is discrete. As in Example 1 of Discussion 1.10, let Z C X
be mazimal with respect to the property [xv,y € Z,x # y| = o(x) No(y) = 0. Then
X1 = U,ez o(x), and since (X1). is discrete, the map f : X; — Z given by f(x) = p if
x € o(p) is continuous. Here Jp = 0 so f, since it is not a constant function, does not
depend on J¢. For a set J C I we have J € Dy if and only if |I'\ J| < w.

Example 2.1 shows that there are continuous functions f defined on subspaces of product
spaces, equipped with the s-box topology, such that Jy ¢ Dy. In seeking for a set that
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can replace Jy in a correct generalization to the k-box topology of the cited works of
Miscenko [16] and Husek [11], we have been led to the concepts of essential and optimally
essential sets. Before defining these concepts we introduce some terminology.

Terminology 2.2. (a) Given a set X and F C P(X), a family A C F is F-cellular, or
cellular for F, if the elements of A are non-empty and pairwise disjoint. And S(F), the
Souslin number of F, is defined by S(F) := min{x : no F—cellular family A satisfies |A| =
K}

(b) The conventions of (a) are consistent with standard topological practice, where a
cellular family for a topological space X = (X, 7T) is (in our notation) a 7 -cellular family,
and S(X) = S(X,T), the Souslin number of X = (X, T), is (in our notation) S(7).

(c) We here follow the conventions mentioned in (a) and (b). That is, given a space
X = (X,7T), we refer to a T-cellular family simply as cellular, and we write S(X) in place
of S(7).

Definition 2.3. Let f:Y — Z, with Y C X7.
(a) If J C I, then J is essential if there are x,y € Y such that d(x,y) = J and f(x) #

fy)

Y);

(b) J is optimally essential if J is essential and no essential set J' C J satisfies |J/| < |J];
(c) Of :=={J CI:J is optimally essential};

(d) 3¢ :={J : J is maximal Oy-cellular family};

(e) As = sup{|7| : 7 € 3.

Evidently for data as in Definition 2.3 and ¢ € I, we have ¢ € Jy if and only if {i} is
essential. The following proposition is then obvious.

Proposition 2.4. Let f:Y — Z with Y C Xy, and fir i € 1. Then these conditions are
equivalent.

(a) i € Jy;

(b) {i} is essential;

(c) {3} is optimally essential—i.e., {i} € Oy.

Proposition 2.5. Let f :Y — Z, with Y C X;. If J C I is essential, then there is an
optimally essential set J' C J.

Proof. Among all essential subsets of J, choose J” of minimal cardinality. Then J" € Oy. O

Proposition 2.6. Let f : Y — Z, withY C X1, and let J € Jy. Then {i} € J for each
i€ Jy. Hence Ay > |Jg|.

Proof. Let i € J; and suppose that {i} ¢ J. If there is J' € J such that ¢ € J' then
{i} # J', hence we have |{i}| < |.J'|. Since {i} € O; by Proposition 2.4(c), this contradicts
the condition J’ € Oy. Therefore there is no J'" € J such that 2 € J'. The containment
J C J U{i} is then proper, with J U{i} Oy-cellular, contrary to the maximality of 7. O

The following results indicate the utility of optimally essential sets.

Theorem 2.7. Let f :Y — Z, with Y C Xy, and let J C I. Then these conditions are
equivalent.

(a) J € Df;

(b) J intersects every essential set; and

(c) J intersects every optimally essential set.

Proof. (a) = (b). Assume that J € Dy and let J’ be an essential set such that J' N .J = 0.
Let x,y € Y be such that d(x,y) = J" and f(z) # f(y). Then z; = y; and f(z) = f(y), a
contradiction.
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(b) = (c). This is obvious.

(¢) = (a). Suppose there are z,y € Y such that x; = y; and f(z) # f(y). Then
J':=d(x,y) C I\ Jis an essential set. Let J” C J’ be an optimally essential set, as given
by Proposition 2.5. Clearly, J N J” = (), which is a contradiction. O

Corollary 2.8. Let f:Y — Z, withY C X;, JCI, and J€Dy. If J :={ieJ:i¢€
d(z,y) for some x,y €Y, such that f(z) # f(y)} then J' € Dy.

