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ABSTRACT. We generalize the techniques developed in the previous paper [10] on free
algebras and free bimodules to path algebras and projective bimodules. We develop
the theory of Grober bases on path algebras and their projective bimodules, and use
it to construct projective resolutions of bimodules over a quotient algebra of a path
algebra. It gives an effective way to calculate the Hochschild cohomology of algebras
expressed as quotients of path algebras. We also give a formula for the cup product
in the cohomology in terms of our resolution. It gives a way to determine the ring
structure of the cohomology.

1 Introduction In our previous paper [10] we developed the theory of Grébner bases on
free algebras and free bimodules. We utilized it to construct free bimodule resolutions of
algebras admitting Grobner bases. In this paper we develop the theory of Gréber bases on
path algebras and their projective bimodules, and use it to construct projective resolutions
of bimodules over a quotient algebra of a path algebra. It gives a way to calculate the
Hochschild cohomology of the algebras expressed as quotients of path algebras.

We consider a possibly infinite Grébner basis G on a path algebra F' of a quiver over a
commutative ring. We give an algorithmic way to construct a projective bimodule resolution
of a bimodule over the quotient algebra A = F/I(G) where I(G) is the ideal of F' generated
by G. In the construction Grobner bases on projective bimodules play a crucial role as
Grobner bases on free bimodules do in the previous paper. We treat Grobner bases from a
viewpoint of rewriting systems.

We give basic results on Grobner bases on a path algebra F and on projective F-
bimodules in Sections 2 and 3. We omit most of the proofs of these basic results in this
paper, because it is not difficult for the reader to modify the proofs given in [10] for our
generalized situation. We need thereby suitable compatible well-founded partial orders on
F and on projective F-bimodules.

Let X be a quiver and let F' = KX¥* be the path algebra of ¥ over a commutative ring K.
Let A be the quotient algebra of F' modulo the ideal I(G) generated by a Grobner basis G
on F'. Moreover, we consider a Grobner basis H for an A-subbimodule L of a projective A-
bimodule A- X - A generated by a set X, that is, H is a set of monic elements of the projective
F-bimodule F- X - F generated by X such that the system T = {lt(h) — —rt(h) |h € H} is
a complete rewriting system on F'- X - F' modulo G, where 1t(h) is the leading term of h and
rt(h) = h — 1t(h). Defining a morphism 0 of A-bimodules from the projective A-bimodule
A - H - A generated by H to A- X - A by 9([h]) = h, where [h] is the formal generator

corresponding to h € H, we have an exact sequence A- H - A 2A4.x.40 (A-X-A)/L
of A-bimodules, where 7 is the natural surjection.
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The key techniques used in the previous paper work in our new situation, and we can
construct a Grébner basis C on F'- H - F' for the A-subbimodule Ker(9) of A- H - A. Again,
the K-linear map 3 defined on F - X - F' plays a crucial role for our construction. This C'
is made from the critical pairs of reductions on F - X - F' with respect to H and G. With
this C we have the projective A-bimodule A - C - A generated by C and an exact sequence
A-C-A—-A H- A—-A- X -A— (A-X-A)/L. Applying this construction inductively
to the A-bimodule A itself, we have a projective A-bimodule resolution of A

H: - -—-A-C,-A—-A-Ch1-A—-- = A-Cy-A— A

Taking the functor Homy (., A) on H, we have the Hochschild cohomology H(A) of A
as the cohomology group of the complex Homa 4 (H, A). It has a ring structure with the
cup product (Yoneda product). We give a formula for the cup product in terms of our
resolution. We construct a diagonal mapping A : H — H ® H on the resolution H above,
and define the cup product by fUg = (f ® g) o A for cocycles f and g. This gives an
effective method to determine the algebra structure of H(A). In the last section we apply
our construction to special example algebras and determine their Hochschild cohomology
algebras.

2 Grobner bases on path algebras Let ¥ be a quiver (finite directed graph). For
n > 0,X" denotes the set of directed paths in ¥ of length n. Accordingly, X° is the set of
vertices and X! is the set of arrows of ¥. The set of all paths and the set of paths of length
< n are denoted by ¥* and =", respectively. We farther set ¥+ = %* \ X°.

If 2 is a path from v € X0 to v/ € X%, v (resp. v’) is the source (resp. terminal) of
denoted by o(z) (resp. 7(z)). For two paths  and y, if 7(z) = o(y) we have another path
xy concatenating z and y at 7(x) = o(y). The set ¥* U {0} forms a semigroup with zero;

_ {y it () = oly)

0  otherwise

for x,y € ¥*. In particular,

, {v if v=12

v-v =
0 if v#£0

for v,9" € X° The set of paths with source v (resp. terminal v') is denoted by ,%*
(resp. X%,). In fact, ,X* is equal to the set v - X*\ {0} = {vz|z € T*, vz # 0} and
X is equal to the set X* - o'\ {0} = {zv' |z € ¥*, 20" # 0}. We also consider the set
W20 = ,X*NEY = {vzv |z € ¥*,vav’ # 0} of paths with source v and target v’. Two
paths  and y are called parallel if o(x) = o(y) and 7(z) = 7(y), that is,  and y are
contained in some ,X%,. For parallel z and y we write z || y.

In accordance with the terminology in free monoids, we call a path in ¥* a word over
¥ and a path in X1 a nonempty word. A nonempty word z is written as © = aiaz---a,
with a; € X! such that 7(a;) = o(a;y1) for i = 1,...,n — 1. The length n of the word z is
denoted by |z|. For an empty word v € X0 we set [v| = 0. If v =y - 2 for x,y,2 € ¥*, y
is called a prefiz of x and z is called a suffiz of x. Moreover, if z = y-w - 2z, w is called a
subword of x. A prefix y (suffix, subword) of z is proper, if |z| > |y| > 0.

Let K be a commutative ring with 1 and let F = K -X* be the path algebra of X over K.
F' is the free K-module spanned by ¥* with the multiplication induced by the semigroup
operation of ¥* U {0} above. For v,v' € X%, ,F, F,y and ,F, denote the K-submodules of
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F spanned by ,X*, X7, and ,X},, respectively. An element f of F' is uniquely written as a
finite sum

i=1

with k; € K \ {0} and z; are different words in ¥*. The element f is uniform, if z;||z;
for all 4,j. So, f is uniform if f € ,F, for some v,v’ € X°, and for this f we define the
source o(f) = v and the terminal 7(f) = v'. Two uniform elements f and g are parallel if
o(f) =o(g) and 7(f) = 7(g).

We fix a compatible well-order > on ¥*, that is, > is a strict total order on X* such that
there is no infinite decreasing sequence 1 = z9 > ---, and for any z,y,z,w € X*, = = y
implies zzw > zyw as long as both zxw and zyw are nonzero. A typical such order is the
length-lezicographic order >ix based on a linear order > on X°UX! defined as follows. For
T=ay - ay,and y = by ---b, with ay,...,am,b1,...,b, € B, & =11ex ¥ if and only if (i)
m > n, or (ii) m = n = 0 (that is, z an y are vetices) and z > y in X°, or (iii) m =n >0
and x is lexicographically greater than y as words over X! with respect to the order > on
¥0 U X! restricted to X1

Let f be an element of F written as (2.1). If ;7 is the maximal among z; (i = 1,. ..,
with respect to >, kjx; is called the leading term of f and denoted by 1t(f). Let rt(f)
f = 18(f).

We extend the order > on ¥* to a (partial) order on F, which is also denoted by >, as
follows. First, f > 0 for any f # 0. For nonzero elements f and g of F' with It(f) =k -z
and lt(g) = €.y (k, 0 € K\ {0}, z,y € ¥*), define f > g if and only if either = > y, or
x =y and rt(f) > rt(g). Then, > is also well-founded, that is, there is no infinite sequence
fi > fo = --- in F. Moreover, if f >= g and f is uniform, then z- f -y > x - g -y for any
T € Z;(f) and y € (/2"

n)

A rewriting rule is a pair (u,v) such that u € ¥, v € F, u = v and u — v is uniform.
A rule (u,v) is written as u — v. A rewriting system R is a (not necessarily finite) set of
rewriting rules. If f € F has a nonzero term k -z and x = xjuxoe with x1,29 € ¥* and
u — v € R, the rule u — v can be applied to f and f is transformed to g = f—k-x1(u—v)x,.
In this situation we write f —pg g, and we call — g the one-step reduction by R.

