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ON THE CONSTRUCTION OF FIRST-PASSAGE-TIME
DENSITIES FOR DIFFUSION PROCESSES.
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ABSTRACT. A new method for constructing first-passage-time probability density func-
tions in the case of regular one-dimensional time homogeneous diffusion processes
restricted between constant boundaries is proposed. Some diffusion processes of par-
ticular interest in neuronal modeling are considered and thoroughly discusses.

1 Introduction

The determination of the first-passage-time (FPT) probability density function (pdf) for
diffusion processes is known to play a relevant role for various biological systems modeling.
For instance, when modeling neurons firing by means of diffusion processes, the FPT pdf
represents the mathematical counterpart of the neuron recorded firing interspike histograms
(cf., for instance, [11] and references therein). In this paper we propose a new method
for constructing FPT pdf’s in the case of time homogeneous diffusion processes restricted
between constant boundaries S1,.S2 (S1 < S2), with (a) S1 absorbing and S elastic or (b)
S elastic and Sy absorbing. The elastic boundary is assumed to be partially transparent in
the sense that its behavior is intermediate between total absorption and total reflection (cf.
[6]). The degree of elasticity of S; (i = 1,2) is determined by two nonnegative parameters,
say «; (absorption coefficient) and f; (reflection coefficient), with a; + 3; > 0. The extreme
cases of a totally reflecting boundary S; occurs for o; = 0, 3; = 0 determining instead total
absorption at S; (i =1, 2).

Our approach consists of providing a direct construction of FPT pdf’s for a preassigned
diffusion process in terms of predefined FPT pdf’s of a known diffusion process, without
using transition pdfs, thus neglecting the well known space transformations of Kolmogorov
equations (cf., for instance, [1], [2], [3], [10]) and refrain from implementation of symmetry
properties (cf., for instance, [5], [8], [9]).

Let {X (t),t > 0} be a regular one-dimensional time-homogeneous diffusion process with
drift A;(z) and infinitesimal variance As(z) defined in I = (rq,72), with P{X(0) =y} =1
and let

(1.1) h(z) :exp{—2 / 28 dz} (el

be the scale function of X (¢). Furthermore, let S1, S2 denote two arbitrary constant bound-
aries such that 51,5, € [ and S; < y < Ss.

Hereafter, the necessary preliminary background and notation is provided. We consider
first the case of FPT through the lower boundary and then that of FPT through the upper
boundary.

(a) FPT through the lower boundary
Assume that S7 is an absorbing boundary and S2 an elastic boundary. The degree of
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elasticity of the boundary Ss depends on the choice of the two nonnegative parameters,
ag and [, with as 4+ (2 > 0, representing the absorption and the reflection coefficients,
respectively. We define

(1.2) T = tigg{t P X (1) < S, X(0) < S,V € (0,1)}, X(0)=y
and denote by
_ 0 _

its pdf. Hence, P(7~ < t) is the probability that X (¢) crosses for the first time S; at some
time preceding t before crossing So. Let

“+oo
(1.4) PNCRAD) =/ e g (S1, ot | ) dt
0

be the Laplace transform (LT in the sequel) of g~ (51,52, | y). Due to the time homogene-
ity of the diffusion process under consideration and to the temporal independence of the
boundaries, g, (S1,S2 | y) is the solution of

dua(y) 1 d*vx(y)
(15) M) TP 5 A) g = A ) (S <y <)
with the conditions:
. . _ dvx(y)}
1.6 1 =1, 1 + B b7t =0.
6) T i {az o) + 52172 ) 221

Even though the inverse LT of the function g, (S1,S2 | y), obtained via Eq. (1.5) with
conditions (1.6), cannot be explicitly obtained, nevertheless it provides useful information
on the probability of ultimate FPT through the lower boundary. Indeed, by setting A = 0
in (1.5) and (1.6), one obtains:

S2
B + a2 / h(u) du
y

“+o0
01 PSS = [ oSSty = —
0 524-0[2/ h(u) du
S

1

Note that if 79 is an inaccessible boundary, by setting G2 = 0 and taking the limit as
Sy — r9 in (1.3) and in (1.7) one is led to the FPT pdf ¢(S1,t | y) := OP(Th < t)/0t and
to the FPT probability P(S | y) := P(T1 < +00), where

Tl:%gg{tX(t)<Sl}’ X(O)=y>51

(b) FPT through the upper boundary

Assume now that S7 is an elastic boundary and Sy an absorbing boundary. The degree of
elasticity of the boundary Sy depends on the choice of the two nonnegative parameters, oy
(absorbing coefficient) and §; (reflecting coefficient), with ay 4+ 31 > 0. Denote

(1.8) T = tigl("]{t X () > So, X(9) > 51,09 € (0,1)}, X(0)=y
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and

(1.9 91 (S1, 0.t 9) = D P(TT <1)

its pdf. Hence, P(7* < t) is the probability that X () crosses for the first time Sy at some
time preceding t before crossing S;. The LT

“+o00
(1.10) R SuSeln) = [ (S Sut ) di
0
of g7(S1,S2,t | y) can obtained as solution of (1.5) with the conditions
) _ dux(y) .
1.11 1 — B h i y) —Z£ =0, 1 =1.
(1.11) Jim {cn oa(y) = Brh™(y) a0y T oA(y)

Setting A = 0 in (1.5) and (1.11), the probability of ultimate FPT through the upper
boundary is then given by:

b1+ a1 /: h(u) du

1

—+oo
(1.12) P(S1,8: |y) == / 97 (81,82, | y) dt = 5 :
0 b1+ aq / h(u) du
s

1

Note that if r; is inaccessible, setting #; = 0 and taking the limit as S; — 71 in
(1.9) and in (1.12), the FPT pdf g(S2,t | y) := OP(T> < t)/0t and the FPT probability
P(S2 | y) := P(T> < +00) can be obtained, where T, denotes the random variable

ngzgg{tiX(t)>SQ}, X(O)=y<52.