Proof. Suppose that J' ¢ Dy. Then there exist z,y € Y such that z; =y and f(x) #
f(y). Clearly d(z,y) is essential, so d(z,y)NJ # @ by Theorem 2.7(b). Thus d(z,y)NJ" # 0,
which contradicts to x ;. = yj. O

The following theorem shows that if 7 is a maximal Oy-cellular family then UJe Dy
and therefore p1p > Af.

Theorem 2.9. Let f:Y — Z, withY C Xy, and let J € J¢. Then
(a) UJ € Dy; and
(b) if J C I is such that J € Dy then |J| > |T|.

Proof. (a) Let J := |J J and suppose there are z,y € Y such that z; = y; and f(x) # f(y).
Then J' := d(z,y) C I\ J is an essential set. Let J” C J’ be an optimally essential set, as
given by Proposition 2.5. Then J U {J"} is an Oy-cellular family properly containing 7,
contrary to the maximality of J.

(b) Since J is Oy-cellular, (b) is immediate from Theorem 2.7. O

Corollary 2.10. Let f:Y — Z, withY C X;. If J C I is such that J € Dy then |J| > Ay,
hence py > Ay.

Corollary 2.11. Let f:Y — Z, withY C Xy, and let J € Jy. Then |JJT| > Ay.
Proof. |JJ € Dy by Theorem 2.9(a), so Corollary 2.10 applies. O

It is clear that ||JJ| > |J|. Example 2.12 below, which is established in detail in
[4], shows that it is possible that ||JJ| > A and |J| = Ay. Indeed, in this example,
for any space Z and any non-constant function f : Y — Z, the only essential set (which
is then necessarily optimally esential) is the full index set I; hence ||JJ| = |I| > 1, and
|J| = Ay = 1. It is easily seen in this case (and it follows from Theorem 2.7) that f depends
on each ¢ € I.

Example 2.12 ([4, 2.4]). Let I be an index set with 0 < |I| < ¢ and X; = [0,1]. There is
a dense subspace Y of X1 such that for each i € I the restriction m;|Y :' Y — [0, 1]; = [0, 1]
is a bijection onto [0, 1].

It is reasonable to ask whether every two maximal Oj-cellular families have the same
cardinality. The following example gives a strong negative answer to that question.

Example 2.13. Let K be an index set with w < |K| < ¢, a := |K|, and {K(n) : n < a}
be disjoint copies of K. Let also I = J,_,K(n) and X1 := [],_,[0, 150, For each
n < o let Y, be a dense subspace of Xy := [0,1]5 such that for each i € K(n) the
restriction m;|Y; : Y, — [0,1]; = [0,1] is a bijection onto [0,1] (see Example 2.12). Finally,
let Y :=1T[,_ .Yy, J C1 be such that |J N Ky| =1 for eachn < a, and f:Y — [0, 1]7 be
the natural projection.

The following lemma sets forth the relevant properties of Example 2.13.
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Lemma 2.14. Let K, I, Y, J, a and f be as in Example 2.13. Then

(a) Y is dense in X1, f is continuous, |J| = «, and J € Dy;

(b) if n <, J C I is essential, and J' N K(n) # 0, then K(n) C J';

(c) for 0 # S C a, the set |, s K(n) is essential; and

(d) for each cardinal B such that 1 < 8 < « there is a mazimal Oy-cellular family J
such that | J| = 3.

Proof. (a) If z,y € Y and x5 = yy then x; = y; for each ¢ € J, so x = y and hence
f(x) = f(y). The remaining assertions are clear.

(b) If z,y € Y and x; # y; (say with i € K(n)), then each j € K(n) satisfies z; # y;.
Thus for each i € d(z,y), say with i € K(n), we have K(n) C d(x,y).

(c) For each 1 < a choose and fix distinct points p(n), q(n) in Xg(,). (Then for each
i € K(n) we have p(n); # q(n);.) Now given S C «, define z(S5),y(S) € Y by

2(S)i = p(n)i it i € K(n),n €5,
y(S)i =q(n); iti e K(n),n€ S, and
z(9)i = y(S)i =p(n): if i € K(n), n € a\S.
Then d(2(5),y(S5)) = U, cs K(n), and for i € K(n) with n € S we have f(2(5)); = p(n): #

q(m)i = f(y(9))i-

(d) It is immediate from (b) that every essential set, since it contains one of the sets K (n)
(with |K(n)| = a), is optimally essential. Now, for 1 < 8 < aclet {S¢ : { < 8} be a partition
of a with each S¢ # 0, and define J; := J{K(n) : n € S¢}. Then J := {J; : ( < B} is an
Oj-cellular family with |J| = 8, and J is maximal since |y J = I. O

In relation to the construction of the set J in Example 2.13 the following more general
result is valid.

