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ON POWERS OF P-POSINORMAL OPERATORS
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ABSTRACT. Let p > 0. An operator T' € L(H) is said to be p-posinormal if (TT*)? <
w(T*T)? for some p > 1. In this paper, we prove that if T is p-posinormal then 7" is
also p-posinormal for all positive integer n. Moreover, we prove that if T'= U|T| is p-

posinormal for 0 < p < 1, the Aluthge transform 7" = |T|%U|T|% is (p+ 3 )-posinormal.

1. Introduction. Let H be a separable complex Hilbert space and L£(H) denote the
algebra of all bounded linear operators acting on H. An operator T' can be decomposed into
T = U|T| where U is partial isometry and |T'| is the square root of T*T with N (U) = N(|T),
and this kernel condition N(U) = N(|T|) uniquely determines U and |T'| in the polar
decomposition of T. In this paper, T = U|T| denotes the polar decomposition satisfying
the kernel condition N(U) = N(|T).

An operator T' € L(H) is positive, T > 0, if (T'z,x) > 0 for all x € H, and posinormal if
there exists a positive P € L(H) such that TT* = T*PT. Here, P is called an interrupter
of T. Let p > 0. An operator T' € L(H) is said to be p-hyponormal if

(TT™)P < (T*T)",

and p-posinormal if

(TT*)" < W(T*T)"
for some g > 1. It is clear that 1-hyponormal and 1-posinormal are hyponormal and
posinormal, respectively. It is well known that a p-posinormal(resp. p-hyponormal) operator
is a g-posinormal(resp. ¢-hyponormal) operator for 0 < ¢ < p by Lowner-Heinz Inequality.
But the converse is not true in general(see [1],[3] and [8]).

Hyponormal and p-hyponormal operators have been studied many authors and it is
known that hyponormal operators have many interesting properties similar to those normal
operators([1],[2],[6],[7] and [11]). In [10], Rhaly studied spectral properties of posinormal
operators and gave many useful examples. In particular, Itoh [8] introduced p-posinormality
and proved new characterizations of p-posinormal operators.

In this paper, we consider new properties as an extension of p-hyponormal operators
using the generalized Aluthge transform. In this paper, we prove that if T' is p-posinormal
then T™ is also p-posinormal for all positive integer n. Moreover, we prove that if 7' = U|T|
is p-posinormal for 0 < p < 1, the Aluthge transform T = |T|2U|T|2 is (p+ 1)-posinormal.
We should note that our main tool is Furuta Inequality.

2. Main results. The classes of p-hyponormal has been defined as an extension of hyponor-
mal, and it has been studied by many authors([1],[2] and [6]). For an operator T' = U|T],
defines T as follows: R

Ts,t = |T|8U|T|t
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for s,t > 0 which is called the generalized Aluthge transform of T. BEspecially, T =
|T| U |T|% is called the Aluthge transform. The generalized Aluthge transform is very useful
tool in the study of p-hyponormal oprerators. In this section we will study p-posinormal
operators using their generalized Aluthge transform.

We have to state the order-preserving operator inequality because it is a base of our
discussion in the below.

Furuta Inequality. [5] Le
(1) (BEAB%)s >
(2) (A5 APA3)T > (A3 BPA3)T

for p > 0,9 > 1 with (14 r)g >

A > B > 0. Then for all r > 0,

Theorem 1. Let T = U|T| be the polar decomposition of a p-posinormal operator for

0 <p < 1. Then the following assertions hold:
(1) Typ = |T|*U|T| is ’H'n?iﬁs’t}—posmormal for s,t > 0 such that max{s,t} > p.
(2) Ts is posinormal for 0 < s,t < p.