Let —% denotes the reflexive transitive closure of —g, and let <% be the reflexive
symmetric and transitive closure of —g. Set

Gr={u—v|u—veR}

and let I(R) be the (two-sided) ideal of F' generated by G. Then, the relation <% is equal
to the congruence on F' modulo I(R). The quotient algebra A = F/I(R) = F/ <7, is said
to be defined by the rewriting system R.

The relation — g is noetherian (terminating), that is, there is no infinite sequence

fi=rfo—=r" =R fn—RrR "

in F', because f —p g implies f > g and > is well-founded. If two elements f and g of F’
have a common R-descendant, that is, there is h € F' such that f —% h and f —3 h, we
say that f |r g holds. R is called confluent if for any f,g,h € F such that h —% f and
h —% ¢, f lr g holds. A noetherian and confluent system is called complete, but here a
confluent system is complete because a rewriting system we consider is always noetherian.

An element f in F is irreducible (R-irreducible to specify R) if there is no g € F such
that f — g g. In particular, an irreducible monic monomial = € ¥* is called an irreducible
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word, and Irr(R) denotes the set of irreducible words. Clearly, Irr(R) = ¥*\ 2*- Left(R) - X*,
where Left(R) = {u|u — v € R}, and f € F is irreducible if and only if f is a K-linear
combination of irreducible words. An element f € F is R-reducible if it is not R-irreducible.
A word x is a minimal R-reducible word if it is R-reducible but any proper prefix y of x
(x = ya/, ¥’ € ¥1) is R-irreducible. Since R is noetherian, for any f € F there is an
irreducible f € F such that f —% f . If R is confluent (so complete), such an f is unique,
and is called the normal form of f.

Let I be an ideal of F' and let A = F//I be the quotient algebra. For v,v' € X°, ,A, A,/
and , A, are the set of elements of A coming from elements of ,F', F, and ,F,, and are
isomorphic to F/(I N, F), Fy/(INFy) and ,Fy /(I N, Fy) as K-modules, respectively.

We have
A= & A

v, €X0

A subset G of F' is monic (resp. uniform) if every g € G is monic (resp. uniform). A
set G of generators of an ideal [ is called a Grobner basis of I, if it is monic, uniform and
the system

Ra = {lt(g) — —1t(g) |g € G}

associated with G is a complete rewriting system on F'. We confuse a Grobner basis G with
the associated rewriting system Rg. We write ¢ = u — v € G, implicitly assuming that
u=1t(g) and v = —rt(g), and we simply write —¢ for the relation —g.,. We say f € F is
G-irreducible if it is Rg-irreducible, and Left(G) and Irr(G) denote Left(R¢g) and Irr(R¢g)
respectively.

Now we state the fundamental results on complete rewriting systems and Grébner bases
as follows.

Proposition 2.1. Let G be a Grébner basis of an ideal I of a path algebra F', and let
A = F/I be the quotient algebra of F by I and let p : F — A be the canonical surjection.
Then, p is injective on Irr(G) and p(Irr(G)) forms a free K-basis of A= F/I. Any f has
the unique normal form f, and we have

f=gefeggef-g9-60p(f)=0r9)
for any f,g € F. In particular, we have
I={feF|f=0}={f€F|f—¢0}

Corollary 2.2. An algebra over K isomorphic to the quotient F'/I of a path algebra F over
K modulo an ideal I with a Gréobner basis is free as a K-module.

Let R be a rewriting system on F = KX»*. Let u; — vi,us — vy € R. Suppose uq
overlaps properly with ug, that is, u; = w}z, us = zub with uj,u) € ¥* and 2 € TT.
We have two reductions p; : uwjuh — viuh and ps : vjus — ujvy applying the rules to
uiuh = wjug in two different ways. We call (viub, ujve) a critical pair of elements of
overlapping type and (p1,p2) a critical pair of reductions. Next suppose u; contains usg
as subword, that is, u1 = w'usu” with v/,u” € ¥*. Applying the rules to u; in two
ways, we have a critical pair (v, u'veu’) of elements of inclusion type and a critical pair
(u1 — v1, v ugu” — uw'vau’) of reductions. A critical pair (v}, v5) of elements is resolvable
if v] | g v} holds.

The following is also basic in the rewriting theory.

Proposition 2.3. A system R is complete if all the critical pairs are resolvable.
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A rewriting system R is normalized if the right-hand side v of any rule u — v from R
is R-irreducible and the left-hand side w is (R \ {u — v})-irreducible. A set G of monic
uniform elements is normalized if so is Rg. If G is normalized, there is no critical pair of
inclusion type. Subsets G and G’ are said to be equivalent if they generate the same ideal.

Proposition 2.4. For any Grébner basis G on F, there exists a normalized Grébner basis
G’ equivalent to G. If G is finite, we can choose G’ to be finite.

The Grobner basis theory on path algebras over a field was developed in [5], [7] (see
also [6]). Here we discussed Grobner bases on path algebras over a commutative ring from
a viewpoint of rewriting systems. We refer to [4] and [9] for the general theory of rewriting
systems and [12] for its relationship to the Grébner bases theory.

In the rest of this paper, G is a normalized Grobner basis of an ideal I of the path
algebra F' = KX* of a quiver X with respect to a fixed compatible well-order > on X*,
A = F/I is the quotient algebra and p:F' — A is the natural surjection.

3 Grobner bases on projective bimodules In this section we consider projective
bimodules over F' and A. An edged set is a set X of elements £ such that the source
o(€) € X0 and the terminal 7(¢) € X0 of £ are assigned. For a nonempty edged set X we
consider the projective F-bimodule F'- X - F' generated by X, that is, F'- X - F' is the free
K-module generated by X* X¥* = UgeX E[*,(g) X r(e)X" with two-sided F-action. The set
) X reX” for § € X is written as X*[¢]E* and an element (z,y) in it with 2 € X
and y € (X" is written as z[{]Jy. Then, an element f of F'- X - F' is uniquely written as a
finite sum

(3.1) f= Z kizil&ilyi,

with k; € K\ {0}, z; € E;(gi), Yi € r(e)X" and & € X, where (z4,&;,y;) are different for i.
For f =Y kiz;, g=> ¢;y; € F with k;,£; € K and z;,y; € £*, f[{]g denotes the element

Y kitil€lys
T(wi)=0(£)
o(y;)=7(¢)

of FF- X - F. In particular, if f = o(&) (resp. g = 7(£)), this element is simply written [¢]g
(resp. f[€])-

Let > be a well-order on the set ¥X* X¥*. We assume that it is compatible, that is, for
any f = z[¢]y € X6 X (X" and =2y € 35 &) X r(enE” such that o(z) = o(a’)
and 7(y) = 7(y’) and for any a € Xy and b€ r) X%, f - f/impliesa-f-b>=a-f'-b
and a > d’ in X} (o) implies a- f - a-fandb="bin X7, implies f-b - f-b' (the order >
on X* is previously given and fixed). The order > on ¥* X ¥* can be extended to a partial
order > on F'- X - F' in a similar manner as we did on F' in Section 2.

The leading term 1t(f) of f written as (3.1) is the term k;z;[&]y; such that z;[&]y; >~
xj[&;]y; for all j # i. The element f is monic if the coefficient k; of the leading term k;x;[&;]y;
is 1. If moreover z; = 0(§;), f is called left very monic. f is uniform if o(z;) = o(z;) = v
and 7(y;) = 7(y;) = v’ for all ¢, j. For this uniform f we define o(f) = v and 7(f) =v'.

A rewriting rule is a pair (s,t) with s € X*X¥* and ¢ € F - X - F such that s > t and
s—tis uniform. A rewriting system T on F'- X - F' is a set of rewriting rules. If f € F- X - F
has a term k-z[¢ly, * = 2’'u, y = vy’ and s = u[¢Jv = t € T, then f —r f—k-2'(u[{lv—1)y
by an application of the rule s — .
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A rule u —» v (u—v € G) in R can also be applied to a term k- z[¢]y of f, if x or y are
G-reducible, that is, = z'uz” or y = y'uy”. In the former case, f —¢ f—k-2'(u—v)z"[¢y,
and in the latter, f —¢ f — k- 2[¢]y’ (v — v)y". The relation —g on F - X - F is complete,
because —¢ is complete on F. So, any f € F' - X - F' has the unique normal form f with
respect to —¢. An element f written as (3.1) is G-irreducible, if and only if every z; and
y; are G-irreducible. Thus, we have

F=" kiil&ili.