Lemma 2.15. Let f:Y — Z, withY C X;, and J € Jy be such that for each J' € J and
each index i € J' the projection m; : wy[Y] — X; is an injection. For each J' € J fix an
index iy € J' and let J:={iy : J' € J}. Then J € Dy and hence |J| = |T| = As.

Proof. Suppose that there exist z,y € Y such that z; = y; and f(z) # f(y). Since for
each J' € J and each index i € J' the projection m; : m;[Y] — X; is an injection we
have z;» = yj. Therefore zuy = yus and since |JJ € Dy by Theorem 2.9(a), we have
f(z) = f(y), a contradiction. Therefore J € Dy and clearly |J| = |J|.

To see that |J| = Ay take J’ € Jy and let J' € J'. Since |JJ € Dy, it follows from
Theorem 2.7(c) that J'NJJ # 0. Let J” € J be such that J'NJ" £ 0. If 2,y € Y are
such that J' = d(z,y) then J” C d(z,y) C J'. Thus every J' € J’ contains some J" € 7.
The map J' — J" is clearly injective, so |J'| < |TJ|. O

Discussion 2.16. We showed in Theorem 2.7(c) thatif f : Y — Z with Y C X, f depends
on some J, and J' € Oy, then JNJ' # (). The above example shows that the set JN.J" may
fail to be essential. Further, from Theorem 2.7 it follows that if J C I meets every optimally
essential set then f will depend on J, and clearly |J| > A;. In the setting of Lemma 2.15
(and Example 2.13) there is J' € J; such that f depends on J C I iff JNJ’ #  for each
J' € J'. In contrast, in Example 2.1 there is a function f which depends on no J such
that |J N J'| =1 for each J' € J. Notice also that if the cardinality of each set J € Oy is
less than Ay (which is the case in Example 2.1 if |I| > w) then each maximal Of-cellular
family J satisfies | 7| = Ay, for f depends on |JJ according to Theorem 2.9(a) and if
|7| < Ay then ||JJ| < Ay, which contradicts to Corollary 2.11. Therefore, in the setting
of Example 2.1, we have ||J J| = Ay.

The above observations motivate but do not answer the following question.
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Question 2.17. Does there always exist a set J C I with |J| = Xy such that J € Dy?
With the following theorem we show that the answer to Question 2.17 is in the negative.

Theorem 2.18. Let k > 2°, I := {0,1}", and X1 := {0, 1} with the usual product topol-
ogy. Let also C be the set of open-and-closed subsets of I, and for C € C define x(C) € X;
by x(C); =14fie C and x(C); =0 ifi € IN\C. Now, define Y := {z(C) : C € C} and let
f:=id:Y =Y =Z. Then
(a) Y is dense in X;;
(b) if z(A),x(B) € Y, A+# B, then there is C € C such that d(x(A),x(B)) = C;
(c) if 0 #£ J C I, then these conditions are equivalent:
(i) J is essential;
(i) J is optimally essential; and
(iii) J € C.
(d) A\f =w (and, Ay is “assumed”);
(e) there is no J C I such that |J| = \f =w and J € Dy.

Proof. Tt is clear that each non-empty C € C satisfies |C| = 2. Also, we have () € C, and
x(0); =0 for all i € I.

(a) Let U be a basic open set in X;. Then there exist two disjoint finite subsets Fy and
Fy of I such that

U={z € X;:z|Fy =1 and z|Fy = 0}.

Let C' C I be an open-and-closed set such that F; C C and FyNC = ). Then z(C) € UNY.

(b) Let A, B € C with A # B and define C := AAB = (A\B)U (B\A). Then ) #C €C
and d(z(A),z(B)) = C.

(¢) (i) = (ii). It follows from (b) that every essential set J satisfies |J| = 2”. Thus every
essential set is optimally essential.

(ii) = (iii). If J is (optimally) essential then there are z(A),z(B) € Y such that
d(xz(A),xz(B)) = J, and from (b) we have J = AAB € C.

(iii) = (i). Let 0 # J € C. Then d(z(0),z(J)) = J and f(z(0)) = z(0) # z(J) = f(z(])),
so J is essential.