Example 1.1 Let {X(¢),t > 0} be a Wiener diffusion process with drift and infinitesimal
variance:

(1.13) Al =€ Ay=w?  (E€R,w>0)
respectively, defined in R, with P{X (0) = y} = 1. The scale function of X (¢) is:

_ 2¢z
(1.14) h(z) —Bexp{—F} (B>0, z €R).
The general solution of (1.5) is
(1.15) ua(y) = Cq exp{y 791()\)} +Cy exp{yﬂg()\)},

with Cy, Cy arbitrary real constants, and where 91 (\) and ¥2(X) are the roots of the char-
acteristic equation:

(1.16) w29 (\) +2€9(\) —2A1=0.

By imposing that (1.15) satisfies the boundaries conditions (1.6), the LT of the FPT pdf
through S; in the presence of an elastic boundary in Ss can be determined:
3 eS292(M)+yd1(A) K, 2()\) — eS201(MN)+y 2 (N) Ko 1()\)
gy (51,52 |y) = ENGY 91N 7 91N NN ’
52 92(X)+S1 91 ( )K272()\) — eS291(A)+S1 92( )K271(/\)

(1.17)
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where
(118) Kl,J()\) = o h(Sl)+ﬁ119]()\) (Z,j = 1,2)

Furthermore, setting A = 0 in (1.17), the probability of ultimate FPT through S; in the
presence of an elastic boundary in S is:

B2+ az B (S2 —y)

P2 + g B(S2 — S1)’ e

(1.19) P (51500 =1 5, 0,% [h(Sz) - h(y)}
525 , E£0.

B2 — o 2 [h(SZ) - h(‘gl)}

In particular, if §; = 0 from (1.17) one has:

52 02(N)+y 91(A) _ oS291(A)+y 92(N)

(120) g;(Slv‘S’Q | y) = 652192(>\)+Sl 191(A) — 652191()\)+51192(A) )

that identifies with the LT of the FPT pdf through S; in the presence of an absorbing
boundary in Sy (see, for instance, [4]). Instead, if ap = 0, from (1.17) one obtains:

B 192()\) eS2P2(M)+y 1 (X)) _ 191()\) eS2 01 (A)+y 92(X)
gy (81,82 | y) = Va(N) €S2 02 (NF+81 910 — 991 (\) eS2 1N +5192(0) 7

(1.21)

that identifies with the LT of the FPT pdf through S; in the presence of a reflecting
boundary in Sy (see, for instance, [4]).

Furthermore, by imposing that (1.15) satisfies (1.11), the LT of the FPT pdf through
So in the presence of an elastic boundary in S7 is given by:

eS191(A)+yd2(X) Hii(\) — eS192(A)+yd1(A) Hya(\)

+ _
(1.22) gy (51,592 |y) = eSLI 520200 Hy {(N) — 5192004529100 Hy (X))’

where
Hi’j()\) :alh(Sl) —ﬁiﬁj()\) (Z,]: 1,2).

The probability of ultimate FPT through Ss in the presence of an elastic boundary in Sy
is then obtained by setting A = 0 in (1.22):

B1+ a1 B(y—5S1)

Bt B(S:—5) e

(1.23) PH(S1,8 |y) = B —ay w [h(y) - h(Sl)}
2 . E40.

B1— a1 7€ [h(52) - h(Sl)}

In particular, if 51 = 0 from (1.22) one has:

eS1 P91 (N)+yd2(N) _ eS1 Y2(N)+y 91 (X)

+ _
(1.24) 9x (51,52 | y) = 251 01 (V)52 02(%) _ 51 02(N+82 91 (N) ’
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that identifies with the LT of the FPT pdf through S5 in the presence of an absorbing
boundary in Sp (see, for instance, [4]). Instead, if oy = 0, from (1.22) one obtains:

(81,8 |y) = D1(N) €51 1N FYI200 9, ()) 51920+ 91 ()
gx (51,02 | Y) = 01(\) €51 91 NF52 9100 _ ), (X) €51 92(N+52 9100

(1.25)

that identifies with the LT of the FPT pdf through S, in the presence of a reflecting
boundary in Sj.

Finally, taking the limit as S — 400 in (1.20) or taking the limit as S; — —oo in (1.24)
one obtains the well-known result:

(126) oS In=en{ G-y - L VETm) (54,

w?
from which it follows:

(127) o(s.t 1) = AL exp{ EZV_EDTY gy

wV2mit3 w2t

In Section 2 we will make use of the equation (1.5) with conditions (1.6) or (1.11) to provide
a direct construction of FPT pdf’s for a preassigned diffusion process in terms of predefined
FPT pdf’s of a known diffusion process. Finally, in Section 3 some diffusion processes of
particular interest for neurons activity modeling are considered and thoroughly analyzed.

2 The construction of FPT pdf’s
Let {X(t),t > 0} be a regular one-dimensional time-homogeneous diffusion process with
drift A;(z) and infinitesimal variance As(x) defined in I = (rq,72), with P{X(0) =y} =1
and let S1, S5 denote arbitrary constant boundaries such that S1,S5: € I and S1 <y < Ss.
The scale function of X () is given in (1.1). As in Section 1, we denote by g~ (51, S2,t | y)
and P~(S1,S52 | y) the FPT pdf and the probability of ultimate FPT through S; in the
presence of the elastic boundary Sy and by g7 (51, S2,¢ | y) and PT(Sy, Sz | y) the FPT pdf
and the probability of ultimate FPT through S in the presence of the elastic boundary Si.
Furthermore, let {X(t),¢ > 0} be a regular one-dimensional time-homogeneous diffusion
process with drift A;(z) and infinitesimal variance Ay(x) defined in I = (71,73), with
P{)A( (0) =7y} =1, and let §1, §2 denote arbitrary constant boundaries such that §1, §2 el
The scale function of X (t) is then:

- T A (2) ~
(2.1) hz) = exp{_z e dz} (x e).

We now denote by 7’(§1,§2,t | ¥) and Q*(S’\l, S, | ¥) the FPT pdf and the probability
of ultimate FPT through §1 in the presence of the elastic boundary §2, respectively, and
by v+ (51, 8s,¢ | §) and QT (S, S5 | §) the FPT pdf and the probability of ultimate FPT
through §2 in the presence of the elastic boundary §1, respectively.

As is well-known, if X (¢) and X (t) are obtainable from one another by means of a strictly
monotonic transformation, then the infinitesimal moments of the processes are mutually
related, as shown in following Remark.

