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ABSTRACT. The first-passage time problem through two time-dependent boundaries
for one-dimensional Gauss-Markov processes is considered, both for fixed and for ran-
dom initial states. The first passage time probability density functions are proved to
satisfy a system of continuous-kernel integral equations that can be numerically solved
by an accurate and computationally simple algorithm. A condition on the boundaries
of the process is given such that this system reduces to a single non-singular inte-
gral equation. Closed-form results are also obtained for classes of double boundaries
that are intimately related to certain symmetry properties of the considered processes.
Finally, the double-sided problem is considered.

1 Introduction and Mathematical Background

The first passage time (FPT) problem through generally time-dependent boundaries has
been the object of numerous investigations over the past three decades, partly motivated by
the role that it plays in biology, engineering, physics, psychology and in many other applied
fields (cf., for instance, [1], [2], [3], [4], [7], [9], [14]). As is well-known, exact solutions for
FPT problems are only available in very few special cases, and results based on numerical
computations or simulations are in general scarce and fragmentary.

It should be emphasized that particularly relevant to theoretical neurobiology and pop-
ulation biology fields are FPT problems. Indeed, as discussed for instance in [12], and
successively pinpointed in [13], the FPT pdf can be taken as the theoretical counterpart
of the neuronal firing density function in the area of stochastic models of single neurons
activity. Moreover, within in the context of population dynamics, extinction can be viewed
to occur when for the first time the population size attains some small critical mass. Hence,
again a first passage time problem may be suitable to model population growth with an eye
at the very crucial expects of population extinction. The present paper aims to provide a
contribution towards the solution of theoretical and computational aspects of first passage
time problems for the wide class of Gauss-Markov processes with special attention to those
situation in which sample paths are restricted within a strip characterized by a pair of as-
signed time functions, under the more general assumption that their starting point can be
a random variable with preassigned probability distribution.

We recall that in [7] a new second-kind Volterra integral equation was obtained to deter-
mine the FPT pdf through a time-dependent boundary for Gauss-Markov (G-M) processes,
both for fixed and for random initial states, and a new computationally simple, speedy and
accurate method was proposed to construct the FPT probability density function (pdf).
However, there are instances in which it would be desirable to possess similar simple and
efficient procedures to evaluate FPT pdf’s in the presence of double time-dependent bound-
aries for the class of G-M processes.
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As mentioned above, in this paper we consider the two-boundary FPT problem for
the class of G-M processes, and prove that the FPT pdf’s through the lower and through
the upper boundaries respectively, are the solutions of continuous-kernel Volterra integral
equations. Our arguments have been suggested by those originally proposed for time-
homogeneous diffusion processes (cf. [4]) for the case of two boundaries and by those
proposed for G-M processes (cf. [7]) in the case of a single boundary. Furthermore, a
condition on the boundaries such that the system of integral equations for the G-M process
reduces to a single non-singular integral equation for the FPT pdf is determined. Use of
the symmetry properties of the transition pdf of G-M processes is then made to determine
closed form expressions for the FPT pdf’s and for the transition pdf in the presence of the
two absorbing boundaries.

The FPT problem through either boundary, in which the initial state of the process
is a random variable, is then considered, and an appropriate system of integral equations
is determined. Such FPT problems appear to be particularly relevant in contexts such as
population dynamics and neuronal modeling in which the initial population size or the reset
value of the membrane potential are usually unknown.

The proposed integral equations will be seen to be particularly suited to provide accurate
and speedy numerical evaluations of FPT densities. As for the one-boundary FPT problem,
our direct numerical method bypasses some serious difficulties that generally originate if one
numerically evaluates FPT densities for the Wiener process and then make use of a space-
time transformation to obtain FPT densities of G-M processes.

Hereafter, the necessary preliminary background and notation is provided.
Let {X(t),t € T}, where T is a continuous parameter set, be a real, continuous G-M
process with the following properties:

(i) m(t) := E[X(t)] is continuous in T}

(#i) the covariance c(s,t) := E{[X (s) — m(s)] [X(t) — m(t)]} is continuous in T x T,

(11i) {X(t)} is non-singular except possibly at the end points of T, i.e. if T = [a,b], {X(¢)}
has a non-singular normal distribution except possibly at ¢ = a or ¢t = b, where X (¢)

could be equal to m(t) with probability one.

We shall make a systematic use of certain well-known properties of G-M processes as outlined
n [11]. In particular,

(a) a Gaussian process is Markov if and only if its covariance is of the form
(1.1) c(s,t) = hi(s) ha(t), s <t,

where

(1.2) r(t) =

is a monotonically increasing function by virtue of the Cauchy-Schwarz inequality, and
h1(t) ha(t) > 0 because of the assumed non-singularity of the process in the interior
of T.

(b) The transition pdf f(z,t | y,7) of a G-M process is a normal density characterized
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respectively by mean and variance:

ELX ()] X(7) = 3] = m(t) + 32405 [y = m(r)]
(1.3) (t,reT,T<t)
1 _ ha(2)
VarlX (1) | X(r) =] = ha() (1) = 25 ()]

Let S1(t) and Sa(t) denote arbitrary C*(T)-class functions such that (i) Si(t) < Sa(2),
Vit € T and (ZZ) Sl(to) < X(t()) =0 < Sg(to), to € T. For all t > tg, t,ty € T, we shall
focus our attention on the random variables:

T = jnf {t: X(t) < Si(t); X(¥) < S2(9), V0 € (to,t)}, X(to) = o

(FPT through the lower boundary)
(14) T = inf {t: X(5) > S$o(t); X(9) > $1(9). W € (. 0)},  X(to) =m0
Zto

(FPT through the upper boundary)
Too = inf {t : X(t) & (S1(2), S2(t)) }, X (to) = zo

t>to
(first-exit time)

and denote by g1(t | zo,t0), g2(t | zo,t0) and g(t | zo, to), respectively, their pdf’s:
0
gl(t | xo,to) = EP(ITI(OD < t),
0
(1.5) g2(t | zo, to) = EP(ZC(OQ) <t),
0
g(t | wo, o) = EP(T"“’ <t) =gi(t] zo,to) + g2(t | o, to).