(d) I is an infinite Hausdorff space, hence S(I) > w™ [5, 3.3(b)] and we have Ay > w.
On the other hand, being a product of separable spaces, I contains no uncountable family
of pairwise disjoint, non-empty open subsets [8, 2.7.10(d)], [5, 3.9(b)]—that is, S(I) < w™.
Hence Ay < w.

(e) Let J C I be any countable set. Since every separable Hausdorfl space S satisfies
|S| < 2°¢, while |[I| = 2% > 22" > 2° there is C' € C such that J N C = @. Then z(); =
xz(C); =0 for all i € J, so z(0); = z(C)s, but f(z(0)) = z(0) # 2(C) = f(x(C)). Thus
J ¢ Dy. O

Discussion 2.19. Definition 2.3(e) suggests a natural question: Given Y C X; and f :
Y — Z, must there exist a (maximal) Oy-cellular family J such that |J| = A¢? (In other
words, can “sup” be replaced by “max” in the definition of the cardinal number A;?) We
show in Theorem 2.24 (in ZFC) that in general the answer is “No”. It is interesting that
a simpler construction, similar to that of Theorem 2.18, holds in a model of ZFC with an
uncountable regular limit cardinal. Here is the argument when such a cardinal is available.

Theorem 2.20. Let k = sup{k, : 1 < Kk} be an uncountable reqular limit cardinal, where
Ky < Ky when n <1 < &, let I := I,<, D(ky), and X1 := {0,1}L. Let C be the set of
open-and-closed subsets of I, and for C € C define x(C) € X1 by x(C); =1 ifi € C and
2(C)i =04fi € I\C. DefineY :={z(C):Ce€C} andlet f:=id:Y - Y =Z. Then
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(a) Y is dense in Xp;
(b) if z(A),x(B) € Y, A# B, then there is C € C such that d(x(A),xz(B)) = C;
(c) if 0 #£ J C I, then these conditions are equivalent:
(i) J is essential;
(ii) J is optimally essential; and
(iii) J € C.
(d) Ay = k; and
(e) there is no O-cellular family J such that |J| = k.

Proof. Let " = Il <y ky. (The theorem of J. Konig (see for example [5, 1.19]) gives &’ > &,
but this is not important for the present proof.) Clearly each C € C satisfies |C] = x’. The
proofs of (a), (b) and (c) now follow verbatim the parallel proofs in Theorem 2.18, with '
now replacing 2%. Clearly Ay > &, for each ) < K, so Ay > k. It was N. A. Shanin, using his
own early version [17] of the “A-system” methods developed later by Erdés and Rado [9],
who showed that S(I) < & [19, Theorem 5]; indeed of any xk-many open sets, some k-many
have non-empty intersection [18, Theorem 5]. See [5, 3.8], [13, 5.10 and 7.6], [6, 3.28] for
detailed proofs and commentary. In view of (c¢), Shanin’s result from [18] completes the
proof of (d) and gives (e). O

The existence of uncountable regular limit cardinals cannot be established in ZFC [14,
4.13], so Theorem 2.20 does not provide a definitive negative solution to the “sup = max”
problem for cardinals of the form A;. The next theorem, which provides such a solution
in ZFC, has features in common with Theorems 2.18 and 2.20, but it is necessarily more
subtle: Tt is easily seen directly, as in [5, p. 71] or [6, 3.10], that when « is a singular cardinal
then the space K := Il <, D(\) can be expressed as the union of k-many pairwise disjoint
open sets (and hence S(K) = k™).

Discussion 2.21. Here we establish notation for use in 2.22 — 2.24. In the interest of
simplicity and specificity we take ko = w, k1 = 270, -+, Kpy1 = 2", .- ;and Kk = ), K.
(That is, K = 3, (w).) We write K = II,,<,, D(ky). (As in the proof of Theorem 2.20 we
have |K| > &, but we do not need this fact in this proof.)

Lemma 2.22. Let K =1l,,«,, D(k,). There is a set I C K such that

(a) I is dense in K;

(b) |1] = x;

(c) ifi, i €I and i # i then {n <w :i, =14, }| <w; and

(d) for each non-empty finite set F' C I, there isn = n(F') < w such that m, : K — D(ky,)
1s tnjective on F.

Proof. Let D be a dense subset of K such that |D| = k. (The existence of such D is given
by the Hewitt-Marczewski-Pondiczery theorem ([5, 3.18], [13, 5.5], or [8, 2.3.15]).) Let
D ={d(n) : n < k}, for n < K let n = n(n) be the least n < w such that n < x,,, and define
i(n) € K by

i(n)n = d(n)n if n < n(n), i(n)n =1 if n(n) <n.