Remark 2.1 Let )/(:(t) be a reqular diffusion process defined in T with drift El(x) and
infinitesimal variance As(x) and let 1 : I — I be a strictly monotonic function such that
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Y(y) € C*(I). Then, X(t) = w’l[)?(t)] defines a regqular diffusion process defined in I with
infinitesimal moments:

) = (B2) " Ao

1 /d -3 d? —~
-5 () ) Ay
(2.2)

a2y) = (42) " Rafuto)l.

O

In Theorem 2.1 and Theorem 2.2 we shall consider a generalization of (2.2) that involves
the probabilities of ultimate FPT of two regular diffusion processes X (¢) and X (t), and
determine some special functional relations among the FPT pdf’s of such processes. We
emphasize that this is accomplished without making use of the transition pdf’s of the
considered processes.

Theorem 2.1 Let )A((t) and X (t) be regular diffusion processes with infinitesimal moments
Ai(x) (i = 1,2) and A;(z) (i = 1,2) defined in I and I, respectively. Furthermore, let
Y : I — I be a strictly increasing function such that 1(y) € C*(I).

(i) If

dip(y)\ 1 ~ dip(y)\ 2 ~ L ode(y) 1 dy(y)\—t d*¥(y)
M) = () R - (2 Ralu) | 2 4 3 () )
(2.3)
Aal) = (42 " Raputo)l,
with

_ P~(S1,52 | y)

24 YY) = GG, 0(S) | 5w
then
(2.5) g~ (81,82, | y) = w(y) v [¥(S1),¥(S2),t | ¥(y)] (S1 <y < S2).

(i1) If relations (2.3) hold with

_ P*(S1,8 |y)
(26) ?W) = BTG, 08 | 5
then
(2.7) g (S1, 52t | y) = @(y) v [1(S1),9(S2), t | ¥(y)]  (S1 <y < Sa).

Proof. We set §; = P(S1), Sy = ¥(S2) and ¥ = ¢(y). Since S1 < y < S and ¢ (y) is a
strictly increasing function, one has 57 < y < So.

We now prove separately the cases (i) and (%i).
Case (i) For simplicity, we set

ur@ =75 (51,82 19),  oa(y) =95 (51,52 | 9)
(2.8)

w(@) =Q (51,5 19),  wly) =P (51,5 ).
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Note that vy (y) is solution of (1.5) and (1.6) while vg(y) is given in (1.7). Instead, the LT
ux(y) is solution of the differential equation

~ . d 1~ d

(2.9) 1(9) dgux(y) + 5 42(7) e ux(¥) = Aua(Y)
with the conditions:
. ~ . ~ ~_ 1 d ~
(2.10) lim uy(y) =1, lim {OéQUA(y)—f—ﬁQh 1(y) d_Au)‘(y)} =0,
ylS1 152 Y

where ﬁ(x) is given in (2.1). Furthermore, one has

S
B2 + as h(u) du

(2.11) uo(f) = I

fBotaz [ h(u)du
S1

We shall now prove that if the drifts and the infinitesimal variances of X (£) and X (¢) satisfy
(2.3) with

v(y) _ P7(51,5 |y)

w®  Q (51,517

then v} (y) := ¢(y) ua(¥y), i.e. the right-hand-side of (2.5), is solution of Eq. (1.5) with the

conditions (1.6). Since

W) _ W) o 4 o)

(2.12) o(y) =

dux(y) dip(y)

dy dy dy dy ’
d2s§§y) _ dei(zy) ux (@) +2 dfz(yy) duc%@) difi;y) o) dQZ%@) (%ﬁjy) )2
+e(y) duc;g@) d?yiy) :
one obtains:
)30 + 5 A2(0) A03) ~ A0
- ¢<y>{ i) = 24 L) T )
1) 20 gy - ) D) L) LU0 D)

(2.13) +% As(y) (dﬁ;y))Q dg;‘%@ }
Making use of (1.7) and (2.11) one can prove that (2.12) is solution of
(2.14) Ar(y) dfi—;y) + % As(y) dey(Qy) = 0.
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Furthermore, recalling (2.3) one has:

aal) (42) = (),
(2.15)
dy(y) 1 do(y) dvly) 1 As(y) YY) _ 4

Ai(y) 0y + A (y) o) Ay dy T2 e A1(Y).

By virtue of (2.14) and (2.15), and due (2.9), Eq. (2.13) yields:

Ax(y) d—yvx(y) +3 As(y) d—vax(y) — Avi(y)

(2.16) - w(y){fh@) W) 1 5 Aa) T - m@)} -0,

Hence, v3(y) is solution of (1.5).
We now prove that v} (y) satisfies the boundaries conditions (1.6). To this purpose, recalling
(1.7), (2.8) and (2.11), we have

Pa

li =1 li =
Lim vy (y) =1, i} vo(y) % ;
B2 + ag/ h(z) dz
S1
(2.17)
. R . ~ e
1 = 1 1 = —
Jim uo(9) Jim uo(y) 5 ,
Ba+as [ h(z)dz
S1
so that from (2.12) it follows:
§2 R
B2 + Ozg/A h(z) dz
2.18 li =1 li = 5 :
(2.18) Jim e(y) =1, P e(y) 5
B2 + ag/ h(z) dz
S1
Hence, recalling the first of (2.10), v} (y) and (2.18), one has:
(2.19) lim 03 (y) = Tim [0(y) ur(D)] = Tim ur(§) = 1,
ylS1 ylSi 915,

i.e. vi(y) satisfies the first of (1.6). To prove that v}(y) satisfies the second of (1.6), we
consider the following two cases: (1) 82 =0 and (2) B2 # 0.
(1) If B2 =0, i.e. Sz and S are absorbing boundaries, then

d R
(2.20) lim {az v (y) + B2 b (y) —vi(y)} = ap p(S2) lim ux(y) =0
y1Sa dy 715,

where the last equality follows by virtue of the second of (2.10).
(2) If B2 # 0, i.e. Sz and Ss are reflecting or full elastic boundaries, so that

d
%12{@2 Vi (y) + B2 hH(y) d—yvi(y)}

h(Ss) dy(y)

(S2) dy

~

. N ~_; . dux(y
hrp{agux(y)-l-ﬁzh L@) ;ﬁy } =0
y=Sy U152 Y

= p(S2)

>
~
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the vanishing of the right hand side being a consequence of the second of (2.10). Hence,
vi(y) = g, (51,52 | y) and thus (2.5) holds.