Hence, P(Tz(ol) < t) [P(Tr(f) < t)] is the probability that X (¢) crosses for the first time
S1(t) [S2(t)] at some time preceding t before crossing Sa(t) [S1(t)], whereas P(7,, < t)
is the probability that X (¢) crosses for the first time either Si(¢) or Sa(t) before time ¢.
Since X (t) is Markov, for any x ¢ (S1(t),S2(t)) and Si(to) < zo < Sa(to) the following
compatibility relation holds:

ot | a0sto) = [ {or(r | z0,to) flot ] S1(r).7)

to

(1.6) +92(7 | @0, to) flz,t | SQ(T)J]} dr.

Setting x = S1(¢) and x = Sa(t), respectively, in (1.6) one obtains a system of two integral
equations in the unknowns g; and gs. Its solution is made complicated by the circumstance
that f[S;(¢),tS:(7),7] (4,5 = 1,2) exhibits a singularity as 7 T ¢. Hence, the problem
of determining g; and go from (1.6) via numerical methods is not at all trivial: efficient
numerical algorithms are desirable, especially if one wishes to deal with the case of a time-
varying threshold.

For all t,ty € T and t > tg, let

B(x, t|zo, to) == a% P{X(t) < 281 (0) < X(9) < Sa(9), VI < t | X(to) = xo},

(1.7) Sl(t) <x< Sg(t), S1(t()) < zo < Sg(t()),
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be the transition pdf in the presence of absorbing boundaries at S1(t) and Sz(¢). Then,

Sa(t) t
(1.8) / Bz, t]z0, to) do = 1 —/ 90 | 20,t0) A9, Si(to) < w0 < Salto).
S

1(t) to

Any Gaussian process with covariance as in (1.1) can be represented in terms of the
standard Wiener process {W (¢),t > 0} as

(1.9) X(t) =m(t) + hao(t) W[r(t)],
and is therefore Markov [8]. Hence, the possibility of constructing the FPT pdf of a G-M

process X (t) in terms of preassigned FPT pdf’s of the standard Wiener process W(t) is
based on the following relations stemming out of (1.9):

20, 10) = T 5 10y | 2 )],
dr(t) .
(1.10) g2(t | wo,to) = 2 [r(t) | =5, 7(to)],

ot 1 20,10) = T (1) | g, r(10)

where 7(t) is defined in (1.2), v1 (¢ | 2§, Y0) [y2(9 | 2§, J0)] is the FPT pdf of W (¢}) through
the lower [upper] boundary S5 (¢) [S3(9)] at time o starting from z§ at time g, whereas
v | x§,Yo) is the first-exit time of W(¥) from (S5 (1), S5(9)), with

2o — m[r~1(dg)]

(1.11) xTH = Wa

S3(0) =

Results on the FPT pdf’s for the standard Wiener process can thus be used via (1.10) to
yield the FPT pdf of any continuous G-M process. However, such a procedure often exhibits
the serious drawback of implying inconvenient time dilations (cf., for instance, Example 2.1
in [7]).

In Section 2 we prove that the FPT densities (1.5) can be obtained by solving a simple
system of continuous-kernel integral equations, thus overcoming the time-dilation difficulty
implied by the transformation method. In Section 3 a condition is determined on the
boundaries such that the system of integral equations reduces to a single non-singular
integral equation. In Section 4, making use of symmetry properties of the G-M process, we
obtain a family of suitable boundaries and initial states for which the transition densities in
the presence of two boundaries and the first-exit time pdf are obtained in closed-form. In
Section 5 the FPT problem through either boundary, in which the initial state of the process
is a random variable, is then considered, and an appropriate system of integral equations is
obtained. Finally, in Section 6 a computationally simple algorithm, based on the repeated
Simpson rule, is proposed to determine the FPT pdf’s.

2 FPT densities

We start proving the following

Theorem 2.1 Let S1(t), So(t), m(t), hi(t), ha(t) be CH(T) functions, with S1(t) < Sa(t),
YVt € T and S1(to) < xo < Sa(to). Then, g1(t | xo,to) and g2(t | xo,t0) satisfy the following
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non-singular integral equations:

g1(t | xo,to) = 2 W1 (L | w0, to)
t
—2/ {91(7 | wo,t0) Wi[t | S1(7), 7] + g2(7 | w0, t0) Vit | 52(7),71} dr,
to

(2.1)
gg(t | Z‘Q,to) =-2 \Ifg(t | xo,to)

—|—2/t {gl(T | xo,to)\I’Q[t | 51(7'),7'] +92(T | Z‘Q,to)\pg[t | SQ(T),T]} dT,

where

Proof. Let y1 (9 | zf,90) [y2(¢ | 25,9)] denote the FPT pdf of the standard Wiener
process through the lower [upper] boundary S () [S5 ()] at the time o starting from initial
state z at time o, where S7(9) (j = 1,2) and zj are defined in (1.11). As proved in [4],
if ST(Yo) < xf < S5(Vo) the FPT pdf’s 71 and 2 are solutions of the following integral
equations:

119 | 25, 90) = =2 @1(I | 25, Vo)

v
42 [ {on(€ 105 90) 81101 S1(0.6 + ¢ | 75,00) 2110 | S3(0). €]} de

(2.3)
Y2(9 | 25, 90) = 2 P2(V | g, Vo)

9
—2/19 {’Yl(f | 25, 90) 2[00 | ST(€), €] +72(€ | 2, Y0) P2[V | S;(g),g]} d¢

where

dsi(¥) S (9)

Q) Bl 9.8 = 5 [T - L IS 0.0 108 (= 1.2)

and where fy (x,9 | y,§) denotes the transition pdf for the standard Wiener process.

d?;i(tt), setting ¥ = r(t) and ¥y = r(ty) and recalling (1.10)

Multiplying equation (2.3) by
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there follows:

gl(t | xo,to) = -2 d;—(tt) (I>1 [T‘(t) | Z‘S, T‘(t())]
+2 d?;l(tﬂ / (917 | @0, t0) @1 {r(t) | S5[r(7)],7(7)}

to

+92(7 | o, t0) @1 {r(t) | S3[r(r)],n(7)}] ar,

(2.5)
dr(t)
dt

-2 d:i(tt) /to [91(7 | zo,to) 2{r(t) | ST[r(7)].7(7)}

+92(7 | o, t0) 2{r(t) | S3[r(r)],r(r)}] ar.