Let —7 ¢ =—71 U —¢, then —7 ¢ is a noetherian relation on F'- X - F because f —r,¢ ¢
implies f > g by the compatibility of >. Let —7% ; and <7 ; be the reflexive transitive
closure and the reflexive symmetric transitive closure of —7 g, respectively. Set Ix =
F-X-14+1-X-F, where

I X -F= {Zfi[ﬁi]gﬂfi €INFye), 9i € 7 F & € X}

and
F-X-T={)_fil&lgi| fi € Fote,y, 9i € IN (e F, & € X}

Then Ix is the F-subbimodule of F'- X - F' generated by G- £* - X U X - ¥*-G. Let L(H)
be the F-subbimodule of F'- X - F' generated by H = Hp = {s —t|s — t € T} and let
L(T, G) be the F-subbimodule of F'- X - F generated by HUG - ¥* - X UX - ¥* - G, then,
L(T,G) = L(H)+Ix. Therelation <. 5 is equal to the F'-bimodule congruence of /- X - F°
modulo the subbimodule L(T, G);

ferag e f=gmod L(T,G)).

The quotient M = M(T,G) = (F - X-)F/ <} o= (F- X - F)/L(T,G) is an F-bimodule,
and actually, it is an A-bimodule in a natural way. Let n: F'- X - FF — M be the natural
surjection.

Let A- X - A be the projective A-bimodule generated by X. An element f of A-X - A
is written as a finite sum f = 3 ;[&]ys with § € X, z; € A, ¢y and y; € A;(¢). We have a
morphism px : F- X - F — A- X - A of K-modules defined by

for x € E:(é), Y € X" and £ € X. In fact, px is a morphism of F-bimodules. Since

px(f)=0& f=0s foh0e f=0 (mod Ix),

Ker(px) is equal to the F-subbimodule Ix = I- X-F+F-X I, thatis, (F-X-F)/Ix =2 A-X-A.
Since M is an A-bimodule, we have a surjection 7: A- X - A — M with n = 7o px. Hence,
Ker() = px(L(T,G)), which is denoted by La(H), is the A-subbimodule of A- X - A
generated by px (H) and we have

M= (A-X-A)/La(H).

If the rewriting system —r ¢ is complete on F'- X - F', we say T is complete modulo G.
An element f € F'- X - F is (T, G)-irreducible, if no rule from T'U R¢g can be applied to f,
otherwise f is (T, G)-reducible.

Similar to Proposition 2.1, we have
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Proposition 3.1. If a rewriting system T on F - X - F is complete modulo G, then for
any f € F-X - F, there is a unique (T, G)-irreducible element (the normal form of f)
f€F - X F suchthat f =% f, and for any f,g € F - X - F, we have

f=9gefeorecge f-9—1c0s =g (mod L(T,G)).

A subset H of F- X -F is a Gréobner basis (modulo G), if every element of H is monic and
uniform and the associated system Ty = {lt(f) — —rt(f)| f € H} is a complete rewriting
system on F'- X - F' modulo G. For an F-subbimodule L of F'- X - F', if H is a Grobner basis
such that L = L(H,G), H is said to be a Grébner basis of L. It is also called a Grébner
basis for the A-subbimodule px (L) of A- X - A. We write —py ¢ and —% o for =1, ¢ and
—7y.c Tespectively. A (—p )-(ir)reducible element is called (H,G)-(ir)reducible. The
quotient M(H,G) = (F-X - F)/L(H,G) = (A- X - A)/Ls(H) is called the A-bimodule
defined by a pair (G, H) of Grobner bases.

A rewriting system T on F'- X - F or the set H = Hrp is normalized modulo G if for any
s —>teT,tis (H,G)-irreducible and s is (H \ {s — t}, G)-irreducible. We have a similar
result to Proposition 2.4.

Proposition 3.2. If an F-subbimodule L of F - X - F has a Grobner basis H modulo G, it
has a normalized Grébner basis H' modulo G. If H is finite, we can choose H' as finite.

Let T be a normalized rewriting system on F'- X - F'. We consider three rules z[¢]y —

t, 2]y -t eT (tt'e F-X-F, £€€X, z,a € X ¢ and v,y € ;X)) andu—v € G.

(i) First, suppose that y overlaps with u, that is, y = y12, u = zu; with 2 € 7. We can
apply the rules on z[¢]yus = z[€]y1u in two ways, and obtain a critical pair

(3.2) (z[glyur —r tur, x[€]lT1u —¢ z[E]y1v)
of reductions and a critical pair (tuy, z[¢{]y1v) of elements.

(ii) Next, suppose that = overlaps with w, that is, * = zz1, u = w12 with z € X*. Then
we obtain a critical pair

(uz1[Ely —c var[Ely, wmly —7 uit)
of reductions and a critical pair (vay[€]y, uit) of elements.

(iii) Lastly, suppose that z[¢]y overlaps with z’'[€]y’, that is, z = 12" and y' = yy; with
z1,y1 € 1. Then we obtain a critical pair

(z[€lyyr =1 tyr, 212" [€]y" =1 21t")
of reductions and a critical pair (ty;,z1t") of elements.

A critical pair (s, t) of elements is resolvable if s |7 ¢ t, that is, thereis f € F- X - F
such that s —7. o f and t =%  f. We have the following so-called critical pair theorem.

Proposition 3.3. A normalized system T on F - X - F' is complete modulo G if and only
if all the critical pairs are resolvable.

A rewriting system 7' on F'- X - F' (and H = Hy) is left very monic if the left-hand side
of each rule of T is left very monic, that is, every rule of T is of the form [(]x — ¢ with
EEX,J?ET(g)E* and t € F.

Very monic systems are very special, but they suffice to construct our resolutions in
Section 5.
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Example 3.4. Let V be a subset of X0 satisfying the condition that any = € Left(G),
which passes through some u € V (that is, 7(u’) € V for some prefix u’ of u), ends in V
(that is, 7(x) € V). Then, the (two-sided) ideal J of A generated by V admits a left very
monic Grobner basis as an A-bimodule. In fact, the set

H = {[o(x)]x — z[r(z)] [z € X}
is a left very monic Grobner basis on the projective A-bimodule A -V - A such that
(A-V-A)/La(H) = J,

where X is the set of G-irreducible words z such that o(z),7(x) € V and x has no proper
prefix y with 7(y) € V. In particular, the bimodule A is defined by the Grobner basis

{lo(@)]a - al[r(a)]|a € B}

If T is normalized and left very monic, only critical pairs of type (i) above can appear.
Moreover, we need to consider only proper critical pairs. A critical pair of type (i) is proper,
if yuq is a minimal G-reducible word, that is, any proper prefix of yu; is G-irreducible in
(3.2).

Proposition 3.5. A normalized left very monic system T on F' - X - F is complete modulo
G if and only if all the proper critical pairs of type (i) are resolvable.

4 Standard reductions and the K-linear map 3 Let X be an edged set and T be a
normalized (but not necessarily complete) left very monic rewriting system on the projective
F-bimodule F - X - F. Set H=Hr ={s—t|s—teT}.

A reduction

(4.1) fi —=rac f2—1c - =10 fn
is called standard, if for every i =1,...,n—1,

(i) when f; is G-reducible, the reduction f; —7.¢ fi+1 is an application of a rule from G,
and

(ii) when f; is G-irreducible, a rule from T is applied to the smallest T-reducible term in
fi with respect to > in the reduction step f; —r.¢ fit1.