Case (1) We now set

(@) =5 (51,5 19),  oa(y) = g5 (51,5 | y)
(2.21)

uo(9) = QT (51,52 | 9), vo(y) = PT(51,52 | y).

We recall that the LT vy (y) is solution of (1.5) with the conditions (1.11) and that vo(y) is
given in (1.12). Instead, the LT (%) is solution of the differential equation (2.9) with the
conditions:

, R S 4 . R
ez in{an@® a0 @ ge@) -0 wn@ -1
ylS Y y1S2

with ﬁ(x) given in (2.1). Furthermore, one has:

v

b1+ a1 ‘/A h(u) du

(2.23) wo(§) = 5 .

Br+oar [ TL(U) du
S1

We shall now prove that if the drifts and the infinitesimal variances of X (£) and X (¢) satisfy
(2.3) with

wly)  PT(S1, 8 | y)
(2.24) wly) = u(y)  Q+(S1, 5|7

then v} (y) := ¢(y) ua(y), i.e. the right-hand-side of (2.7), is solution of Eq. (1.5) with the
conditions (1.11). Similarly to case (), it is easily seen that v}(y) satisfies Eq. (1.5). We
now prove that conditions (1.11) hold for v}(y). To this purpose, we recall (1.12), (2.21)
and (2.23), to note that

: B :
1 = ) 1 =1,
vllgll v () Sz y%rér‘lz vo(y)
b1+ aq h(z) dz
S1
(2.25)
: R B . .
1 = = ) 1 =5
vllgll vo(9) S2 v%lz uo(®)
b1+ / h(z) dz
S
so that from (2.24) it follows:
Sy
Br+ar [ h(z)dz
(2.26) lim p(y) = 5 , lim ¢(y) = 1.

1S 2 18
o b1+ al/ h(z) dz e
s

1
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To prove that v}(y) satisfies the first of (1.11), we consider the following two cases: (1)
61 =0and (2) 51 #0. R
(1) If 1 =0, i.e. S7 and S; are absorbing boundaries, then

(2.27) lim {m W) — B AL () ivi(y)} — o1 p(S1) Tim ux(§) = 0
ylS dy 715,

where the last equality follows by virtue of the first of (2.22).
(2) If B1 # 0, i.e. S7 and S; are reflecting or full elastic boundaries, then

d
g {al V() — B h () d—yv;w)}

1(S1) dy(y) . du@}

o5 1o 2| {arin@ - mi )

y=5; ¥lS1
that vanishes by virtue of the first of (2.22), so that v (y) satisfies the first of (1.11). Finally,
recalling the second of (2.22) and (2.26), one has:

(2.28) lim 03 (y) = Tim [0(y) ur(D)] = lim ur(3) = 1,
y1S2 yTS2 7152

i.e. v}(y) also satisfies the second of (1.11). In conclusion, v} (y) = g (51,52 | y) and thus
(2.7) holds. o

Theorem 2.2 Let X (t) and X (t) be reqular diffusion processes with infinitesimal moments
Ai(x) (1 = 1,2) and A;(x) (i = 1,2) defined in I and I, respectively. Furthermore, let
Y : I — I be a strictly decreasing function such that 1(y) € C?(I).

(i) If relations (2.3) hold with

B P=(51,52 | y)
(2.29) Ply) = QH[W(S2),v(S1) [ ¥(y)]’
then
(2.30) 97 (81,82, t [ y) = o(y) 7 [¥(S2), ¥(S1),t | d(y)]  (S1<y<Sa).
(i) If relations (2.3) hold with
B PT(S1,52 | y)
(2.31) YY) = TS, w81 | 9]
then
(2:32) 9" (51, 82,t | y) = @) 7 [(S2), 0 (S0, t | 9(y)]  (S1 <y < ).

Proof. We set §; = P(S1), Sy = ¥(S2) and ¥ = 9(y). Since S1 < y < S and ¢ (y) is a
strictly decreasing function, one has Sy < y < S7.

We consider separately the cases (i) and (ii).
Case (i) For simplicity, we set

ur@) =7 (5,51 19), oY) = g5 (51,52 | y)
(2.33)

uo(@) = QF (52,51 19),  woly) =P (51,8 | v).
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We note that vy(y) is solution of (1.5) with the conditions (1.6) and that vo(y) is given in
(1.7). Instead, ux(y) is solution of (2.9) with the conditions:

o~

(7)) iu>\( )} =0, lim ux(y) = 1,

2.34 li ) —
(2.34) HD{OQUA(y) s 7 lim

ylS2
where iAL(x) is given in (2.1). Furthermore, one has:
v
B2 + aa ‘/A h(u) du
(2.35) uo(7) = 52 :
51
B2 + a2 /A h(u) du
s

2

We shall now prove that if the drifts and the infinitesimal variances of X (¢) and X (t) satisfy
(2.3) and (2.29), with

_woly)  P(S1,52 1)
(2.36) o) = @) Q*+(52.51 | )

then v} (y) := ¢(y) ux(y), i.e. the right-hand-side of (2.30), is solution of Eq. (1.5) with the

conditions (1.6). Proceeding as in the proof of Theorem 2.1 one can see that v} (y) satisfies

Eq. (1.5). We now prove that conditions (1.6) hold for v}(y). To this purpose, recalling
) an

(1.7), (2.33) and (2.35), we note that
: : e
ligg vo(y) =1, P vo(y) % ;
B2 + ag/ h(z) dz
S1
(2.37)
limug(@) =1,  lim ue(y) = b2
ylsl yTSQ S1 N
Ba+as [ h(z)dz
Sa

Hence, from (2.36) it follows:

5
B2 + a2 /A h(z) dz
(2.38) lim p(y) =1, lim ¢(y) = 5

1S 418 So :
o ’ B2 + 0[2/ h(z) dz
5

1

Hence, recalling the second of (2.34) and (2.38), one has:

2.39 lim v% (y) = li Nl = 1 =1,
(2.39) Jim v (y) Jim [w(y)m(y)} legll ux(Y)

so that v} (y) satisfies the first of (1.6). To prove that the second of (1.6) holds, we consider
the following two cases: (1) 2 =0 and (2) 52 # 0.
(1) If B2 =0, i.e. Sy and S are absorbing boundaries, then,

. . _ d ., . .
(2.40) lim {ag vi(y) + B2 H(y) —v/\(y)} = a2 ¢(S2) lim ux(y) =0
yTS2 dy y1S2
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where the last equality follows by virtue of the first of (2.34).
(2) If B2 # 0, i.e. Sy and Ss are reflecting or full elastic boundaries, then,

d
i {a2 Vi) + B h () —yv;<y>}

. I ~_1, dux(y
i {0z ) - 221 ) 222
y=Sy JlS2 Y

that vanishes by virtue of the first of (2.34), i.e. v}(y) satisfies the second of (1.6). Hence,
vx(y) = g, (S1,52 | y) and thus (2.30) holds.

Case (ii) We now set

ur(@ =75 (52,8119, waly) = g{ (1. 52| v)
(2.41)

uo(9) = Q™ (82,51 | ), vo(y) = P*(S1,52 | y).

We recall that the LT vy (y) is solution of the differential equation (1.5) with the conditions
(1.11) and that vg(y) is given in (1.12). Instead, the LT uy(y) is solution of the differential
equation (2.9) with the conditions:

. ~ . N ~_ 1. d ~
(2.42) lim u(7) = 1. hrp{al @) + /A @) 7%(@/)} _o,
715> 715, dy

with ﬁ(x) given in (2.1). Furthermore, one has:

5
81+ aq /A h(u) du
(2.43) uo() = 7 -

5
B+ /A h(u) du
Sa

We shall now prove that if the drifts and the infinitesimal variances of X (£) and X (¢) satisfy
(2.3) and (2.31), with

44 — 2 _ P55 |y)
(2.44) v(y) w0l) - 058 9)

then vi(y) := ¢(y) ux(y), i.e. the right-hand-side of (2.32), is solution of Eq. (1.5) with the
conditions (1.11). Proceeding similarly to the proof of Theorem 2.1 one can see that v}(y)
satisfies Eq. (1.5). We now prove that conditions (1.11) hold for v}(y). To this purpose,
due to (1.12), (2.41) and (2.43), we have

. _ B . B
7}11%11 vo(y) = 5, ) yl%gé vo(y) =1,
b1+ aq h(z) dz
S1
(2.45)
lim ug(7) = b1 , lim uo(y) = 1,
ylS1 S1 y1S2
b1+ al/A h(z) dz
Sa
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so that from (2.44) it follows:

§1A
51+a1/A h(z) dz

. _ So . _
(2.46) Jim ely) = = » lm e(y) =1.
b1+ aq h(z) dz
S1

To prove that v}(y) satisfied the first of (1.11), we consider the following two cases: (1)

61 =0and (2) 51 #0. R
(1) If 1 =0, i.e. S7 and S; are absorbing boundaries, then

(2.47) lim {m W) = B h L) iv;@n} — a1 (1) lim ux(§) = 0
y1S: dy 715

where the last equality follows by virtue of the first of (2.42).
(2) If B1 # 0, i.e. S7 and S; are reflecting or full elastic boundaries, then

Iy {al W) — A A () d%vi(y)}
d

. R ~_ o dux(y
lim {oq ux(@) + B (@) %}
y=S1 U151 Y

=
—~

n
—
~

U

Y

that vanishes by virtue of the second of (2.42), i.e. the first of (1.11) holds for v}(y).
Furthermore, recalling the first of (2.42) and (2.46), one has:

2.48 lim vy(y) = U y)| =l y) =1
(2.48) lip v3) = g [o0) wa@)] = im un@) =1,

so that v (y) satisfies the second of (1.11). In conclusion, v}(y) = g (S1,S2 | y) and thus
(2.32) holds. o

3 Wiener process N
In this Section we shall assume that {X(¢),¢ > 0} is the Wiener process with drift and
infinitesimal variance

(3.1) Ai=p, Ay=0> (neR,0>0),

respectively, defined in R. The scale function is known to be

(3.2) h(z) =B exp{— 2:;”} (B>0, z €R).

Starting from X (t), we shall provide a direct construction of FPT pdf’s for a new diffusion
process {X (t),t > 0} in terms of the FPT pdf’s of the diffusion process (3.1). We shall
separately consider the cases when X (¢) is the Wiener process, the Feller process and the
hyperbolic process.

3.1 Wiener to Wiener processes
Let {X (t),t > 0} be the Wiener process with drift and infinitesimal variance

(3.3) Ay =€ Ay=uw?  (EER, w>0),
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Wiener processes X (t) and X(t)
o a a .
U(z)=—z+c (ceR), S1=9(5),  S2=v¢(%), y=v()
Boundaries
S1, 51 S2, 52 Conditions Relations
Absorbing Reflecting ulo=¢/w g~ (S1,52,t|y)
(81 =0) (o2 =0) =7 (51,52,t]9)
Absorbing Absorbing ulo=¢/w g (S1,52,t|vy)
(Br=0) (B2 =0) =77 (51,52,t]7)
g+(Sl7SQ7£ | ?i)
= 7+(Sl7 827t | g)
Reflecting Absorbing ulo=¢/w g7 (S1,82,t | y)
(a1 =0) (B2 =0) =7"(51,5,t]9)
Absorbing Elastic ulo=¢/w g~ (S1,52,t | y)
~ 2 ~ ~
(51 =0) (02> 0,6 >0) | B=BZ e 2re/” =77 (51,5,t]9)
Elastic Absorbing ulo=¢/w g7 (S1,S2,t | y)
~ 2 ~ ~
(@>04>0 | (=0 |[B=BZe | 0¥ (&80 p)

Table 1: FPT pdf’s of Wiener processes X () and X (t), defined in (3.1) and (3.3) respectively.
Here (%) is strictly increasing.

respectively, defined in R with scale function (1.14), 7 = —o0 and 12 = +00 being natural
boundaries.