gg(t | xo,to) =2 (I)Q [T’(t) | x;, T‘(t())]

Setting ¥ = r(t), y = xf, £ = r(to) in (2.4) and making use of (1.2) and (1.11), one has:

(2.6) ®;[r(t) | z5,r(to)] = [dz(tt)

where ¥;  (j = 1,2) are defined in (2.2). Similarly, setting ¢ = r(t), y = S;[r(7)] (j = 1,2),
& =r(7) in (2.4) and making use (1.2) and (1.11), one obtains:

@1 @) S )] = [0

Substituting (2.6) and (2.7) in (2.5), Equations (2.1) immediately follow. Finally, since r(t)
is a monotonically increasing function in the parameter set T,

}_1\11j[t|x0,t0}, (]:1,2)

|7 w1 8] (= 12,

, dr(t) .. '
171%1 U, [t | Si(T),T] =— 171%1 <I>j{7"(t) | S} [T‘(T)LT‘(T)}
dr(t) .. . .
(28) - T im0 56,6 =0, (.7 =12)
which proves the non-singularity of (2.1). This completes the proof. O

Theorem 2.2 Let T = [a,b]. Under the assumptions of Theorem 2.1, if

limr(t) =
i r(t) = o0,

(2.9)
P{Si(t) < X(1) < Sa(t) | X(to) =wo} #1  VteT,

there holds:

b
(2.10) / ot | 2o, to) dt = 1.

to

Proof. After setting

(2.11) ki (t) =

2 2 ha (t)
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(2.2) can be written as:

(212) \I’j(t | y’T) = %F[Sj(t)vt | y7T] + kj(t)f[sj(t)’t | y7T] (.7 = 172)a

where F(z,t | y,7) := P(X(t) < | X(7) = y) denotes the probability distribution function
of the G-M process X (t). Expressing ¢ as the sum of g; and g2, from (2.1) one obtains:

g(t | o, to) = 2 [\Ifl(t | 2o, to) — Wa(t | xo,to)}
—2/t {gl(T | xo,to){wl[usl(ﬂ,ﬂ —@2[t|51(7),71}
(2.13) +92(7 | o, to) {Walt | Sa(r), 7] = Wt | 52(7),71}} dr.

Integrating both sides of (2.13) with respect to ¢ in (to,b), making use of (1.6) and (2.12)
and recalling that

lim F[Sl(t),ﬂxo, t()] = 0, lim F[Sg(t),ﬂxo,to] = 1,

t—to t—to

lim F[Sy(t),t]51(7), 7] = L lim F[S5(t), #[S1(7), 7] =

lim F[S) (1), 4S2(7), 7] = 0, lim F[S5 (1), #[S>(7), 7] =

one has:

b
| ot zosto)de = 1~ tiy (FISa(0), | o, to] ~ FIS1(0). | 0. t])

to

_ /b drgy (7 | xo,to){%iir;)(F[Sl(t),t | 1 (7),7] — F[Sa(t),1 | 51(7),7])}

to

(2.14) - /b drgo(T | xo,to){%iir;)(F[Sl(t),t | So(7), 7] — F[Sa(t),t | 52(7),7]) }

to

Since X (t) is G-M, recalling the first of (2.9) one obtains:

lim F[S1(8),t | o, to] = lim F[S1(£),¢ [ $1(7), 7] = lim F[S1(¢), 2 | S2(7), 7] = A
}iHll)F[SQ(t),t | xo,to] = },inll)F[SQ(t)’t | 51(7),’7'] = liHll)F[Sg(t),t | SQ(T),T] =B

Hence, (2.14) leads to

b
(1- B+ A) / gt | wo,to) dt = (1 — B + A).

to

Making use of the second of (2.9) one has B — A # 1, so that (2.10) follows. O

3 Reduction to a single integral equation

Under suitable assumptions on the boundaries of the G-M process, the determination of the
first-exit time g(t | zo,%o) can be reduced to the solution of a single non-singular Volterra
integral equation in place of the system (2.1).
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Theorem 3.1 Under the assumptions of Theorem 2.1, if S1(t) and Sa(t) are such that
(3.1) S1(t) + S2(t) =2m(t) + 2 cha(t), (c e R),

forallt €T, then
(32)  glt]woto) = 2[Wi(t | 20,t0) — Walt | 2o, to)]

9 /tg(T |20, 10) {Walt | $1(7), 7] = ot | S1(7), 7]} .

to

Proof. Due to the G-M nature of X (¢), if (3.1) holds for all ¢ € T, one obtains:

f[Sl(t)’t | 51(7)’7—} = f[SQ(t)vt | SQ(T)7T]
(3.3) (t,reT; T<1t)
f[Sl(t)at | 52(7)77—} = f[SQ(t)at | Sl(T)vT]'

Furthermore, making use of (3.1) and (3.3), from (2.2) it follows that:

Uy [t | Sl(T),T} = -0, [t | 52(7—)77—]’
(3.4) (t,reT; 7<)
Wy [t | Sa(r), 7] = —Wat | Si(7),7],

so that the following identity holds:
(3.5) Wit | S1(7), 7] = Walt | S1(7), 7] = Wit | Sa(7), 7] — Walt | Sa(T), 7].

Eq. (3.2) then follows from (2.13) by virtue of (2.8) and (3.5). O

If (3.1) holds, under suitable assumption on the initial state the determination of gy (¢ |
xo,to) and ga(t | xo,to) can be obtained via the solution of a single non-singular Volterra
integral equation.

Theorem 3.2 Under the assumptions of Theorem 2.1, if S1(t) and Sa(t) are such that
(8.1) holds for allt € T, and if the pair (zo,to) is such that

(36) xro = m(t()) + Chg(t()), (C c R),
then
(3.7) 91(t | w0, to) = g2(t | zo,to)-

Proof. ;From (2.1) one has:
91(t | zo, to) — g2(t | zo, o) =2 {\1’1@ | To,t0) + Wa(t | xo,to)}
t
_2/ {gl(f | 20,t0) {1lt | S1(7), 7] + Walt | S1(7), 7]}
to

(3.8) +92(7 | o, to) {Walt | Sa(7), 7] + st | 32(7),71}} dr.
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Making use of (3.1) and (3.6), for Si(to) < zo < Sa(to) one obtains f[S1(t),t | zo,to] =
f[Sa2(t),t | xo,to], so that

(39) \Ill(t | xo,to) = —\Ifg(t | xo,to).