If f1 is reduced to f, through a standard reduction as above, we write as f1 =7 5 fn-
A standard one-step reduction by a rule from T is denoted by =, that is, f =7 g if f is
G-irreducible and g is obtained by applying a rule of T' to the smallest T-reducible term of
I

Since —¢ is complete, the standard reduction (4.1) can be rewritten as
fi=g1 =60 =792 =8 02=T =T gm =G Gm = fn,

and since T is left very monic and normalized, in the step §; =71 g;+1 in the above reduction
sequence, only one rule from T is applicable to the smallest T-reducible term of ;. In this
sense, a standard reduction from f to a (T, G)-irreducible element f’ is unique. The unique
element f’ is called the standard form of f. If T is complete modulo G, f’ coincides with
the normal form f of f.

The set H is considered to be an edged set because every element h in H is uniform and
o(h) and 7(h) are defined. We consider the projective F-bimodule F'- H - I generated by
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H. For h € H, [h] denotes the formal generator of F'- H - F' corresponding to h € H. Let
6=0y:F-H-F— F-X-F beamorphism of F-bimodules defined by

o([h]) = h.

Let A- H - A be the projective A-bimodule generated by H and we consider a morphism
0=0g:A-H-A— A-X-A of A-bimodules defined by 9([h]) = px (k). Then we have a

commutative diagram

F-H-F —° F.X.F

lpH lpx
A-H-A—2 . 4.X.4
where px and pg are the surjections. Clearly we have Im(0) = L(H) and Im(0) = L4 (H).
Now we define a K-linear map 3 = B8y : F- X - F — F - H - F, which will play a key
role in the rest of this paper. For f € F'- X - F let f’ be the standard form of f. Then we
have a unique standard reduction

(4.2) f=fh—tch=nf—tfh=>n=8fi=tf=1

here in every step fz =n [i+1, a rule corresponding to h; = s; —t; € H is applied, that is,
kixisiy; with k; € K\ {0}, z; € Ag(s,) and y; € ~(,,)A is the least H-reducible term of f;
and fit1 = kixi(t; — 8i)iyi + fi. Now define

B(f) = i: ki [hilys.

Thus, B(f) depicts the H-reductions in the standard reduction (4.2) of f.

Lemma 4.1. (1) B(f) = ,B(f) for f € F-X - F, where f is the normal form of f with
respect to G.

(2) Blx-f=(x-B(f)) forxeX* and fe F-X - F.

(3) B is uniform, that is, o(B(f)) = o(f) and 7(B(f)) = 7(f) for any uniform element
feF-X-F.

(4) B is a morphism of K-modules, that is,

B(kf +Lg) = kB(f) + B(g)
fork,te K and f,ge F-X-F.

Proof. (1) and (2) are immediate from the definition of 3. (3) follows from the fact that in
the standard reduction (4.2), f; and fz are all parallel to each other.

Since B is defined here in a little different way from [10], we give a proof of (4). First
we note that B(k- f) =k-B(f) holds for k € K and f € F- X -F. Let f,g€ F-X - F, and
we shall show B(f + g) = B(f) + B(g) by induction with respect to the order >. We may
assume that f and g are G-irreducible due to (1). If f and g are H-irreducible, then f+g is
also H-irreducible and we have B(f +g) = B(f) + 8(g) = 0. Suppose that f is H-reducible
and kxsy with k € K\ {0}, z,y € ¥* is its least H-reducible term, where h = s —t € H.
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Then, f =g f' = ka(t — s)y + f and B(f) = kz[hly + B(f’). If g is H-irreducible or the
least H-reducible term of g is greater than xsty, then kxsy is the least H-reducible term of
f + g too. Since f = f’, by induction hypothesis we have

B(f +g) = kx[hly + B(f' + g) = kx[h]y + B(f') + B(g) = B(f) + B(9)-

The case where g has an H-reducible term less than kxsy is symmetric. Suppose that g
has the least H-reducible term k’zsy with k' € K\ {0}, and set ¢’ = K’z (t — s)y + g. Then,
B(g) = K'z[hly+ B(¢"). L k+ k" # 0, then (k+ k')xsy is the least H-reducible term of f + g,
and we have

B(f +g) = (k+K)z[hly +B(f + )
= (k+K)z[hly+B(f") + B(9")
= B(f) + B(9)-

If k+ k' =0, then f+ g = f' + ¢’ and we have

B(f+9)=B(f +4) =B +B8(g) =B(f) +Blg)
O

The assertion (1) in Lemma 4.1 means that 8(f) = B(g) follows from px(g) = px(f)-
Thus, B induces a K-linear map 3 : A- X - A — F - H - F such that 8 = 3’ o px. The
composition 3 =By =ppoB :A-X-A— A-H- A with the surjection py is a K-linear
map, but due to Lemma 4.1,(2), we see that 3 is a morphism of left A-modules. Thus,

Lemma 4.2. The K -linear map B induces a morphism 3 of left A-modules and we have a
commutative diagram

F-X - F L F-H-F

[

A-X-A L A-H-A
Lemma 4.3. For f € F- X - F we have

doB(f) =f—f" (mod Ix),
where f' is the standard form of f.

Proof. Consider the standard reduction (4.2). We have

n—1 n—1
(4.3) §oB(f)=4¢ <Z kii [hi]yi> =Y kizihiy:.
i=1 i=1

Since k;jzihiy; = f; — fit1, the righthand side of (4.3) is equal to

fi=Tta+ Y (fi—f) = f— ' (mod Ix).
i=1
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Since px (f) = px(g) if and only if f = 9, we sometimes regard a G-irreducible element
of F- X - F as an element of A- X - A. Thus, a G-irreducible element f and its standard
form f’, which is also G-irreducible, are considered to be an element of A- X - A. With this
convention, Lemma 4.3 means

Lemma 4.4. For f € A- X - A we have
doB(f)=f—f"

Lemma 4.5. The mapping sending f € F - X - F to its standard form [’ is K-linear, that
18,

(4.4) (k-f+l-9)=k-f'+0-¢
forany k.l € K and f,ge F- X - F.

Proof. By Lemmas 4.1 and 4.3,

kf+0g— (kf+£g) =60B(kf+Lg) (mod Ix)
=k-60B(f)+L-60PB(g)
=k(f = f)+g—g) (mod Ix).

Hence, we see
(k-f+Ll-9)=k-f +£-g" (mod Ix),

but the elements in the both sides in the above congruence are G-irreducible, we have the
equality (4.4) in F'- X - F. O

5 Construction of Grobner bases and exact sequences of projective bimodules
Let X be an edged set and let H be a normalized left very monic Grobner basis on the
projective F-bimodule F' - X - F' generated by X. Let M be the A-bimodule defined by
(H,G), that is, M = (F - X - F)/L(H,G). Via the surjection px : F- X -F - A-X-A M
is isomorphic to the quotient (A - X - A)/Ls(H) as stated in the previous section.

Now we are going to construct a Grébner basis on F'- H - I under the situation above.
We need a compatible well-order on F'- H - F' suitable for our purpose. We define an order
=on X*HY = Jyen Z;(h) X r(ny2" under the condition that a compatible well-order > is
already given on X" X% = (.. ¢ o) X rX" For f = x[hly and g = 2'[A]y’ in Z*HE*
with h,h' € H, z € 5y x' e Xy ¥ € r(nX" and y' € )X, f = g if and only if

(i) z-1(h) -y =2 -1t(R) -y in 2*XZ* or
(i) z-16(h) -y =2’ -16(K) -y and |y| > |y| , or
(i) - W(h)-y=2a - W) -, |ly| = |y| and |z| < |2/] .

It is easy to see that > is a compatible well-order on ¥*H¥*. It can be extended to the
partial order > on F - H - F' as we did on F' in Section 2.

Let h = [{Jz —t € H and u” € ¥* such that z = 2'v/, u = v'u”, u —v € G and zu” is a
minimal G-reducible word. We have a proper critical pair ([f]xu —p tu €] u —¢ [€]a'v)
of reductions. We consider an element c of F'- H-F' corresponding to this critical pair defined
by

(5.1) ¢ = [hJu" + B(tu") — B([¢]2"v).
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From the definition of > above, we see that [h]u” = —B([€]z'v)+B(tu”) and so lt(c) = [h]u”
and c is a left very monic element of F'- H - F. Moreover, we see that ¢ is uniform because
the elements [h]u”, [¢]z'v and tu” are uniform and parallel and the mapping 3 is uniform.