If ¥ : R — R is a strictly increasing function such that v (y) € C?(R), making use of
(3.1) and (3.3) in (2.3), one obtains:

b(y)=Zy+ec  (ceR),
(3.4)
L de(y)

w 2
Y= W .
< o ely) dy

Table 3.1 lists the boundaries (columns 1 and 2) and conditions on parameters &, w, u, o
(column 3) of X(¢) and X (¢) such that (3.4) are satisfied with ¢(y) given in (2.4) or in
(2.6). The last column shows the relations (2.5) and (2.7) implied by Theorem 2.1.

Note that if u/0 = £/w, by removing either Sy or Sa, when both are absorbing bound-
aries, one has:

g g
g8t =7(25+ctZy+te)  (S£y ceR),

with v(z,t | y) and g(z,t | y) denoting the FPT pdf’s to x starting from y for the Wiener
processes (3.1) and (3.3), respectively.

If ¥ : R — R is a strictly decreasing function such that 1 (y) € C?(R), making use of
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Wiener processes X (¢) and X(t)

bx)=-Zz4c (c€R), Si=w(S),  S=v(S), §=1v)
Boundaries
S1,51 Sa, So Conditions Relations
Absorbing Reflecting plo=—&/w g~ (S1,52,t | y)
(BL=0) (o2 =0) =7"(5,5,t]9)
Absorbing Absorbing ulo=—-&/w g (S1,52,t|y)
(B =0) (B2 = 0) =7"(52,51,119)
g+(817 SQvt | y)
=7 (5,5,t19)
Reflecting Absorbing ulo=—-&/w g7 (S1,82,t|y)
(01 =0) (B2 =0) =7 (52,51, 9)
Absorbing Elastic ulo=—&/w g~ (S1,52,t | y)
(B = 0) (a2 > 0,82 > 0) Bzége*w”g =778, 8,t]9)
Elastic Absorbing ulo=—&/w g7 (S1,S2,t|y)
(@>04>0 | (=0 |B=BZe/" | =7(5.8.]9)
Absorbing Absorbing p=E& oc=w g (S1,52,t|y) = e 28 =)/
(BL=0) (B2 =0) <yt (S, 81,1 | )

2
g7 (S1,82,t|y) = 28 (S2—y)/w
Xy~ (52,51, 9)

Table 2: Same as Table 3.1, but with v(z) strictly decreasing.

(3.1) and (3.3) in (2.3) one obtains:

bly)=-Zy+e (ceR),
(3.5)
w2t dely)
Ay e(y) dy

Table 3.1 lists the boundaries (columns 1 and 2) and conditions on parameters &, w, y, o
(column 3) of X (¢) and X (¢) such that (3.5) hold with ¢(y) given in (2.29) or in (2.31). In
the last column the relations (2.30) and (2.32) given in Theorem 2.2 are shown.

If u/o0 = —&/w by removing one of the two boundaries S or Sz, when both are absorbing,
one obtains:

(S#vy, ceR).

g(5,t|y) =7(—£S+cvt —Ey+6)
w w
Table 3.1 also shows the relations among FPT pdf’s for p = £ and ¢ = w (namely when
X (t) and X(t) are identical) when both boundaries are absorbing:
26(y —S1) }
2

97(517527t|y):exp{_ g+(—SQ+C,—Sl+C,t|_y+C),

(3.6)
26(S2 —y)

g*(Sl,Szvtly)=eXp{ 3 }g‘(—52+c7—51+c,t|—y+0),
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with S7 < y < S5 and ¢ € R. By removing one of the two boundaries Sy or Ss, from (3.6)
one has:

61 ety =en{ 0T sty (S#vceR)

Setting ¢ = 2.5 in (3.7) one obtains the well-known symmetry relation for the FPT pdf of
the Wiener process (cf, for instance, [9]):

o(s.t 1) =exp{ 2O (s 1125 —y) (5 £0).

3.2 Wiener to Feller processes
Let {X(t),t > 0} be the Feller process with drift and infinitesimal variance

(3.8) Ay =pa+gq, Asz)=2r(z-v) (pgVveER,r>0),

respectively, defined in I = (v, +00), with scale function:

(3.9) h(z) = B (x —v)~PrFa/r exp{—]—) x} (B>0, z>v).
T

As is well known, for the process (3.8) x = v is an exit boundary if pv + g < 0, a regular
boundary if 0 < pr 4+ ¢ < r and an entrance boundary if pv + g > r; instead, boundary
+00 is natural. We recall that (cf., for instance, [7]) if pv 4+ ¢ < r the FPT pdf through v
starting from y can be explicitly obtained:

L (5 {5 aenpeo
e — rop—
tr(1-4) % rt U g<np
T
g, tly) = 1 p {p (y—v) ept}lf(pqu)/r
p(1- 2y o1 e
' (y—v)ert
p — Ve
xexp{—%} pr+q<r, p#0.

If ¢ : I — R, with I = (v, +00), is a strictly increasing function such that ¢ (y) € C?(I),
making use of (3.1) and (3.8) in (2.3) one obtains:

v =t (22 w-y)  (ceR),

rou 1 de(y)
+qg=-+=V2r(y—v)—-2r(y—v —,
Py +4q . (y—v) (y )(p(y) ay

2
with ¢(y) given by (2.4) or (2.6). Table 3.2 summarizes the obtained results for specified
choices of boundaries and parameters.