Recalling (3.1) and making use of (3.9), Eq. (3.8) can be written as follows:

t
g1(t | o, t0) — g2(t | xo,t0) = —2/ [91(7' | o,t0) — g2(7 | xo,to)}

to

x|t $1(7), 7] + Walt | $1(7), 7)) ar,

that admits only of the trivial solution (cf., for instance, Tricomi [15]). Hence (3.7) holds.
m

An immediate consequence of Theorem 3.2 is that
g(t | wo,t0) =291(t | wo,t0) = 292(t | xo,t0)

satisfies the single integral equation (3.2).

We stress that in general the determination of the FPT pdf’s for the case of two bound-
aries requires the solution of the system of integral equations (2.1). However, under the
assumptions of the Theorems 3.1 and 3.2 the problem is greatly simplified since the system
of integral equations reduces to a single non-singular Volterra integral equation. This is
also a noteworthy simplification for computation purposes since in this case the numerical
method of [7] can be implemented.

4 Closed-form results
In this section we shall make use of symmetry properties of the G-M process X (¢) to obtain
a family of suitable boundaries and initial state for which the transition densities in the
presence of two boundaries and the first-exit time pdf are obtained in closed-form.

We start remarking that the transition pdf of a G-M process characterized by conditional
mean and variance (1.3) possesses the following symmetry properties:

¢(z,1)

(41) f(x,t | xo,to) = (]5($(),t0)

fl(x,t),t | (o, o), to]

and

(42)  blat) flbla.t).t | zorte] = F(z.t | zoto) exp{— 2[z — 2(B)] [xo — 2(to) )},

hi(t) ha(to) — hi(to) ha(t
where
Y(x,t) =22(t) —x
B 2d; [z — 2(t)]
(4.3) o(x,t) = eXp{— T(t)}
2(t) = m(t) + dy ha(t) + da ha(t),

with dy,dz € R. Using the terminology of [6], z(¢) will be called a “symmetry curve”, and
¥(x,t) and ¢(x,t) the corresponding “symmetry functions”.

The following theorem shows the existence of a closed form relation of the transition
density in the presence of two suitable boundaries in terms of the free transition pdf.
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Theorem 4.1 Under the assumptions of Theorem 2.1, let S1(t) and Sa(t) be such that
(4.4) S1(t) = m(t) + bhi(t) + c1 ha(t), Sa(t) = m(t) + bhi(t) + c2 ha(t),

with S1(t) < S2(t) for allt € T, and let the pair (xo,to) satisfy

(4.5) zo = m(to) +bhi(to) + cha(to),

with b,c,c1,c0 € R and S1(tg) < xo < Sa(to). The transition pdf B(x,t | xo,to), in the
presence of the absorbing boundaries (4.4) with the initial state xo such that (4.5) holds, is
then:

< 2 [z — un(t)] [r0 — ua(to)]
Bzt | xo,to) = f(x,t | 2o, t0) n;m {eXp{_hl(t) Talto) — }(:1(t())h2(zt)}

2 [z — va ()] [zo — vn(to)]
(4.6) - eXp{_ hi(t) ha(to) — 21 (to) hzo ) H ,

where for allt € T andn =0,+1,4+2,... we have set:

Un(t) =m(t) +bhi(t) + [c+n(c2 — c1)] ha(t),
(4.7
Un(t) =m(t) + bhi(t) + [c2 — n(ca — c1)] ha(t).
Proof. Note that (4.7) are symmetry curves. Denote by 1 ,(x,t) and ¢1,(x,t) the

symmetry functions associated to u,(t) (n = 0,+1,+2,...) and by 92 »(z,t) and ¢z »(z,1)
the symmetry functions associated to vy (t) (n =0,£1,42,...). From (4.3) one obtains:

Vian(@,t) = 2un(t) =z, din(w,t) = exp{‘ Qb[xh_ié;(t)]}
(4.8)
Von(@,t) = 20a(t) =, Gon(@,t) = exp{‘ mh—i@)@]}
so that, by virtue of (4.2), Eq. (4.6) can be also written as:
“+oo
Bz, t | xo,to) = Z {¢1,n(x,t)f[z/;17n(x,t),t | 2o, to]
(4.9) Gl t) flon (e, ).t | xo,to]},

We now remark that the series in (4.6) and (4.9) are absolutely convergent and term by term
differentiable. Because of (4.1), from (4.9) B(x,t | o, o) is seen to satisfy the Fokker-Planck
equation

2
(4.10) W - % [, (2,t) Bz, t]0, t0))] +% % [45(t) Bz, tlzo, to)]

with A4;(z,t) and As(t) given by

(4.11) Ai(z,t) =m/(t) + [z — m(t)]
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Furthermore, by virtue of (4.1) and (4.5), it follows that

0(x —x0), n=0

(412) hm Qﬁl,n(l‘,t) f[wl,n(x,t),t | Z‘(),t()] =
Fto 0, n==+1,42, ...

Pﬁn@,n(%t) flen(x,t),t | zo,to] =0, n==41,42 ...,
0

so that the right-hand side of (4.9) is immediately seen to satisfy the initial delta-condition:

(4.13) lim G(x,t|zo,to) = d(x — xo).

tlto

Finally, use of (4.6) shows that the absorbing conditions on the boundaries are satisfied, i.e.

(4.14) BIS1(t),t | wo,to] = B[S2(t),t | wo,to] = 0.

In the following theorem we obtain in closed form the first-exit time pdf g(t | zo,to)
through the boundaries (4.4) with the initial state zo such that (4.5) holds.