Let C be the set of the elements ¢ given as (5.1) for all proper critical pairs of reductions.
Accordingly, the rewriting system T on F - H - F associated with C' is the set of all rules

[u” — B([€]a"v) — B(tu")

corresponding to proper critical pairs.

The following lemmas can be proved in a similar way to the previous paper [10, Lemmas
5.2 and 5.3] and we omit the proofs. Our key result (Theorem 5.3), which asserts that the
set C is a Grobner basis on F' - H - F'| also can be proved using these lemmas in a similar
manner to [10].

Lemma 5.1. The element B(f) is (C, G)-irreducible for any f € F- X - F.

Lemma 5.2. For f € FF- X - F and x € F we have a standard reduction

B(f) -z =¢6B(f x)—B(f-2),
where f is the normal form of f with respect to G U H.
Theorem 5.3. The set C is a normalized left very monic Gréobner basis on F - H - F'.

We call C the Grébner basis made from critical pairs of reductions for H. We consider
the projective F-bimodule F'- C'- F' and the projective A-bimodule A - C - A generated by
C. As before, [c] denotes the generator corresponding to ¢ € C. We have a morphism
oc : F-C-F — F-H-F of F-bimodules and a morphism dc : A-C-A— A-H-A of
A-bimodules defined by dc([c]) = ¢, and dc([c]) = pu(c), for ¢ € C. With these morphisms
we have a commutative diagram

F-C.F—.F.HF-" F.XF
e [n [
AC A2 4. A2 4.x.4

We also have a commutative diagram of K-modules

F-C’-F<'B—CFHF By F.-X.F

(5.2) lpc lpH lpx

ACA'B AHAB A- XA,

where (3 is the K-linear map obtained through standard reduction on F'- H - F' with respect
to the Grébner basis C' and B is the induced mapping from B, on A- H - A.

Lemma 5.4. The equality By o du(f) = f holds for any f € F - H - F, where f is the
normal form with respect to (C,G).

Proof. Let f=> kix;[h;ly; € F- H - F, then

Brodu(f)=> ki Bu(wihii).
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By Lemma 5.2, we have

Bu(xihi)yi —¢ ¢ Bu(zihiyi) — B (xhi)y:),

where (zh;)” is the normal form of xh; with respect to GU H, and equals 0 because h; € H.
On the other hand, By (z;h;) = &;[h;] by the definition of 8. Thus, we have

f=& Y kiBulwhi)y —tc Y kiBu(wihiy) = By o 5u(f).

Since By 0du(f) is (C, G)-irreducible by Lemma 5.1, and C' is a Grébner basis by Theorem
5.3, By o 0y (f) must be equal to the unique normal form f of f. O

Since d¢ o B (f) = f — f (mod Iy) for f € F- H - F by Lemma 4.3, we have
Proposition 5.5. Forany f € F-H - F,

6c 0 Bo(f) +Buodu(f) = f (mod In).
Corollary 5.6. we have _ _
OcoBc+Broln =idam.a.
By Lemma 4.3, for ¢ € C given as (5.1) we have
o 0 dc([c]) = 0u(c) = ou([hu") — 0m © By ([€]2'v) + 61 o By (tu”)
= hu" — [€]2'v + ([€]a’v)” + tu” — (tu”)” (mod Ix)
=0 (mod Ix).

This identity and Proposition 5.5 show that
Im(éc) + Iy = Ker(dy) + In.

Thus, C is a normalized left very monic Grébner basis of Ker(dy) + Iy on F - H - F
modulo G, that is, C' is a Grobner basis for Ker(d). Moreover, Corollary 5.6 means that
the B-mappings are contracting homotopy mappings and

Im(0c) = Ker(0n).
So the lower sequence in (5.2) is exact, and we have

Theorem 5.7. Let M be defined by a normalized left very monic Grébner basis H on
F-X-F modulo G. Then, C is a normalized left very monic Gréobner basis for Ker(9), and
we have an exact sequence of A-bimodules:

AC-A2 A H- A2 A. X A M —0,

where 7 is the natural surjection. Moreover, we have morphisms_BH A X-A—-A-H-A
and B A-H-A— A-C- A of left A-modules such that Oc o Bo + By 00y =ida.H.4-

Let M be an A-bimodule admitting a normalized left very monic Grébner basis X7 on
the projective F-bimodule F'- X - F' generated by an edged set Xy, that is, M = M (X4, G).
An n-chain with respect to X; is a sequence (&, ug, u1, ..., un—1) such that £ € Xy, [{]uo €
Left(X7) and u; is nonempty proper suffixes of words in Left(G) and w;_ju; are minimal
G-reducible words for i = 1,...,7 — 1. Let X, be the set of n-chains. Because a 0-chain is
an element of Xy and to a 1-chain (£, u) uniquely corresponds an element of the Grébner
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basis X7 with leading term [€]ug, there is no inconsistency in using the symbols Xy and X3
for the sets of 0-chains and of 1-chains, respectively.
Starting with the initial exact sequence

A X A2 A X0 A M —0

and applying Theorem 5.7 inductively, we have

Theorem 5.8. Let M be an A-bimodule defined by a left very monic normalized Grébner
basis X1 on the projective F-bimodule F' - Xy - F generated by an edged set Xo. With the
set X, of n-chains we have a projective A-bimodule resolution of M :

(53) Xi—>A- X, ABA X, 1 A—-—AX-ABA X400

Here, Ker(0p,—1) has a left very monic normalized Grébner basis {h.|c € X} on F-X,,_1-F
parameterized with X, such that 1t(h.) = [¢'|un—1 and 0,([c]) = px,,_, (he), where ¢ is an
n-chain (&, ug,u1,...,up—1) and ¢ is the (n — 1)-chain (§,uo,u1,...,un—2). Moreover, we
have morphisms 3, : A- Xn_ 1A — A- Xy - A of left A-modules such that Opi1 08,1 +
B, ° On =ida.x,.a forn > 1.

Suppose A is supplemented with augmentation (K-algebra morphism) € : A — K. Then
taking the functor K ® 4 on the resolution (5.3), we have a complex X" = K ® 4 X :

(5.4) X, Al X, A= o x A8 X AT u

where M"™ = K ®4 M is the right A-module induced from M with trivial left action via €
and 0], = 1® 6,, 7" = 1®7. Moreover, the morphism 3, : A- X,-1-A — A-X,-Aof
left A-modules induces a K-linear map: 8, =1®8,, : X,—1-A4 — X, - A, and we have
O 10811 +B,00), =idx,.a for n > 1. Hence (5.4) remains exact and forms a projective
resolution of the right A-module M". On the other hand, let M be a right A-module. By
tensoring with A on the left we have an A-bimodule A®x M. If AQx M admits a left very
monic Grobner basis as an A-bimodule (when K is a field, M always admits a (possibly
infinite) right Grobner basis H and this H gives rise to a left very monic Grébner basis of
A ®k M as an A-bimodule), we have the projective A-bimodule resolution X of A @ x M
in Theorem 5.4. But, since (A ®x M)" =2 M, X" gives a projective resolution of M as a
right A-module. This, in particular, yields the Anick-Green resolution given in [1]. In this
sense our construction is a generalization of theirs.

The algebra A is itself an A-bimodule. Consider the projective F-bimodule F-X°- F and
the projective A-bimodule generated by the set X0 of vertices of ¥, where X° is considered
to be an edged set such that o(v) = 7(v) = v for v € X° Let n: F-X°. F — F and
n:A-X%. A — A be the augmentation map, which is an F-bimodule morphism and an
A-bimodule morphism, respectively, given by

n([v]) = 7([v]) = v

for v € X°.

Let X1 = {[o(a)]la—a[r(a)]|a € £'}. Then, X; is a left very monic normalized Grobner
basis on F-X° . F for Ker(7) as stated in Example 3.4. Since X is bijective to 3!, we have
an exact sequence

Axtoaliaxtaa—o
of A-bimodules, where 9 ([a]) = [o(a)]a — a[r(a)] for a € X1 and n([v]) = v for v € X°.
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Based on this initial exact sequence, we can construct a projective bimodule resolution
of A. For n > 1, an n-chain for A is a sequence (a, uy,...,u,_1) such that a € !, au; € G
and u;_1u; is a minimal G-reducible word for i = 1,...,n—2. Let C,, be the set of n-chains
for A. As above, Cyp = X° and C; = %!, (3 is bijective to G and {[g]1|g € G} forms
a Grobner basis of Ker(d), where [g]; is defined as follows. For words = = ajag -+ - am,
[7]1 = [a1]az -+~ am + aifas] -+~ am + - + arag - - - [ay,] with a; € ¥, and for g = > ki
with k; € K and x; € E*, [9]1 = Zz ki[{Ei]l.