[We note for clarity that if n = m < w = kg then n(n) = 0 and i(n), = i(m), = m for all
n < w.]

We set I := {i(n) : n < x} and we verify (a), (b), (c) and (d).

(a) It suffices to show, given ng < n1 < -+ < Ny, < w and N < Ky, for & < m, and
V:={x € K : x,, =n for k < m}, that there is 7 < & such that i(77) € VNI. Since DNV
is dense in V with |V| > k, we have |[DNV| = k. (For otherwise, say with |DNV| < &, < &,
we have the contradiction
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—K Kn
K<V [DAVT] <227 = kpyp < k)

Then there is 77 < k such that d(7) € DNV and 7 > k,,,. Therefore ng < nj < -+ < ny, <
n(7), s0 i(M)n, = d(M)n, = nk for & < m and hence i(f) € VN I.

(b) From (a) follows k < |I| < |D| < k.

(c) Given distinct i(n),i(n’) € I, there is W such that @ > n(n), @ > n(n’). Then
i(Mn=n#n =i(n), for all n > 7.

(d) is immediate from (c). (More directly, it is enough to choose @ < w such that 7@ > n(n)
for each i(n) € F.) O

With that preamble, we can show that cardinals of the form Ay, defined as in Defini-
tion 2.3, may fail to be assumed.

Discussion 2.23. In Theorem 2.24 below we shall use the following notation. I is as in
Lemma 2.22. For n < w and non-empty F' € [k,]<% let E(n,F) :={i €I :1i, € F}. Let
En:={En,F):0#F € [k,]<“}, and &€ := |J,,., En- Also, given n < n/ <w, n < K, and
F' € [kn]<¥, set S(n,n,n/,F"):={i €1 :ip =1,in ¢ F'} = E(n,{n})\E(n/, F'), and let
S:={S(n,n,n',F'):n<n <w,n<kn, F' € [kp]<“}.

Clearly sets in € and sets in S are open in I and hence have cardinality & (for proof see
the proof of Lemma 2.22(a)).

Theorem 2.24. Let X; := {0,1}.. For E € & define x(E) € X; by 2(E); = 1 ifi € E
and ©(E); =0 ifi € I\E. DefineY :={x(E): E€&} andlet f:=id:Y - Y =Z. Then

(a) Y is dense in Xp;

(b) if x(E1),z(E2) € Y, Ey # Es, then there is S € S such that S C d(x(E1),z(E?));

(c) every essential set is optimally essential;

(d) A\ = k; and

(e) no Of-cellular family satisfies | J| = k.

Proof. (a) It is enough to show that if Fp, F} are disjoint finite subsets of I then there is
E € & such that F; C F and Fy N E = Q (for then z(E) € Y satisfies z(E); = 1 when
i€ Fy, z(E); =0 when i € Fy). By Lemma 2.22(d) there is n < w such that the restricted
projection my|I : I — D(ky) is injective on Fy U Fy, and then E := E(n,m,[F1]) € &, C &
is as required.

(b) We take F; = E(n;, F;) (i = 1,2) and we consider two cases.

Case 1. n1 = no. Take arbitrary n € F1AFy, say n € F1\F», let n/ > ny and ' € D(ky);
then S := S(n1,n,n',{n'}) is as required.

Case 2. Case 1 fails, say n; < mg. Then for arbitrary n € Fy the set S := S(n1,n,na, F)
is as required.

(c) Given distinct z(Er),z(E2) € Y and choosing S as in (b), we have k = |I| >
|d(z(En),z(E2))| > |S| > k since S is non-empty and open in Y, so d(z(E1), z(E2)) € Oy.

(d) For each n < w the set 7, := {E(n,{n}) : n € k,} is Oy-cellular with |7,| = Kk, s0
A > k; then since |I| = k we have Ay = k.

(e) In view of (a), it is enough to show S(S) < k.