Theorem 4.2 Under the assumptions of Theorem 4.1, there holds:

o me(t) dr(t) X 2n2 (cy — ¢1)?
g(“xo’to)_r(t)ir(to) i 2 exp{‘m}

n—=—oo

2n(ca— 1) (c— 1)

X{|:C—61+2n(c2_01):| exp{— ) = r(to) }f[Sl(t),ﬂxo,to]

—1—{62 —c—2n(co— cl)} exp{2n(c2 —c) (¢ _C)}f[Sz(t),t | xo,to]},

r(t) —r(to)
(4.15)

where r(t) is defined in (1.2).
Proof. Recalling (1.8) and making use of (4.10) and (4.14), one has:

a Sg(t)
g(t | zo,t0) = 5 Blx,t | xo,to) dz
51(t)
_A) [0 0
aio) =22 Dttt sl Y

Making use of (4.6) and recalling (4.4), (4.5) and (4.7), from (4.16) one easily obtains (4.15).
O

Setting b = 0 and ¢; + ¢ = 2¢ in (4.4) and (4.5), we note that assumptions (3.1) and
(3.6) of Theorem 3.2 are satisfied, so that (4.15) is solution of the single integral equation
(3.2) and g1(t | wo,to) = g2(t | w0, to) = g(t | o, t0)/2

Theorems 4.1 and 4.2 require an infinite superposition of symmetry curves. In the
remaining part of this Section, by making use of two symmetry curves, we obtain simple
closed form solutions for the transition densities in the presence of suitable boundaries and
for the corresponding first-exit time pdf.
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Theorem 4.3 For allt >ty and t,tg € T, we set

u(t) = m(t) + bl h1 (t) + C1 hQ(t),
(4.17)

v(t) =m(t) + (2b—b1) ha(t) + (2¢ — c1) ha(t),
with b,e,by1,c1 € R and u(t) < v(t), and denote

[v(t) — u®)] [v(to) — u(to)] }

4.18 At;tg) =1—4dajas e — ,
(19 (t:t0) s e )
with a; > 0,0 > 0 and lim A(t to) > 0. Under the assumptions of Theorem 2.1, the

t—sup

transition pdf B(x,t | xo,to) in the presence of the pair of absorbing boundaries

Siltsto) = utr) - 2R = (0, LE VAL

v(to) — u(to) 2«

(4.19)

)~ hi(t) ha(to) — ha(to) ha(t) | [14 /At to
Sa(tt) = oft) + “HZE T el { VM }

with the initial state xo such that (4.5) holds, is

Bz, t | o, to) = f(z,t | xo,to) [1 -m exp{ 2z — u(®)] [zo — ulto)] }

hi(t) ha(to) — ha(to) ha(t)
2[z — v(t)] [z0 — v(to)] H
) ha(to) — ha(to) ha(t) J |
Proof. For the symmetry curves (4.17) we denote by ¢1(x,t) and ¢1(z,t) the symme-

try functions corresponding to u(t) and by ¥s(x,t) and ¢o(x,t) the symmetry functions
corresponding to v(t). From (4.3) one obtains:

(4.20) —as exp{ ™

¢1(x,t)=21L(t)—x, ¢1(x7t):exp{—M}’

ha(t)
(4.21)

o) =20(t) —x,  dala,t) = exp{_ 2(2b—by) [ — v(t)] }

ha(t)
so that, by virtue of (4.2), Eq. (4.20) can be written as:

B(x,t | xo,t0) = f(2,t | x0,t0) — o1 ¢1(x,t) fYr(z,1),t | 2o, to]
(4.22) —az ¢2(,t) fltha(x,1),t | 2o, t0].

Recalling (4.1), we note that the right-hand-side of (4.22) satisfies the Fokker-Planck equa-
tion (4.10). Furthermore, by virtue of (4.1) and (4.5), from (4.22) one sees that the initial
delta-condition (4.13) is satisfied. Finally, from (4.20) one obtains:

2 [z — u(t)] [xo — u(to)] }
hy(t) ha(to) — ha(to) ha(t)

B(z,t | zo,to) = —aa f(x,t | xo,t0) eXp{

2 [x —u(t)] [xo — u(to)] 1 —/A(t; to)
. [QXP{‘hmt) ha(to) — i (to) ha(0) } T 2a ]
2 [z —u(t)] [xo — ulto)] 14+ \/A(t; to)
(4.23) . [eXp{‘h1<t> halte) — (e h(;(t)} T ]
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with A(t; o) defined in (4.18). Hence, the right-hand-side of (4.23) is identically zero at © =
Si(t;to) (i = 1,2) and non negative for all z € (S1(t;t0), S2(t;to)) and g € (u(to), v(to)).
This completes the proof. O

The following theorem shows the existence of a simple closed-form relation of the first-
exit time pdf g(t | xo,to) through the boundaries (4.19) and the initial state z¢ such that
(4.5) holds, in terms of the free transition pdf.

Theorem 4.4 Under the assumptions of Theorem 4.3, one has:

v(to) — ulte) halt) dr(t) .
g(t] zo,to) = 2[r(ot)—r(tz)} i VAED)

(4.24) X{f[sl(t§t0),t | 2o, to] + f[S2(t;t0), | xo,to]},

where u(t), v(t) and A(t;tg) are defined in (4.17) and (4.18), respectively.

Proof. The proof goes along the lines indicated in Theorem 4.2 O

The closed form expression (4.24) provides a tool to test the accuracy of numerical
solutions of the system of integral equations (2.1).

5 Double-sided FPT densities
In this Section we shall focus on the up-down double sided (DS) FPT problem. By this
terminology, we indicate the first-exit time problem from the strip (Sl(t),Sg(t)) for the
subset of sample paths of the G-M process X () that originates at time to € T at a state
Xo, that is a random variable bounded from below by lim;, S1(t) and from above by
limtlto Sg(t).

If —c0 < 5 (to) = limtlto Sl(t) < limtlto Sg(t) = Sg(to) < 400, let

xo,t
Sg(tO{EES 0) , S1(t()) +e1 <z < Sg(t()) — &9
,to) d
(5.1)  ey.en(@0,to) i= /sl(to)+sl f(z,t0) dz
0, elsewhere,

be the pdf of X, where e1 and e5 are positive real numbers such that Sy (t9)—S1(to) > e1+¢2
and where f(xo,to) denotes the pdf of X (¢y). Hence,

/SS@(Z (eo) o= %{Ef [SQ s )hl_ugj) ;L;(r:sgoq - {Sl(tg );:(; ;L;(rzg())] }

(5.2)

For all t > tg, t,to € T, we are thus led to define the following random variables:
7 = inf {t: X (1) < S1(t); X(9) < S2(9),¥9 € (to. 1)} (down FPT),
(5.3) T)((? = tigtf {t s X () > Sa(t); X(09) > S1(9),V09 € (to,t)} (up FPT),

Tx, = inf {t : X(t) & (S1(t), S2(t)) }, (up-down first-exit time),

t>to
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with
(1) Salto) = 1
PTY < 1) = / P(TD < 1) 72, ca(0, to) dao,
S1(to)+er
(2) SQ(to)—EQ )
(5.4) P(Tx,) <t) :/ P('];(O) < t) Ver,e2 (0, to) dzo,
S1(to)+e1
Sg(to)—EQ
P(TXO < t) :/ P(ﬂo < t) 751752($0,t0) dﬂ?o-
S1(to)+e1

Hence, from (5.4) one has P(7x, <t) = P(T)(é)) <t)+ P(T)((i) < t).