Theorem 5.9. We have a projective A-bimodule resolution H:
(5.5) - = ACp AB AC, 1 A > AC3ABAGAZ AT AL A4 4

of A. Here, 81([a]) = [o(a)]a—a[r(a)] for a € X and d2[g] = [g]1 for g € G, and in general
for n > 3, Ker(0,—1) has a left very monic normalized Grobner basis {h.|c € C,} on
F-Cp_1-F such that 1t(h.) = [']un and O, ([c]) = pc,,_, (he), where ¢ = (a,u,. .., Up—1)
and ¢ = (a,u1,...,Up—2).

For two A-bimodules M and N, let Homa (M, N) be the K-modules consisting of all
bimodules morphisms from M to N. Taking the functor Homy 4(., V) with the resolution
(5.5), we have a complex

o
HOI’IlA,A(H,N) : @ UM,U e @ o'(a)MT(a) —_ s —

vexo aex0
ax
D oMoy == P ooy Mriy — -
ceCp_1 ceCy

The cohomology group Ker(9;:,1)/Im(9;};) is equal to the Hochschild cohomology H™ (A, M)
of dimension n with coefficients in M. In particular, letting M = A we have the Hochschild
cohomology H™(A) ([7]).

Let U be a subset of £¥22 such that any element of U is not a subword of another word
in U. Then U is a normalized Grébner basis of the ideal I = I(U) of F generated by U,
and we have a monomial algebra A = F'/I. The resolution for A constructed on this basis
in our method is essentially a resolution given by Bardzell [2]. The resolution is used to
calculate the Hochschild cohomology groups for a certain type of monomial algebras in [11]
(the algebra structure of the cohomology is given for more special monomial algebras in

3)-

6 Diagonal maps and products The Hochschild cohomology group H(A) has a ring
structure with the cup product (the Yoneda product). In this section we describe the ring
structure of H(A) in terms of our resolution constructed in the previous section. Again,
our K-linear map 3 will play an important role.

Let X be an edged set, and H be a normalized left very monic Grébner basis on F- X - F.
We have the K-linear mappings By : F-X-F - F-H-Fand By : A-X-A— A-H-A.

Let Z be another edged set. Let F'- Z - F - X - F denotes the tensor product F'-Z - F ®p
F - X - F, which is the projective F-bimodule generated by U(eZ,geX T(QZ;(&). It is the
free K-module generated by

U Zheo x0T X 0%
(ezZteX

So, an element f of F'-Z - F - X - F is uniquely written as a finite sum

F=" kixilGlyil&)z
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where k; € K\{O}, G e Z,& e X, x; € E;(Q), Y; € T(Q)E:(&), zi € T(&)E* and
(x4, Ci, vi, &, 2i) are all different for i. We also consider the projective A-bimodule A-Z- A -
X-A=A-7Z-A®4A-X-A generated by U(eZ,geX () Ac(e). Anelement fof A-Z-A-X-A

is written as
F=) ki Gliil&) 2
with k; € K\{0}, €2, € X, x; € E:’;(Q), yi € T(Q)E;(&), 2i € r(¢; 2. This expression

is unique if (Z;, G, 94, &, 2;) are all different for .
We define K-linear mappings

2By F-Z-F- X-F—-F-Z-F-H-F

and
ZEH:A'Z'A'X'A%A-Z-A.H.A
by
zBx (z[ClylE]z) = z[C]BH (y[€]2)
and

2B (2[C)7[]2) = 2[C1Bx (§1€]2)

for(eZ, (e X, x e E:(C)’ y € T(C)E:(g) and z € ; (X", Since By is a morphism of left
A-modules, we have

(6.1) 2By =idaz.a®a By

Clearly 7By and 7By are uniform.
By Corollary 5.6 we have

Proposition 6.1. We have

(ida.z.a ®0c) 0 zBc + 2B o (ida.z.4 ® On) = ida.z. 4.4

By Theorem 5.9 we have the projective A-bimodule resolution H in (5.5) of A. Let 1,
denote the identity mapping on A - C, - A, in particular 1o = id4.50.4 and 1y = id4.51. 4.
For » > 0 and s > 0, let .3, denote the K-linear mapping

(—1)T~c7ﬂcs:(—1)7"-1T®BCS A C-A-Csy - A—>A-Cr-A-Cs- A,

that is, _ _
Bs(zlelyld]z) = (=1)"z[c]Bc, (y[c']2) = (-1)"z[cyBc, (I¢']2)

force C,, d € Cs_1 and x,y, 2z € A.
Now, for r, s > 0 we define a morphism

Aps: A Crps-A—>A-Cr-A-Cs- A
of A-bimodules by induction on s. First, define A, ¢ by
(6.2) Aro([d]) = [e][r(c)]

for ¢ € C, and extend it A-bilinearly. Let s > 0 and assuming that A, ,_; is already
defined, define A, ¢ by

(6.3) Ars([e]) = rBy 0 Ars—100rps([c]).
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for ¢ € C,ys and extend it A-bilinearly. Note that A, s is not necessarily equal to the
composition 3, 0 A, s_1 0 Orys because 3, is not a morphism of A-bimodules.

As before, for a word x = ay---a, € ¥* with a; € %!, [x]; denotes the element
[a1]ag-+an+- - +ar - an_1la,] of A- X1 - A. We know that

B, (lo(x)]z) = [z]x
for any x € ¥*.

Lemma 6.2. Let c € Cr41 and suppose that O,41([c]) is written as

(6.4) Ora(le)) = 3 krileilus

with ki € K, x; € ¥7,, yi € X" and ¢; € C., where v; = o(e;), vj = 7(c;). Then,

Ara(le) = (=1)" ) kiilei] [yl
Proof. By definition
Ari([e)) =81 0 Ao (D kawsleilys)
= ki By (@ilei] [vilyi)
= (=" ) kawileil [yl

Theorem 6.3. The following identities among our mappings hold: First,

(6.5) n=(n®n)oloo,

holds, that is, the diagram

Ao,0
A0 A—=A.30.4.50.4
n
A=A Qa4 A
commutes. In general, for r,s >0
(66) Ar,s 00ryst41 = (_1)7"(17" & 8s+1) o A7“,3-‘,—1 + (8r+1 0 13) o Ar-{-l,s;
holds, that is, the diagram

Ap s+1BA8r41,s

ACrpor A—s A Cr oA Copr - ABA-Crpr - A-Cy- A
l8r+.g+1 l(—l)rlr®8s+1 +87‘+1®1S
Ays

A-Crps- A A-C.-A-C,-A

commutes.
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Proof. First (6.5) is easily checked by (6.2) as

(n@mn) o Aoo([v]) = (e@n)([vllv]) =v-v=wv=mn(0]).

Now, we prove (6.6) by induction on s. Let r > 0 and ¢ € Cy11, and let 9,41([c]) be given
as (6.4). By Lemma 6.2 we have

(=1)"(1r @ 01)o A ([d]) + (Br+1 ® o) © Apsa o([c)
= (1, @ 00) (Y kiifedlyilt) + (01 ® 10) (el [r(e)
= kawiled(lo(wa))ys — wilr(wa)]) + Y kawilesys[7 ()]
= kilello(y)lyi = Aro 0 Orga ([d]}-

This implies that (6.6) holds for s = 0.
Next, suppose s > 1 and let ¢ € Cy4541. By our definition (6.3) we see

(6.7) Ay sii(le]) = rBet1© Ay s 0 Opysi1(le])-
By induction hypothesis we have
(6'8) A7“,3—1 o 87“-‘4-3 = (_1)T(1r & 83) o Ar,s + (8r+1 & 13—1) o Ar+1,s—1-

By Proposition 6.1 we have

(6-9) (lr ® 8s+1) o r163+1 + B850 (lr ® 83) = (_1)7" ida.c,.a.c,-A-
By (6.7), (6.8) and (6.9), we get

(6.10) (—=1)"(1y ® Bsy1) © Apssa([c])
=450 rts+1([c]) — By 0Aps 1000450 rtst1((])
+ B0 (Or41 ®@ Ls—1) 0 Arp1,5-1 0 Orpsyr(fe]).