Let J be a cellular family for S and let n < w be the minimal number for which
there is a set S(n,n,n’,F') € J. Let also S(ny,n1,n}, F]) be another set in J. Then
ny > n. Since S(n,n,n’, F') N S(ni,n1,ni, F{) = 0 we have either [ny = n and n # ]
or [ny = n’ and n; € F’']. For each nm; € k, such that n # 7; there is at most one set
of the form S(n,n1,n}, F{) with n = ny in J. Therefore, there are at most k,-many sets
S(ny,m,ny, F{) in J such that ny = n. Also, there are |F’| < w possible choices for
ny = n' and 71 € F'. And, as before, for each 71 € F’ there is at most one set of the
form S(n',m,ny, Fy) in J with ny = n’. Therefore the cardinality of J cannot exceed
Kn + | F'| = En. O
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Discussion 2.25. (a) Constructions similar to those given in 2.21-—2.24 are available when
the space K is equipped with the k-box topology. To achieve those, we need the appropriate
generalization to the x-box topology of the Hewitt-Marczewski-Pondiczery theorem ([8,
2.3.15]), together with computations of the density character and the Souslin number. For
our results in this direction, see our paper [2]. To keep the present paper self-contained and
coherently focused, we omit detailed statements.

(b) It is reassuring to observe that the construction given in 2.21—2.24 is not in conflict
with the theorem of Erdds and Tarski [10] asserting that for every topological space X the
Souslin number S(X) is a regular cardinal. (For a proof of that result and for some of its
consequences, the reader may see [5], [13], [6].) It is immediate from this result that, in the
case of the dense subspace I of K = II,,«,, D(ky,), where S(I) > &, for each n < w, the
relation S(I) = k is not possible since & is singular. From |I| = x then follows S(I) = x™.
Thus in contrast with Theorem 2.24(e), which deals with the small family Oy of open sets,
the “sup = max” question for the topology of I has a positive solution.

(c) We find it amusing, though logically inessential to the principal thrust of our paper,
that in the setting of Theorem 2.24 the families Oy and S, though they are not rich enough
to be a base for the topology inherited by I from K, are subbases for that topology. Since we
do not recall instances in the literature where families other than the usual or obvious family
are shown to generate the product topology, we outline the argument in Theorem 2.26.

Since Theorem 2.26 is intended as a curiosity of stand-alone interest, we discuss the
full product space K = Il,,<, D(ky) rather than the particular dense subspace I C K
defined and studied in Lemma 2.22. Accordingly, for n < w and 0 # F € [k,]|<%, we write
E(n,F):={z €K :x, € F}, then £ := {E(n,F) : n < w,0 # F € [1,]<“}. Similarly, for
n<n <w,n<k,and F' € [/fn/]<‘”,Wewriteg(n,n,n’,F’) ={reK:x,=nay ¢ F'},
then S := {S(n,n, 0/, F'):n <n' <w,n < kn, F' € [kn]<*}.

The function f now plays no role, so we write simply 0= {EOAE1 . E; € g}

The product topology on K is denoted 7, and B is the usual (canonical) basis for 7.

Theorem 2.26. (a) & is a subbase for T; and
(b) O is a subbase for T.

Proof. 1t is clear that ECTand OCT.

(a) Choose arbitrary U € B, say U = (., {P € K : pn, = i} with 0 < m < w and
Nk < Ky, for k& < m. It suffices to fix p € U and to show that there are §k (k < m) such
that p € (,.,, St € U. For this choose ni > mgx{nk : k < m} and arbitrary non-empty
F' € [kn/]<% such that p,, ¢ F’, and take Sy := S(nk,nk,g’,F’l. _

(b) With (a) proved, it suffices to show that for each S = S(n,n,n’, F’) € S there are
F|,F} € [kn/]<* such that
3) § = [Bln,m)AB®!, F)] 0 (B, n) AE (', F)

(for each of the sets E(n,n)AE(n/,F}) (i = 1,2) is in O). We assume without loss of
generality, enlarging F’ C kK, if necessary, that |F’| > 1. Then (3) holds when FY, F}
are chosen non-empty so that F|y N Fj = () and F} U F} = F’, for in that case, using
E(n/,F)NE(n/, F}) =0, we have
[E(n,m)AE(', F)I 0 [E(n,m) AE(W, Fy)] =
[E(n,m)\E(n', F))] N [E(n,m)\E(n', F3)] =
S(n7nan/7Fll) ﬂS(’I’L,?’],’I’LI,Fé) = S
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We prove in Theorem 2.29 below that, under suitable conditions on X;, Y, Z and f,
every maximal O¢-cellular family 7 satisfies not only |J J € Dy but also | |J J| = Af. This
gives a positive answer to Question 2.17 in that setting. For the proof of Theorem 2.29 we
need the following lemma.