The inferior FPT density gg?EQ (t]to) :==0P (T)((i) < t)/0t is related to the conditioned
FPT density ¢1(¢ | o, o) as follows:

Sz(to) £2
(55) gsl €9 (t | tO) / g1 (t | Zo, t()) Ve1,e2 (an tO) dev
S1(to)+er

whereas the superior FPT density g§f?52 (t]to) :=0P (T)((? < t)/0t and to the conditioned
FPT density g2(¢ | xo,t0) are mutually related as follows:

SQ(to)
(5.6) gt | to) = / 92(t | £0,t0) Ve, ea (201 to) dito.
S1(to)+er

Furthermore, the DS first-exit time density ge, ¢, (¢t | to) := OP (TXO < t) /0t is related to
the conditioned first-exit time density g(¢ | xo, o) as follows:

SQ(to)—EQ
(57) Yei,e2 (t | to) = / (t | x07t0)7€17€2 (xo,t()) dzo = g51 =) (t | to) + gal =) (t | to)
S1(to)+e1
Theorem 5.1 Let T = [a,b] and tg € T. Then, there holds P(TXO < b) =1 for all positive
real numbers £1,ea such that Sa(tg) — S1(to) > €1 + €2 if and only if P(’];O < b) =1 for all
X € (Sl (to), Sg(t())).

Proof. By taking the limit as ¢ T b in the last of (5.4), we obtain:

SQ(to)—EQ

(5.8) P(Tx, <) = / P(Toy < b) Yoy ca (w0, to) do.
S1(to)+e1

Hence, the necessary part immediately follows from (5.8) and from the hypothesis P(’Z;O <
b) =1 for all zg € (Sl(to), Sg(to)). To prove the sufficient part, we note that, if P(TXO <
b) =1 for fixed positive €1, €2 such that Sa(tg) — S1(to) > €1 + €2, then (5.8) is equivalent
to

Sa(to)—e2

(5.9) / {1 - P(T,, < b)} erea (0, to) dzg = 0.
S1(to)+e1

Since 751752($0,t0) > 0and 1 — P(’Tzo < b) > 0 for all o € (Sl(t()) + El,SQ(tQ) — 62),

it follows that P (7, < b) = 1 for all zo € (S1(to) + €1, S2(to) — €2). Hence, due to the

arbitrariness of €1 and ez, one has P(7,, < b) =1 for all 2o € (S1(to), S2(to)). O
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The following theorem provides the basis for a numerical method to evaluate the DS
first-exit time density ge,.e,(t | t0).

Theorem 5.2 Let Si(t), So(t), m(t), hi(t), ha(t) be CH(T) functions, with Si(t) < Sa(t),
Vvt € T. Then, gg?m (t | to) and gg?sz (t | to) satisfy the following non-singular integral
equations:

gi}?m (t|to) =2WW_ (t]t)

€1,€2

t
=2 [ o0l [t0) Walt | S1(7),7]) + 92, (7 | o) Walt | Sar), 7}
to

(5.10)
98, (t [ to) = =20E)_ (¢ ] to)

€1,€2
t
+2 [ {7 [ 10) alt | $1(r).7) + 92,7 | o) Walt | Sa(r), 7]}
to
where Uy and Uy are defined in (2.2) and

() — r SQ(tO)_62_m(t0) — Er Sl(t0)+61—m(t0) -1
Vet 1) {Ef[ 2h1(t0)h2(to)} Ef{ 2 hy (to) ha(to) H

| ) 16 0) = hal0) 0] {1501t | Satte) = o] f1S2(t0) = o)
—f1S;(t),t | Si(to) +e1,t0] f[S1(to) + 61,t0]} + % f185(8), 1]
oy ()
< {850 = (1) = G 1850 = m(] ] {Entlesa(t, t0)] — Brtliosa t@]}} ,
(5.11) (j=1,2)
with
, _ ha(t)
sk(t [ t0) = \/ 21y (to) [l (£) ha(to) — ha(to) ha(D)]
312 x{Sult0) - (e~ mlto) =550 - m(] AL Gie=1,2)

Proof. We multiply both sides of equations (2.1) by 7, , (%0, to) and then integrate with
respect to xg between Sy (tp) +e1 and Sa(tp) —e2. Equations (5.11) then follow after making
use of (5.5) and (5.6) and after setting

) Sg(to)f&j
(5.13) U9 (t]t) = / W[t | 20, to] Yey en (0, to) dxo (j=1,2).
S1(to)+er

Finally, (5.11) follows from (5.13) by making use of (2.2) and (5.1) and after proving that

SQ(to)—EQ
/ \Ifj[t | xo,to] f(SL'(),tQ) dxo
S1(to)+e1

(1) ha(to) — ha(t) ha(to)
ha(t) ha(to) — ha(t) ha(to)

{S;- (1) — ' (t) — [S,(t) — m(1)] }Aju o)
1 h'Q(t) hi(t) — ha(t) b
2 hu(t) halto) — ha(t) hu(t

N =
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with

Sg(to)—EQ
Aj(t [ to) = / fIS;(t),t | o, to] f(zo,t0) dxo
S1(to)+e1

1

= 3 18,00 {Bxtlpja(t t0)] — Extlpa(t. o))} (G=1,2)

Sa(to)—e
BNHM=£@H (2o — m(to)] £15;(£),t | o, to] f (o, to) dao

1
= 5 f[Sj(t)at]

ha(t)
x [[Sa(to) — e2.t0] = J18;(0).1 | $1(t0) +21.10] F[S1(t0) + 1. o]
(] =1, 2)