Due to (6.1) we have,
B0 (Orp1 ®@15-1) = (=1)"(0r41 ® BCS) = —(0r41 ®15) 04108,

Thus, rﬁs ° (arJrl & 1571) © A7"Jr1,371 o arJrerl([CD is equal to _(8r+1 @ ]-s) © ArJrl,s([C]) by
the inductive definition of A, . Moreover, since Oy4s 0 Or4s41 = 0, the righthand side of
(6.10) is equal to

AnsarJrerl([CD —(Or1®14)0 ArJrl,S([CDa

as desired. O

Let M and N be A-bimodules. For f € Homg 4(A-Cy- A, M) and g € Homg a(A-Cs -
A, N) define the cup product fUg € Homy s(A-Crys- A, M ®4 N) by

(6.11) fUug=(f®g)oA.

This product U induces the product on the cohomology, that is, it induces the product
U: H(A,M) x H(A,N) — H(A,M ®4 N). By the uniqueness of the product (see [13]),
this is actually the Yoneda product. In particular, we have an algebra structure on the
Hochschild cohomology H(A). Thus, we have

Theorem 6.4. The Yoneda product in the graded algebra H(A) = € H™(A) over the center
Z(A) = H°(A) of A is given by the product U in (6.11) above.
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7 Examples In this section we calculate the Hochschild cohomology algebras of two
special example algebras. Only these simple examples will be illustrative enough to show
how our methods can be applied effectively.

Example 7.1. Let ¥ be a quiver with two vertices u,v and two arrows a, b given as

Let
G = {ababa + aba, babab + bab}

and I be the ideal generated by G of the path algebra F = K - ¥* over K. Then, G is a
Grobuer basis of I. The quotient algebra A = F'/I is spanned by

Irr(G) = {u,v,a,b,ab, ba, aba, bab, abab, baba},
over K and decomposed as
A=A DAy @ uAy @Ay,
where
wAy = K - {u,ab, abab}, ,A, = K - {v,ba,baba}, ,A, = K - {a,aba}, ,A, = K - {b, bab}.
Let V = {a, 3} and V = {@&, 3} be edged sets such that
o(a) =u, 7(a) =v, o(f) =v, 7(3) =u,o(@) =7(@) =u, o(3) =7(8) =,

andlet@l AV - A-AV -Ad:A V- A-AV-A0d3:A-V-A—A-V-A and

Oy : -A — A-V - A be morphisms of A-bimodules defined by
d1([a]) = [@a — a[B], 01([8)) = [B]b - blal,
O2([a]) = [a]baba + a[Blaba + abla]ba + abalB]a + ababla] + [a]ba + a[fla + abla],
02([8]) = [Blabab + bla)bab + ba]Blab + bab[a]b + baba[F] + [B]ab + bla]b + ba[s],
0s([al) = [a]b — alB], 95([8]) = [Bla — bla],
04([@)) = [a]abab + a[B]bab + ab[@|ab + aba[B]b + ababla] + [@ab + a[B]b + ab[a],
04([8]) = [B]baba + b[a@]aba + ba[B|ba + bab@]a + baba[B] + [B]ba + b[@]a + ba[f].

With these morphisms we have a projective bimodule resolution of A:

(71) o —— A C A2 A C A— 2400 A D A0y A5 A,
where

o — V if n=1,2 (mod 4)
"V if n=0,3 (mod 4),

and _
e([@l) = u, «([5]) = v,
Op =0, if n=r (mod4).
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As we saw in Section 5, (7.1) is exact up to dimension 2 and H = 92(C3) = {hq, hg} is
a Grobner basis for Ker(0;), where

heo = [a]baba + a[Blaba + ab[a)ba + aba[Bla + ababla] + [a]ba + a[B]a + ablal,
hg = [Blabab + bla]bab + ba[B]ab + bablalb + baba[B] + [Blab + bla]b + ba|F].

We have two critical pairs of reduction

[a]babab /6 ~lajbab
N\ —a[f]abab — abla]bab — aba[B]ab — abab[a)b — [a]bab — a[B]ab — ab[a]b
and
[Blababa /6 ~[Plaba

N\ —blajbaba — ba]B]aba — bablalba — baba[f)a — [Blaba — bla)ba — balB]a

with respect to H and G. Corresponding to these critical pairs we have two elements

[1a]b = B ([a]bab)
+ By (—a[flabab — abla]bab — aba|Blab — abab[a]b — [a]bab — a[B]ab — ab[a]b)

= [halb — alhs]
and
[hsla — blhal,

which constitute a Grobner basis Cs for Ker(92).

In general for all n > 3 we can check that 9,(C,,) forms a Grobner basis for Ker(0,,—1)
and we see that (7.1) is actually exact.

Taking the functor Homy (., 4) on (7.1) we have a complex:

9* 9 9 9*
uAu @UA'U —1) uAU EBUA'U, —2’ uAU EBvAu —3’ w4ty @UAU —4) uAu @UAU;

01 (z,y) = (za — ay, yb — bx),
0y (z,y) = (zabab + aybab + abzab + abayb + ababx + xab + ayb + abx,
ybaba + braba + bayba + babxa + babay + yba + bra + bay)

for (z,y) € WAy X Ay, and

95 (x,y) = (zbaba + ayaba + abrba 4+ abaya + ababr + xba + aya + abz,
yabab + bxbab + bayab + babxb + babay + yab + bxb + bay),
8§(x, y) = (ZL’b —ay,ya — b.’E)
for (z,y) € WAy X ,Ay.
Note that all the calculations can be done in A because , A4, @® A4, and A, © , A, are

contained in A. From here we assume that K is a field of characteristic p.
Elements x € A, and y € , A, are uniquely written as

(7.2) x = ku + lab + mabab, y = k'v+ {'ba + m'baba
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with k, ¢, m, k', ¢',m' € K, respectively. Since
za—ay = (k—k)a+ (. —m—L0 +m')aba,
yb—br = —(k — k' )b— ({ —m — £ + m/)bab,
we have

Ker(0]) =K @ K - (ab+ ba) ® K - (ab+ abab) & K - (abab + baba)

and
Im(07) =K - (a—b) ® K - (aba — bab).

For z € ,A, and y € , A, given as
(7.3) x = ka + laba, y = k'b+ ¢'bab
with k, ¢, k', ¢’ € K, we have
05 (z,y) = (—k + € — K + ¢")aba, (—k' + ' — k + £)bab),

95 (x,y) = ((k — K)ab+ (¢ — £')abab, (k' — k)ba + (¢ — ¢)baba).

Thus, we have

Ker(93) =K - (a—b)® K - (aba — bab) ® K - (a + aba)

Im(93) = K - (aba + bab),
Ker(03) = K - (a+b) ® K - (aba + bab),
Im(95) = K - (ab—ba) ® K - (abab — baba).
Therefore, we obtain
H'(A) = Ker(03)/Im(0}) = K - (a + aba),
H?*(A) = Ker(03)/Tm(83) 2 K - (a + b).
For elements = € , A, and y € , A, given as (7.2) we have

05 (z,y) = ((2k + k' )ab+ (3k — £+ m + 2k’ — ¢’ + m")abab,
(2" 4+ k)ba + (3K" — 0! +m' + 2k — £ + m)baba).

Hence, 0} (z,y) = 0, if and only if

k=K=0,f—m+t'—m'=0 if p#3
k=k,2k=0—m+0 —m' if p=3,

and so we obtain

K - (ab—ba) ® K - (abab — baba) & K - (ab + abab) ifp#3

Ker(9)) =
er(9;) {K.(ab_ba)@[(.(abab_baba)@K-(ab+abab)@K-(1+ab+ba) if p=3,
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and

m() = K - (ab+ba) ® K - (ab+ abab) ® K - (abab + baba) if p#3
Y7 VK - (ab— ba — abab) ® K - (abab + baba) if p=3.