Proof. Suppose that
(2.1) T2 < T

for some p > 1.
(1) Let A= u|T|?” and B = |T*|??. Then
(T2 o) 55 = (T 0| TPoU T =

p+min{s,t}

= U TPy ) R

s pt+min{s,t} ptmin{s,t}

(2.2) :/[,157[]*(32“4 sz)TU

_ s ptmin{s,t} p+1n]n{> t}

>pu - st U*B U by Furuta Inequality

s p+min{s,t}

=p v FE |T|2(p+min{8,t})

: s+t s+t
since Stb—r > 1 and (1+ )

: t
prmn(ei} = p Ty And

p+min{s,t}

(T T2+ = (TPUITPUTP)

(‘ p+min{s,t}
p+min{s,t}

2t|T|s) STt
s p+min{s,t}
(2.3) — EEEE (A% B A )

p+lrun{€ t}

SlT*

t—s p+min{s,t} Ap+xxllxl{s,t}

1
woe st v by Furuta Inequality
B

IA

t—s p+mm{a t}

|T|2 (p+min{s,t})

since >1and (1+ )L > 1L ». From (2.2) and (2.3), we have

p+m1n{s t} p+min{s,t} = p

~ . \ phmin{s.t} t p+min{s,t}) ~ p+min{s,t}

(Ts,th,t) sF S e s (TSth*,t) st

that is, Tl ; is HL_I:{S’&} -posinormal for s,t > 0 such that max{s,t} > p.
(2) Applying Lowner-Heinz Inequality to (2.1),

(2.4) IT*[?* < T[>
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and
(2.5) T < [T
hold for any 0 < s,t < p. From (2.4) and (2.5), we have

T; Tou = |TI'U*TI*UT|!
(26) > 1 ST T U T
= p~ 7| TP

and
T,.T:, = |TPU|T*U* T
(2.7) < |T|*uv |T|*T|*
= ur| TP+,

So (2.6) and (2.7) ensure
~ ~* ﬁ ~* ~
TSJTs,t Spe T:;,th,t,

and hence fs,t is posinormal.
We note that Theorem 1 yeilds the next result by putting s =t = %

Corollary 2. Let T = U|T| be p-posinormal operator for 0 < p < 1. Then
() T= |T|%U|T|% is (p+ %)-posinormal for0<p< %
(2) T is posinormal for 1<p<lL

Aluthge-Wang [2], Furuta-Yanagida [6] proved that if T is p-hyponormal, then T™ is
2_hyponormal for all positive integers n, respectively. The next result is a version for
p-posinormal operators of their result [6; Theorem 1] and Ito [7].

Theorem 3. Let T be a p-posinormal for some 0 < p < 1, that is (TT*)P < p?(T*T)P for
some p > 1. Then

(1) (T™T) " > = 5% =T TP, and
p+1 p+1

(2) (TT7P+ = =" 0= (pepns)
hold for all positive integer n.

Proof. Put
2p

A, = (T T")% = |T"

and
P % 2P
B, = (T"T™)% = |T™|™

for all positive integer n.
(1) We will use induction to establish the inequality

p+

o> ;L_Z)TH(”_D(T*T)”'|r1 holds for n = k.

(2.8) (T T™)
(2.8) is clear for n = 1. Assume that (2.8) holds for k = n. Since

(2.9) A = (TR > =BT TP > B By,
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it follows that
(TR = (U*|T*|T’“*T’€|T*|U>i*ii

= U* ‘T*|Tk*Tk|T |)
(2.10)

(
U*(B 2PA sz)kﬂU
u*f$(k+1)U*(Bf7 Blg Bf% )%} U by Furuta Inequality
p T T

v

Whence the proof of (1) is complete.
(2) Similarly to (1), (2) is clear for n = 1. Assume that

p+1

(TT*P+ > u_pTﬂ(k_l)(Tka*) +
holds. Then
(2.11) Ay = (T*T)P > p~2(TT*)P > p~*HD(TrTE Y E = =R+ By
Hence we have

p+1

(Tk"rlTk-‘rl*)% — |T|Tka*|T|)k+1 U*

U(
— ( 2p B A2p ) k+1 U*
(2.12) o o
/ﬁT(kH)U(A 2 Af A$P)EU* by Furuta Inequality
M k|T*|2(;D+1)

IN

So, (TT*)P+1 > ,LFL;:I”(T”T"*)% holds for all positive integer n.

From Theorem 3, we have the next result.
Corollary 4. If T is p-posinormal, then T™ is Z-posinormal for all positive integer n.
Proof. Let (TT*)P < p2?(T*T)P for some p > 1. Then, by Theorem 3,

P
n

(T T 5 > p# (DT > pof p > (TTP > > (TT)F

So, T™ is Z-posinormal.
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