This completes the proof. O

Theorem 5.3 Under the assumption of Theorem 5.1, if S1(t) and Sa(t) are such that (3.1)
holds for allt € T, then

Ger,ealt | to) = 2 [UL)., (¢ t0) = W), (¢ | o)

t

(5.14) _2/ Gerea (7 | to) {W1lt | S1(7).7] = Walt | Sa(r), 7]} dr.
to

Proof. Since relation (3.1) of Theorem 3.1 holds, one is immediately led to Eq. (5.14)

after multiplying both sides of (3.2) by 7e, e, (z0,%0) and then integrating with respect to

xo between S1(tg) + €1 and Sa(tp) — ea. O

6 A Computational Method

In this Section we shall describe a straightforward numerical procedure to evaluate g1, go

and ¢ and to estimate the related computational errors, by solving the system of integral

equations (2.1) via an algorithm based on the repeated Simpson rule (cf. [5] and [10]).
For the sake of conciseness, in the sequel the following short-hand notation will be

employed:

gi(t) = gi(t | wo,t0) (i=1,2), 9(t) = g1(t) + 92(1) (to <t)
\I/i(t) = \I/i(t | xo,to) (Z = 1,2) (to < t)
\I’ij(t |7') = \I’i[t|5j(7'),7'] (i,j=1,2) (to<7‘§t),

so that system (2.1) can be written as:

gi(t) = 2, (1) —Q/t (911 Wit | 7) + g(7) Waa(t | 7)]
(6.1)

ga(t) = —2Ws(t) + 2 / [91(7) War(t | 7) + g2(7) Waat | 7)]

to
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Denoting by p > 0 the discretization step, setting ¢t = to + kp (kK = 1,2,...) and making
use of the repeated Simpson rule, for the system (6.1) we obtain the following approximate
solutions g1, g2 to g1, g2, respectively:

Gi(to +p) =2¥1(to +p),
k—1
Gilto + kp) = 2W1(to + kp) —2p > wi 5 [di (o + jp)ra(to + kp | o + jp)

j=1

+Galto +jp)Viz(to + kp [o+3p)|  (k=23,...)

(6.2)
g2(to +p) = =2 Ws(to + p)
k—1
Ga(to + kp) = —2Us(to + kp) +2p Y wi; {93(750 +p)¥a1(to + kp | to + jp)
j=1

+Galto + ) Unalto + kp [to+ip)|  (k=23,...)

where the weights wy, ; are specified as follows:

w2n72j71:§ j=1,2,...,n;n=1,2,...),
w2n,2j:§ Gj=12,...,n—1;n=2,3,...),
(6.3) Wan41,2j—1 :g (j=12,...,n—1;n=2,3,...),
w2n+1,2j:§ (j=1,2,...,n—2;,n=23,4,...),
Won+1,2(n—1) = ;—Z (n=2,3,...),
Won41,2n—1 = Wan41,2n = % (n=1,2,...).

The sum g1 + g2 then provides an evaluation of g. We emphasize that the above outlined
algorithm is an extension to the case of two boundaries of the algorithm proposed in [7] for
the single boundary case.

The convergence of the above computational method is expressed by the following

Theorem 6.1 Let p be the discretization step, t,, =to + N p, with N =0,1,..., and set

A](%j) ;:91(t0+/€p)—§1(t0+kp) (k:]_’27.”7N),

(6.4)

A2 = galto + kp) — Galto +kp)  (k=1,2,...,N),
and
(6.5) | A =l A [+ A2 | (k=1,2,... ,N)
Then,
(6.6) lim | Agy [0 (k=1,2,...,N)

for all fized kp.
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Proof. For brevity, we limit ourselves to mentioning that the proof is a suitable variant of
the proof of Theorem 4.1 of Di Nardo et al. [7], where a single Volterra integral equation of
second kind was taken into account. The proof consists of showing that the absolute error
|Agp| is bounded from above as follows:

(6.7) |Agp| < 2Np BBMEP/3 {w[(dmm + ¥1292)kp » 20/3] + w[ (V2191 + V2292 kp 2]9/3]}

where
M = M + M,
with
M; = togrflga’t’;tm{|‘1’ﬂ(t | )] [@a(t | T)I} (j=1,2)
and

w[(tj1 91 + j2 92)kp 20/3] =
91(m1) Vi (to +kp | 71) + g2(m1) Vja(to + kp | 71)

sup
T1,72€[to,to+kp]
|T1—72|<2p/3

—g1(12) W 1(to + kp | 72) — g2(2)Vj2(to + kp | 72)) }, (1=12)

is the continuity modulus of ¥;1 g1 + ¥j2 g2 (7 = 1,2) in [to,to + kp]. Since the continuity
modulus tends to 0 as p — 0, (6.6) follows. Hence, the convergence of the computational
procedure is insured. O

A noteworthy feature of the above algorithm is its being implementable after specifying
the initial data tg,xo, the functions m(t), hi(t), ho(t) that characterize the process, the
boundaries S (t), S2(t) and the discretization step p. Furthermore, it does not involve any
heavy computation, neither requires use of any library subroutines, Monte Carlo methods
or other special software packages.

Since (5.10) possesses the same kernel as the equations of systems (2.1), the numerical
iterative procedure (6.2) is again applicable. Hence, if lim;, S1(¢) and lim s, Sa(t) are

finite, the approximations QS?EQ, géf?EQ of gg?sz, gg?sz are obtained via (6.2) changing V;

and g; (j = 1,2) with \112252 and §§{252 (j = 1,2), respectively.
The following examples show the effectiveness of the proposed numerical procedure.