Therefore, we have

H3(A) = Ker(9) ., ) K - (ab+ abab) if p#3
-~ Im(93) | K- (ab+4abab) ® K - (1+ab+ba) if p=3,
and
HAL(A):Ker(al)g K ?f p#3
Im(0}) K& K- (ab+ba) if p=3.
Summarizing,

HO(A) = Z(A) =K® K- (ab+ba)® K - (ab+ abab) ® K - (abab + baba),

Hl(A) =K - (a+ aba),
2(A)=K-(a+Db),
) K- (ab+ abab) if p#3
| K- (ab+abab) K - (14 ab+ba) if p=3,
K if p#3
" |K®K-(ab+ba) if p=3,

and for n > 5,
H"(A)=H"(A) if n=r (mod4), 1<r<4.

Next, we calculate the ring structure of H(A). First, setting
A =ab+ ba, u = ab+ abab

in H°(A), we have
M\ = abab + baba, X3 = —\%, A\ =p? =0.

Hence, HY(A) is the quotient of a polynomial ring:
KD pl /(N + X%, 1%, ).
Now, assuming that p = char(K) # 3, set
c=a+aba, T=a+b, 6 =1

in H'(A), H?(A), H*(A), respectively. It is well-known that H(A) is graded commutative.
We have
o U= (a+ aba)(ab+ ba) = aba + ababa = 0

and
oUpu = (a+ aba)(ab+ abab) = 0.
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in H1(A). Similarly we have
TUA=TUp=0

in H?(A). Moreover we have

(7.4) OUX=ab+ba
and
(7.5) 60U u = ab+ abab,

in H*(A), which are equal to 0 when p # 0
By Lemma 6.2, we have

Ari(le]) = = {[d[Blaba + [aJb[alba + [a]balfla + [a]babla] + a[f][e]ba + a[f]a[Sla

+ a[flabla] + abla][Bla + ablalbla] + aba[B][a] + [a][B]a + [aJbla] + a[B][a]},
Ai([8]) = = {[Bllefbab + [Bla[Blab + [Blablalb + [Blaba[5] + bla][Blab + blajbla]b

+ blefba[f] + ba[Slla]b + ba[Sla[B] + babla][B] + [B][e]b + [Blalf] + bla][A]},

from which we find

(c@0)oAr1(la]) =0, (c®@0a)oAr:1([f]) =0,

meaning
cUo=0.
Since B
Az i ([a]) = [][B], A2 ([B]) = [6][al,
we have

(T®0)oAg1([a]) =0, (T®0) o As1([5]) = ba + baba.
Thus, we find that

(7.6) TUo = ab+ abab

is the generator in H3(A). Since
Az a([a]) = 28, 0 Az i 0 du([a]) = [o][A],
Da([B]) = 285 0 Az1 0 9u([B]) = [B][al,

we have

(T®7)0Ago([@]) =ab, (T®T)oAg, 2([8]) = ba.
Hence,
(7.7) TUT = ab+ ba,

which equals 0 in H*(A) in case p # 3. Since

Asa(le]) = [@lal, Asa((8]) = [BIIA];

we have

(0 ©0)oAsa(la]) = a+aba, (0©@0)0Asa([f]) =0,
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and hence, 6 U o is equal to the generator a + aba in H%(A) (2 H(A));
(7.8) 0Uo =a+aba

Similarly, we see that 6 U 7 equals the generator a + b in H%(A), and # U 6 equals the
generator 1 in H8(A).
Summarizing, when p # 3, H(A) is isomorphic to the graded commutative algebra

K\ p,0,7,0]/ (N + X2 12, 0%, 72, A\, o X, o, A, T, OX, )
over K with
deg(A) = deg(p) = 0,deg(0) = 1,deg(7) = 2,deg(f) = 4.

Next, we consider the case where p = 3. In this case, the element ab + ba in H*(A) is
equal to §U A by (7.4). The element 1+ ab+ba in H?>(A) cannot be expressed by the other
elements, and we need a new variable ( =1 + ab + ba of degree 3.

Again an easy (but tedious) calculation shows that

(7.9) CUX = —(ab+ abab), (U pu = ab+ abab
in H3(A),
(Uo=0
in H(A),
(7.10) CUT=—(a+aba)
in H5(A),
CU(C=0,

in H%(A), and
U =14+ ab+ ba

in H'(A). By (7.4), (7.5) and (7.7) we see
OUAN=—(0Up)=71UT,

By (7.8) and (7.10) we have
CUr=—-(0Uo),

and by (7.6) and (7.9) we have
—(UXA=(CUpu=71Uo.

Now, summarizing the above calculations, when p = 3, we find that H(A) is isomorphic
to the graded commutative algebra

K[\ p,0,1,0,C]/J
over K with
deg(\) = deg(p) = 0,deg(o) = 1,deg(7) = 2,deg(d) =4, deg(¢) = 3,
where J is the ideal

X3+ 22, 1%, 0%, 7% — 0N, C A, 0N, o, TA, T, O\ + Op, Co, A — 70, (p + 7o, (T + 00).
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Next we consider another simple example but this time we treat it over the integer ring
Z.

Example 7.2. Let g(# 0) € Z be fixed and consider the quiver

Let
G = {ca — ad,db — bc,ab — qc,ba — qd},

and let I be the ideal of F' = Z - ¥* generated by G. Then, G is a Grobner basis of I, and
we have a resolution of the quotient algebra A = F/I:

(7.11) SAYIA T AYTA o AYIA D A4 S A

where

if n is odd.
Taking the functor Hom(., A) on (7.11) we have a complex:

*

16) a*
wAu@o Ay - uAv@UAuEBuAuEBvAU T uAUEB'UAuEBuAu@UA'U — uAU@UAu@uAu@UA'U ..

with
01 (z,w) = (za — aw, wb — bz, zc — cz,wd — dw),

and

o (z,y, z,w) = (za — aw + cx — xd,wb — bz + dy — yc,xb + ay — gz, ya + bxr — qw)
for even n > 2, and

o (z,y, z,w) = (za — aw + qr, wb — bz + qy, b+ ay — ¢z + zc, ya + br — dw + wd)
for odd n > 3, where x € Ay, y € vAy, 2 € yA, and w € ,A,.

For z =Y ,oomic' € yAy =Z-c* and w =Y, yn;d' € A, = Z-d* with m;,n; € Z,
where only finitely many m; and n; are nonzero, we have

05 (z,w) = (Z(mi —n;)ad’, Z(m —my)bc', 0, 0).

i>0 i>0
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It follows that

Ker(07) @Zc +d%), Tm(05) @Zadl—bc

i>0 >0

For even n > 2 we can obtain (we omit the calculation)

Ker(0;) = @ Z(adi _ bci) @ Z(adi + citl —|—di+1),

>0 >0
m(0;) = @ Z(ad" — bc' — qc?) @ qZ(d" + ¢*).
>0 >0

For odd n > 3 we obtain

Ker(9}) = @ Z(c" +d°) @ Z(ad' — bc' — qc?),

>0 >0
= @ Z(ad' — bc') @ qZ(ad' + ¢t 4 d'th).
i>0 i>0

Consequently we have

H(A4) =P Z(¢ +d),

i>0
H'(A) =@ Z(ad' + T +dH),
i>0
H"(A) = P Z4(¢' +d)
i>0

for even n > 2, and
H™"(A) =P Zy(ad' + ' +d™)

for odd n > 3.
Set A =c+d in H°(A). Since A = ¢! + d*, we have

Set pn, =a+c+din H™"(A) for odd n > 1. Since
fin U )\’L _ adi + Ci+1 4 di+1
in H"(A), we have

and
HM(A) = Zy[\] - o

for odd n > 3. Similarly, setting v, = 1 in H"(A) for even n > 2., we have
H"(A) = Zg[\ - vp.

Since
(1 ®@p1) oAy (fa] + 0]+ [c]+[d]) =ca—ad=0
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in H?(A), we see
w1 Upy = 0.

Moreover, by an easy calculation we obtain

Un Ul = fint1
and
Up UV = Vpya.

Therefore, letting u = p1 and v = v,, we have

H(A) = ZX, p, v}/ (4?, qv)
with deg(A) = 0,deg(n) =1 and deg(v) = 2. In particular, when ¢ = +1,
H(A) = Z[X, pl/ (1)
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