(3.10)

If ¢ : I — R, with I = (v, +00), is a strictly decreasing function such that 1 (y) € C?(I),
making use of (3.1) and (3.8) in (2.3) one obtains:

v =e— 2T 1) (ceR),
(3.11)
T 1 de(y)
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Feller process X (t) and Wiener process X (t)
202 5 a ~
V() =c+ T(Z—V) (ceR), S1=(5), Sz =1(S2), T=4v(y)
Boundaries
S1, 51 Sa, S Conditions Relations
Absorbing Reflecting p=0,u=0 | g (S1,52,t]vy)
(8L =0) (a2 = 0) q/r=1/2 =7 (51,5:,t]7)
Absorbing Absorbing p=0,u=0 | g (S1,52,t|y)
(B =0) (B2=0) q/r=1/2 =7 (51,52, 9)
9" (81,82t | y)
=7"(51,5,t]9)
Reflecting Absorbing p=0,u=0 | g7 (S1,52,t|y)
(01 =0) (B2=0) q/r=1/2 =77(51,52,t]79)
Absorbing Elastic p=0,u=0 | g (S1,52,t]vy)
(B =0) (2 >0,62>0) | q/r=1/2 =77 (51,52,t]7)
N 2
B=DBZ
27
Elastic Absorbing p=0,u=0 | g(51,52,t|vy)
(1 >0,61>0) (B2 =0) q/r=1/2 =7%(51, 52, 9)
~ o2
B=B TS
Absorbing Absorbing p=0,u=0 | g (S1,52,t|y) = \/M
o~ y—v
(B1=0) (B2 =0) q/r=3/2 Xy~ (S1,82,t | 7)
K-
g+(Sl7SQ7t|y): 2—]/
o~ y—v
><7+(Sl7 527t | /y\)

Table 3: Relations between the FPT pdf’s of the Wiener and Feller processes X (t) and X (t),
defined in (3.1) and (3.8) respectively. Here (%) is a strictly increasing function.

with ¢(y) given by (2.29) or (2.31). Table 3.2 lists the results of interest.

Note that when p = 0 and ¢/r = 1/2 the boundary 2 = v of the Feller process (3.8) is
regular. Instead, x = v is an entrance boundary when p = 0 and ¢/r = 3/2.

We consider the Feller process (3.8) with p = 0 and ¢/r = 1/2. If both boundaries S;
and Sy are absorbing, taking the limit as S — 400, from Tables 3.2 and 3.2, for all c € R
one obtains:

10 = e+ 22 50| e+ 22 w-0)
—’YA(C— 27,L2(51—V) c— ii(y—’/))

:exp{—z\/%(y—u)+2\/%(51—1/)} (v <S1<y),

where gx(S1 | y) is the LT of the FPT pdf ¢g(S1,¢ | y) from y to Sy for the Feller process
(3.8) with p = 0 and ¢/r = 1/2, and v»(z | z) denotes the LT of the FPT pdf v(x,t | z) from
z to x for the Wiener process (3.1) with p = 0. Furthermore, if both boundaries Sy and Sy
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Feller process X(t) and Wiener process X (t)
202 5 5 ~
Y(2) =c— — (z—v) (c€R), Si=1(5), Sy =1(S2), T=v(y)
Boundaries
S1, 51 Sa2, S2 Conditions Relations
Absorbing Reflecting p=0,u=0 | g (51,52, t]y)
(BL=0) (a2 = 0) g/r=1/2 =7"(82,51,t] )
Absorbing Absorbing p=0,u=0 | g (51,52,t]y)
(1 =0) (B2=0) q/r=1/2 =77 (82,51,t17)
9" (81,82, t | y)
=7 (52,51, )
Reflecting Absorbing p=0,u=0 | g7 (S1,852,t|y)
(a1 =0) (B2=0) q/r=1/2 =7 (52,51, 9)
Absorbing Elastic p=0,u=0 | g (51,52, t]y)
(Br=0) (2 >0,82>0) | ¢/r=1/2 =7*(82,51,t | )
N 2
B=By/—
27
Elastic Absorbing p=0,u=0 | g (51,52, t]|vy)
(1 >0,61 > 0) (B2 =0) q/r=1/2 =77 (52,51,t19)
- [o2
B=B 2
Absorbing Absorbing p=0,u=0 1| g (S1,52,t|y) = \/M
o~ y—v
(B =0) (B2 =0) q/r=3/2 Xy (52,51, | )
S —
g+(317327t|y): 2—1/
o~ y—v
XFY_(527 Sl7t | /y\)

Table 4: Same as Table 3.2, but with v(z) strictly decreasing.

are absorbing, taking the limit as S7 — v, with v absorbing boundary, from Tables 3.2 and
3.2, for all ¢ € R one has:

e = (e

=" \c ( ,
i @}

— — [2 \/@] (v <y <Ss),

where g (52 | y) is the LT of g(S2,¢ | y) for the Feller process (3.8) with p = 0 and ¢/r = 1/2
in the presence of an absorbing boundary at v, whereas v, (u,v | z) and v (u,v | z) denote
the LT’s of the FPT pdf’s v~ (u,v,t | z) and v*(u,v,t | 2) in the presence of two absorbing
boundaries u and v (u < z < v) for the Wiener process (3.1) with u = 0. Instead, if S; is
reflecting and Ss is absorbing, taking the limit as S7 — v, with v reflecting boundary, from
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Tables 3.2 and 3.2, for all ¢ € R one obtains:

2 2
9A(52|y)=7§r<076+\/ " (S2 —v)

252
:»y;(c— %(SQ—I/ c

)
c_ﬁ)

cosh [2 Ay — y)]
:me ﬁﬁ;;ﬂ} (v <y < S2),

where g)(S2 | y) is the LT of g(Sa,t | y) for the Feller process (3.8) with p = 0 and ¢/r = 1/2
in the presence of a reflecting boundary at v, and 75 (z,¢ | z) and v (¢, | z) denote the
LT’s of the FPT pdf’s v~ (z,¢,t | z) and v (¢, z,t | 2z) in the presence of the reflecting
boundary ¢ and of the absorbing boundary = for the Wiener process (3.1) with u = 0.