Lemma 2.27. Let k > w be a cardinal number, X; be a product space, Y be a subspace
of (X1), that contains a dense k-invariant subspace Y', Z be a Hausdorff space, and f €
C(Y,Z) be a non-constant function.

(a) If J C I is an essential set then there exist T,y € Y' CY such that f(T) # f(¥),
|[d(Z,9)| < K, and d(Z,y) C J;

(b) if J C I is such that J € Oy then |J| < k;

(c) if J C 1 is an essential set with 1 < |J| < K then for every non-empty proper subset
J' of J either J' or J\ J' contains an essential set. If, in addition, J € Oy then at least
one of the sets J' or J\ J' contains an optimally essential set that has the same cardinality
as J; hence J is infinite;

(d) if J,J' C I are such that J € Dy and J' € Oy, then J N J' contains an optimally
essential set; hence |J N J'| = |J'|; and

(e) if J C I is such that J € Dy and J = {Jo : @ < B} is a mazimal Op-cellular family
then J' :=J{JNJy: <} € Dy.

Proof. (a) Let x,y € Y be such that f(x) # f(y) and d(x,y) = J. Since Z is a Hausdorff
space and f is continuous, there are disjoint basic open neighborhoods U and V in (Xj),
of z and y, respectively, such that f[UNY]N f[VNY] = 0. Without loss of generality, we
can assume (shrinking U; and V;, if necessary) that U; = V; whenever z; = y;. Since Y is
dense in Y there exist 2’ € UNY’ and ¢y € VNY'. Clearly, f(z') # f(y'). Now define
Z := x’ and define iy € X as follows:

yi =y, if i € R(U)UR(V) and z; # y;, and
yi = x; if 2y = y; or i € I\(R(U) U R(V)).

Then from |[R(U)UR(V)| < k we have 7,y € Y' C Y, |d(Z,y)| < &, and d(z,y) C J. Since
Z=a' €U and y; € V; whenever i € R(V) we have y € V. Therefore f(Z) # f (7).

(b) Suppose there is an optimally essential J C I such that |J| > k and let z,y € ¥
be such that f(z) # f(y) and d(z,y) = J. Let Z,5 € Y’ be as in (a). Then f(Z) # f(7),
d(z,y) € J, and |d(Z,y)| < k < |J|, contrary to the fact that J € Oy.

(c) It follows from (a) that there exist Z,y € Y’ such that f(z) # f(y) and d(z,y) C J.
Let J' be a non-empty proper subset of J. We define w € X; by w; = z; if i € I\ J'
and w; = g; if i € J'. It is clear that w € Y’ C Y and therefore f(w) is well-defined. If
f(w) # f(Z) then J' contains an essential set since d(Z,w) C J', and if f(w) = f(Z) then
f(w) # f(y) and then J\ J' contains an essential set since ) # d(y,w) C J\ J'. Clearly an
optimally essential set with a proper essential subset cannot be finite.

(d) It follows from Theorem 2.7 that JNJ’ (. If J'\ J = ( then there is nothing to
prove. If J'\ J # 0 then, according to (c), either J'\ J or J N J’ contains an essential set,
and since J intersects every essential set, we conclude that J N J’ contains an essential set
and therefore it contains an optimally essential set. Hence, |J N J'| = |J'|.

(e) Let J and J := {J, : @ < 3} be as hypothesized. Let also J' :=J{J N J,: a < G}.
It follows from (d) that each non-empty set JNJ, contains an optimally essential set; hence
J’ contains a cellular family of optimally essential sets.

Suppose that J' ¢ Dy. Then there exist z,y € Y such that x5 =y and f(z) # f(y).
Let K C d(z,y) be an optimally essential set (Proposition 2.5). Then, according to Theorem
2.7(c), K’ :== KN J # { and from (d) we conclude that K’ contains an optimally essential
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set K. Clearly K" N J, = () for each o < 3, contrary to the maximality of 7. Therefore
f depends on J'. O

Remark 2.28. In the case when Y/ = X, (p) for some p € X; then in Lemma 2.27(d)
the set J N J’ is itself optimally essential; in that case, Lemma 2.27(e) may be restated as
follows: Every set J C I with J € Dy contains a subset J’ such that J' € Dy and J' is a
union of a cellular family of optimally essential sets (compare with Theorem 2.9(a)).