(a) Let {X(t),t € R} be the G-M process with m(t) = t/2 and covariance c(s,t) = s
(0 < s < t), so that h1(t) = ¢t and ho(t) = 1. We consider the FPT problem through
the constant boundaries S1(f) = —1 and S2(¢) = 1 starting from zero at time 0. Figure 1
shows the computed FPT pdf’s §1(¢]0, 0) (dash-dot line), g2(¢|0,0) (dashed line) and g(¢|0,0)
(solid line) obtained via (6.2) with the integration step 1072. We note that in this case, by
choosing b = —1/2, ¢; = —1, ¢co = 1 and ¢ = 0, the assumptions of Theorem 4.1 are satisfied,
so that the series expansion (4.15) of ¢(¢]0,0) holds. Table 1 shows the differences between
the computed FPT pdf’s g(¢/0,0) and g(¢/0,0) obtained via (6.2) and (4.15), respectively.
In particular, the FPT §(¢|0,0) (column 2), the absolute error g, (t) = |g(¢|0,0) — g(¢|0, 0)|
(column 3), the relative error o, (t) = 04(t)/g(¢|0,0) (column 4) and cumulative distribution
P(t) are listed for various values of t. In the series expansion (4.15) only the terms for
n=0,%1,---,£10 have been considered.

(b) Let {X(t),t € R} be the G-M process with m(t) = 0 and covariance ¢(s,t) = s
(0 <s<t),sothat hi(t) =t and ha(f) = 1. As in example (a), we again consider the FPT
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t g(t) 9a(t) or(t) P(1)
0.5  0.878567122E+400 2.2146829e-010 2.5207896e-010  0.340844516E+400
1.0 0.455136220E+00 3.3499625e-010  7.3603514e-010  0.664975202E-+00
2.0 0.116985662E400 3.1024069e-010  2.6519549e-009  0.913898849E+00
3.0 0.300646734E-01  1.4482082e-011  4.8169764e-010  0.977872477E+00
4.0 0.772645605E-02  1.7433615e-012  2.2563534e-010  0.994313348E-+00
5.0 0.198565680E-02  9.3917452e-013  4.7297928e-010  0.998538562E+00
6.0 0.510302899E-03  1.8841363e-013  3.6921920e-010  0.999624418E-+00
7.0 0.131145044E-03  3.2149752e-013  2.4514653e-009  0.999903478E-+00
8.0 0.337035566E-04  8.1232493e-015  2.4102054e-010  0.999975194E+00
9.0 0.866162907E-05  1.8651411e-015  2.1533376e-010  0.999993625E+00
10.0  0.222599113E-05  1.6283018e-015  7.3149520e-010  0.999998362E+-00

951

Table 1: For the same choices of Figure 1, the computed FPT pdf §(¢/0,0), the absolute error
0a(t), the relative error p-(t) and the cumulative distribution P(¢) are listed for various values of
t with the integration step 1073.

t g(t) 2a(t) or(t) P(t)
0.5 0.836733751E-01  2.5539210e-011  3.0522504e-010  0.947198042E-02
1.0  0.218211245E+00 1.1038917e-010  5.0588213e-010  0.920285474E-01
2.0 0.208776449E400 9.7014091e-011  4.6467929e-010  0.317521533E+4-00
3.0 0.155920336E4-00  4.2558593e-010  2.7295088e-009  0.499277339E4-00
4.0  0.114334008E+4-00  4.5387809e-010  3.9697558e-009  0.633373742E+00
5.0 0.837108606E-01  4.8515900e-011  5.7956518e-010  0.731604527E~+00
6.0 0.612818313E-01  1.9858941e-011  3.2405919e-010  0.803519040E-+00
7.0 0.448618187E-01  4.7526059e-011  1.0593877e-009  0.856164788E+00
8.0 0.328413962E-01  3.3956879e-011  1.0339658e-009  0.894704474E+00
9.0 0.240417631E-01  4.2870027e-011  1.7831482e-009  0.922917708E-+00
10.0  0.175999328E-01  4.3515212e-011  2.4724647e-009  0.943571395E4-00

Table 2: For the same choices of Figure 3, the computed FPT pdf g(¢/0,0), the absolute error
0a(t), the relative error p-(t) and the cumulative distribution P(¢) are listed for various values of
t with the integration step 1073,

problem through the constant boundaries S1(t) = —1 and Sa(¢t) = 1 (cf. Figure 2). In this
case relations (3.1) and (3.6) hold, so that g1 (¢|0,0) = g2(¢/0,0).

(c) Let {X(¢),t € R} be the G-M process with m(t) = t/3 and covariance c¢(s,t) = s
(0 < s <), so that hi(t) =t and ha(t) = 1. We consider the FPT problem through the
linear boundaries S;(t) = t/4 —2 and Sa(t) = t/4+ 2 starting from zero initial state at time
0. Figure 3 shows the computed FPT pdf’s g1 (¢|0,0) (dash-dot line), §2(¢|0,0) (dashed line)
and §(¢|0,0) (solid line) obtained via (6.2) with the integration step 1073,

Note that in this case, by choosing b = —1/12, ¢; = =2, ¢ = 2 and ¢ = 0, the
assumptions of Theorem 4.1 are satisfied, so that the series expansion (4.15) of ¢(¢|0,0)
holds. Table 2 shows the differences between the computed FPT pdf’s g(¢/0,0) and g(¢/0, 0)
obtained via (6.2) and (4.15), respectively. In the series expansion (4.15) we have considered
only the terms for n = 0,+1,---,£+10.

(d) Let {X(t),t € R} be the G-M process with m(t) = 0 and covariance c(s,t) = s
(0 < s <t),sothat hi(t) =t and ha(t) = 1. As in the case (¢), we again consider the FPT
problem through the constant boundaries S () = t/4—2 and Sa(t) = t/4+2 (cf. Figure 4).
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Figure 1: Plot of §1(¢|0,0) (dash-dot line), g2(¢]0,0) (dashed line) and g(¢|0, 0) (solid line) through
the boundaries S1(t) = —1 and S2(¢) = 1 for the G-M process with m(t) = t/2 and c(s,t) = s.

Figure 2: As in Figure 1 for the G-M process with m(t) = 0 and ¢(s,t) = s. The dashed line refers
to §1(]0,0) and g2(¢|0,0), whereas the solid line indicates g(¢|0, 0).
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Figure 3: Plot of §1(¢/0,0) (dash-dot line), g2(¢|0,0) (dashed line) and g(¢|0, 0) (solid line) through
the boundaries S1(t) = t/4 — 2 and Sa(t) = t/4 4+ 2 for the G-M process with m(t) = ¢/3 and
c(s,t) = s.

Figure 4: As in Figure 3 for the G-M process with m(¢) = 0 and ¢(s,t) = s.
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