We now consider the Feller process (3.8) with p = 0 and ¢/r = 3/2. Taking the limit as
So — 400 from Tables 3.2 and 3.2, for all ¢ € R one has:

S — 20
(St y) = |2 ”%(cﬂ/ (S — 1)
y—l/
_ 2
_«lsl V’)q( 1(20’ Sl—V \( —l/)
y T

Sy — A
— 1 Vexp{—Q\/—(y—y)+2\/ Sl—y} (v < 51 <y),
y—v r

where ¢gx(S1 | y) is the LT of g(Si,t | y) for the Feller process (3.8) with p = 0 and
q/r = 3/2, and yx(x | 2) denotes the LT of ~(x,t | 2) for the Wiener process (3.1) with
@ = 0. Furthermore, since an entrance boundary cannot be attained from the interior of
the diffusion interval, we take the limit as S; — v, with v entrance boundary. Hence, for
all ¢ € R, Tables 3.2 and 3.2 yield:

Sy — v sinh[Q \/@]
= \/: Sinh{2\/@]

where ¢ (52 | y) is the LT of g(S2,¢ | y) for the Feller process (3.8) with p = 0 and ¢/r = 3/2
in the presence of an entrance boundary at v. Here, vy (u,v | z) and 7y (u,v | z) denote
the LT’s of the FPT pdf’s v~ (u,v,t | z) and v ¥ (u,v,t | 2) in the presence of two absorbing
boundaries v and v (u < z < v) for the Wiener process (3.1) with p = 0. Equation (3.12)
provides an a priori unexpected functional relation between the FPT pdf for the Feller

c+ 2:2 (y—z/)>

c— 2702(1/—V)>

(3.12)

(v <y < 82),
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process (3.8) with p = 0 and ¢/r = 3/2 (v entrance boundary) and the FPT pdf in the
presence of two absorbing boundaries for the Wiener process (3.1) with u = 0.

3.3 Wiener to hyperbolic processes
Let {X(t),¢t > 0} be the hyperbolic process with drift and infinitesimal variance

2px

1—Cexp{— }
1+Cexp{ 2}2x} A=t @A0.0>00>0),

respectively, defined in R, with scale function:

(3.13) Ar(z) = p

(3.14) h(z) = B exp{—2:2x} {1 e exp{—2:2x}] - (B>0, z €R).

Here r{ = —oco and r9 = +o0o are natural boundaries.
If ¥ : R — R is a strictly increasing function such that v (y) € C?(R), making use of
(3.1) and (3.13) in (2.3) one obtains:

Y(y)=y+c (ceR),
(3.15)

zg”e’{p{ i—y} g2 L dely)
1_|_<exp{_2aﬂ} e(y) dy

In the case when S; and S; are absorbing boundaries, it is easily seen that relations (3.15)
are satisfied, with ¢(y) given in (2.4) or in (2.6). Hence, from (2.5) and (2.7) of Theorem 2.1,
for all ¢ € R and S7 < y < S5 one obtains:

14+¢ exp{ }

o?
2
1+Cexp{ M2 }

1+§exp{—2 }
ny

14+¢ exp{—a—}

g_(515527t | y)

“(S1+c¢,S+ct]y+ce)

<

Q

(3.16)

g7 (1,52, | y) = Y (S1 4+ ¢, 82+, t|y+c),

where v~ (u, v, | z) and vy (u, v, ¢ | z) denote the FPT pdf’s in the presence of two absorbing
boundaries uw and v (u < z < v) for the Wiener process (3.1).

If ¥ : R — R is a strictly decreasing function such that 1(y) € C?(R), making use of
(3.1) and (3.13) in (2.3), one obtains:

Y(@y)=-y+c (ceR),
(3.17)

2p o 1 do(y)

1+¢ exp{—zj—f} e(y) dy
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If S; and Sy are absorbing boundaries, one can prove that (3.17) are satisfied with ¢(y)
given in (2.29) or (2.31). Hence, from (2.30) and (2.32) of Theorem 2.2, for all ¢ € R and
S1 <y < S2 one has:

1+Cexp{—2/;251}

2
14¢ exp{— :Qy}

xyt(=Ss +¢,—S1 +c,t | —y+c),

exp{_2u(y—51)}

o2

97(31752at | y) =

(3.18)
1+¢ exp{—@}
14+¢ exp{—2:2y}

Xy (=S2+¢,—S1+c¢t| —y+c),

eXp{2u(Sz—y)}

g+(515525t|y): o2

where v~ (u, v, | z) and v (u, v, ¢ | z) denote the FPT pdf’s in the presence of two absorbing
boundaries u and v (u < z < v) for the Wiener process (3.1).

By removing one of the two boundaries 51 or Sz, from (3.16) and (3.18) for all ¢ € R
one obtains the following result (cf., for instance, [8]):

218
o 205)
g(S,t|y) = Y S +et|ly+e

2
14+¢ exp{— :Qy}

2uS
(3.19) = e eXP{—2U:y} exp{
1—|—Cexp{—?}

where ¢(S,t | y) is the FPT pdf of the process (3.13), whereas (z,t | y) denotes the FPT
pdf to x starting from y for the Wiener process (3.1). Hence, recalling (1.27), from (3.19)
it follows:

I S (shetlyte)  (S#£)

trcen{ -2} 5y

9(S;t]y) = /53
1+¢ exp{—M} ov2mt?

exp{_w} (S 41).

o2t

4 Concluding remarks
Within certain models of neuron activity based on diffusion processes, the FPT pdf can be
viewed as the neuron firing density. In particular, if S denotes the neuron firing threshold
and if one assumes that the left-hand point 71 of the diffusion interval is either a natural
or an entrance or a regular boundary with a reflection condition superimposed, g(S,t | y)
(ri <y < 8) can be viewed as the firing pdf. In addition, g7 (S1,5,t | y) (S1 <y < 9),
with S; and S in the interior of the diffusion interval, can be viewed as the neuron firing
density for models including a reversal potential if at S a reflection condition is imposed.
A challenging problem in the neuronal modeling context is to make use of experimental
data in the form of interspike interval histograms to arise to a diffusion process by means
of which the membrane potential time course can be modeled. If the diffusion process is
assumed to be known, and if the initial state, the boundaries of the available state-space as
well as the appropriate absorption, reflection and, in general, elastic boundaries are assumed
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to be known, the FPT pdf can be uniquely determined. Different is the situation when the
nature of the boundaries and the conditions imposed are not known, since in this case the
FPT pdf cannot be uniquely specified.

With such background in mind, in this paper the relation among FPT pdf’s have been
investigated for pairs of time-homogeneous diffusion processes without resorting to space-
transformations of the transition pdf’s. In particular, it is shown that if drifts and infinitesi-
mal variances of the two processes are suitably related to one another, then their FPT pdf’s
are also suitably related. Thus doing, not only classical well-known results are recovered,
but new FPT pdf’s can be obtained, so providing a noteworthy contribution to the search
of candidate data fitting densities in the realm of the biological sciences and, particularly,
in models of neurobiological interest.
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