As a corollary of the above lemma we obtain the following result.

Theorem 2.29. Let k > w be a cardinal number, X; be a product space, Y be a subspace
of (X1) that contains a dense (in'Y ) k-invariant subspace Y', Z be a Hausdorff space, and
feC(Y,Z) be a non-constant function. If J € Jy then

(a) if K < Ap then |UT| = Af;

(b) if A\f <k then | JJT| < k; and

(c) if Ay < cf(r) then |JT| < k.

Proof. According to Lemma 2.27, if J € J then |J| < k.

(a) If K < Ay then |UJT| = |U{Ja : @ < |T|}H < &|T| < &Ap = Ay, It follows from
Corollary 2.11 that | |J J| > Ay; hence |J J| = Ay.

(b) We have |J| < Ay < k and |J| < & for each J € J, s0 |JT| < k.

(c) We have |J| < Ay < cf(x) and |J| < & for each J € J, so || JJ| < k. O

If in Theorem 2.29(a) more information is available about A and x then stronger con-
clusions are available.

Theorem 2.30. Let kK > w be a cardinal number, X1 be a product space, Y be a subspace
of (X1),; that contains a dense (in'Y ) k-invariant subspace Y', Z be a Hausdorff space, and
feClY,2). If \f > K, or A\y = k and k is regular, then

(a) there is an Oy-cellular family J such that | T| = Ay;

(b) |T| = |T'| whenever J,J' € Js.

Proof. Let Ay > K, or Ay = k with & regular.

(a) Suppose that |J| < Ay for each Og-cellular family J. Then there exists a set
{Js : 6§ < v} of maximal Oy-cellular families such that Ay = sup{|Js| : § < v} and
|Ts, | < |Ts,| whenever §; < da < . Let J5, be one of these families and let J := | J5,. In
the case when Ay > k we choose J5, to be such that |Js,| > . Then J € Dy by Theorem
2.9(a). Since the cardinality of each optimally essential set is < x (Lemma 2.27) we have
|J| < K|Ts,| = |Ts,| in the case Ay > k, and we have |J| < k in the case Ay = k and & is
regular. In either case there exists do > 01 such that |J| < |Js5,]. According to Theorem
2.7(c), KN J # 0 for each K € Js, and since the elements of J, are pairwise disjoint sets,
we get a contradiction with |J| < |Js,|.

(b) According to (a) there is a (maximal) Oj-cellular family J such that |J| = Ay.
Suppose that there is another maximal Oy-cellular family J’ such that |J'| < As. Then
J:=JJ’" € Dy by Theorem 2.9(a) and |J| < A¢. According to Theorem 2.7(c), KNJ # ()
for each K € J and since the elements of 7 are pairwise disjoint sets, we get a contradiction
with [J| < A = |J]. O

Remark 2.31. To see that when Ay < xk we cannot always make the same conclusion as in
Theorem 2.30(b), consider Example 2.1 with |I| = w and k = wq. There, Ay = w and there
are maximal Oy-cellular families of every positive cardinality < w. For each such family J
we have || J J| = w, which agrees with Theorem 2.29(c).

For some applications of Theorems 2.29 and 2.30 see [1].
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In the special case kK = w of Lemma 2.27, the optimally essential sets can be identified
in concrete form.

Lemma 2.32. Let X1 be a product space, Y be a subspace of Xy that contains a dense (in
Y ) w-invariant subspace Y', Z be a Hausdorff space, and f € C(Y,Z) be a non-constant
function. If J C I is optimally essential, then |J| = 1. Therefore J; = |JJ for every
J €3J5. Thus, J = {{i} : i € J¢} is the only mazimal Oy-cellular family, J¢ € Dy, and if
J" C I is such that J' € Dy then Jy C J'.

Proof. Let J C I be an optimally essential set. It follows from Lemma 2.27(b) that J is
finite. Let z,y € Y be such that f(z) # f(y) and J = d(x,y). According to Lemma 2.27(a)
there exist points 7,y € Y’ C Y such that f(Z) # f(y) and d(z,y) C J. Since J € Oy and
is finite we have d(Z,y) = J. Assume that |J| > 1. Then it follows from Lemma 2.27(c)
that |J| > w, which is a contradiction. Therefore |J| = 1, hence Jy = |JJ. The final
assertions, that J; € Dy and that Jy C J’ whenever J' € Dy follow directly from Theorem
2.9 and Theorem 2.7. O
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