Scientiae Mathematicae Japonicae Online, e-2006, 283-288 283

ON A DISCRETE ARBITRATION PROCEDURE
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ABSTRACT. We derive the equilibrium in non-cooperative two-players zero-sum game
intended to model of final-offer arbitration procedure in which the arbitrator’s settle-
ment is concentrated in odd number of points {—n, —(n — 1),...,—1,0,1,....,n — 1,n}.

1. Introduction

We consider a non-cooperative zero-sum game related with a model of final-offer arbitra-
tion procedure where two players L and M, interpreted here as Labour and Management,
respectively, have a dispute on an improvement in the wage rate. Player L makes an offer
x, and player M - an offer y. We shall assume that « and y are arbitrary real numbers from
the interval [A, B].

To solve the conflict we use the so-called final-offer arbitration scheme [1-3] developed
by Farber (1980). If x < y, there is no conflict, and the players agree on a payoff equal
to (x 4+ y)/2. If otherwise, x > y, the parties call in the arbitrator (A). Assume that the
arbitrator has a settlement he would like to impose, denoted by «. Then, after observing
the offers, = and y, the arbitrator simply chooses the offer that is closer to «. We suppose
that « is a random variable. Assume, that the Manager wants to minimize the expected
wage settlement imposed by the Arbitrator and the Labour wants to maximize it.

If & = a almost sure it is evident that the equilibrium is the pair of strategies (a,a). If
« is a random variable with continuous distribution the equilibrium often consists of pure
strategies [2-3]. If the distribution support of a is concentrated in two points or three points
the solutions were derived in [4-6]. In this paper we analyse a case where the arbitrator’s
settlement is concentrated in odd number of points {—n, —(n —1),...,—1,0,1,....,n — 1,n}.

Another approach to solve the conflict between Labour and Management like a multi-
stage arbitration game with "random” arbitrator was developed in [7-8].

2. Problem statement

Suppose that « is a random variable that assumes the values {—n, —(n—1),...,—1,0,1, ...
(n — 1),n} with equal probabilities p = 1/(2n + 1). A non-cooperative game where the
strategies of players L and M are arbitrary numbers z,y € [—a, a] is considered. The payoff
in the game has form H(x,y) = FH,(x,y), where

=Y if w<y

r, if x>y lr—af<|y—a
Yy, if x>y lr—al>y—a
Q, if x>y lr—al=y—q

(1) Ha(z,y) =

2000 Mathematics Subject Classification. 91A05, 91A60, 91A80.
Key words and phrases. arbitration procedure, discrete distribution, equiliblium.



284 VLADIMIR V.MAZALOV, ALEXANDER E.MENTCHER AND JULIA S.TOKAREVA

We find that the equilibrium in the game lies among the mixed strategies. Denote f(x)
and g(y) as player L’s and M’s mixed strategies respectively. Suppose that the distribution
g(y)(f(x)) support lies on the negative (positive) semiaxis. That is,

0

F(@) > 0,2 € 0,d], / =1, gly) >0,y ¢ [0, / g(y)dy = 1.

—a

By symmetry, it follows that the value of the game is equal to zero, and the optimum
strategies must be symmetric in respect to the axis of ordinate, i.e. g(y) = f(—y).
therefore suffices to build an optimum strategy for one of the players, e.g. L.

3. Optimal strategies

Theorem. For a € (O, 2("+1)2] the optimal strategy is

2n+1
0, 0<zx (n -)?%a
FO={ 2E (et rea o
and for a € (2(27;:;11)2 , +oo)
0, 0<x< 2n+1,
n(n+1) 1 2n? 2(n+1)?
f@) =91 ramrnver 241 STS Tario (3)
0, Antl)? <a.

2n+1

Proof. First, consider the case a € (0, 2].
3.1. Case 0 < a < 2.
According to (1) the payoff of M for y € [—a, 0] is equal to

H(f,y)= 2n:_1[n/()ayf(x)dx+ /yxf(x)dx—k/ayf(x)dx +n/0axf(x)dx].
0

-y

We shall be looking the strategy f in the following form

0, 0<z<aq,
flz) =14 ¢(@), a<z<p, (4)
0, 0 <z<a,

where ¢(z) >0, = € [, (] and ¢ has a continuous derivative in (a, §).

The strategy (4) will be optimal if H(f,y) = 0 for y € [-0,—a] and H(f,y) > 0 for
y € [-a,—B) U (—a,0]. Notice that H(f,0) = 525 [¢' zf(x)dz > 0.

By H(f,—a) = H(f,—3) = 0 it yields

B
H(fv_a):

—(n+1)a+n/ 0,

(e

2n + 1

;mp(x)dx]

B

H(fv_ﬂ):

—nﬁ—i—(n—i—l)/

(e

1 ;mp(x)dx] =0.
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JFrom the system it follows

and 8 = ()20 or o = (nLH)Qﬁ.

For y = —a, H(f,—a) = ﬁ[—na +nf] = 555 (8 — a). Consequently, if 3 < a then

2
H(f,—a) < 0. Hence, 8 =a and o = (#_1) a, and

/Oaxf(x)da::/jxgo(x)da:: n, (5)

Let us find the function ¢(x). The condition H(f,y) =0, y € [3,—a] yields H'(f,y) =
H"(f,y)=0. So,

() = 1+ 2/ () + [ " f(w)de = 0, H(y) = 3F(—y) — 29" (—y) = 0.

Letting y = —x we obtain the differential equation
3f(x) + 2z f'(x) = 0. (6)
The solution is c
f(z) = \/? (7)
Because,
@ c 2¢
1= / z)dr = / — = ,
o 1) Ve
(7)) e
we find ¢:
c= nya
-
Finally,
2
0, 0<z< (=) a,
f(z) = Ja 2 e
nT%, (nil) a<z<a

2
Let us check the optimality conditions. For y € [—a, — (nLH) a] we have

a 2
2n+1DH(f,y) =ny + / n%dw—l—y/ n2:§—z_3dx+n+1a
-y
(77)%
n 1 1 n?
=ny +nva (\/—y— n—ﬂﬁ) —nvay (%_ \/T_y> + n+1a=0.

For y € (— (nL_H)Qa,O]

2

2n+1)H(f,y)=ny+y+ a=(n+1)

TL2 0
y+n—+1a>.

n+1
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It proves the optimality of (2).

2(n+1)?2
3.2. Case 2 <a< TN

2
Let a € (2, 2("“)2}. Consider H(f,y) for y € [—a, — (nLH) a] with f satisfying (2).

2n+1

2 2 2
Because the support of f is [(#_1) a,a] and a < % we have a — (#_1) a<2.

2
Hence, for y € [—a, — (nLH) al

2n+)H(f,y)=n / yf(z)dz+ / xf(x)dx—i—/yf(x)dx +n / zf(x)dx.
(7%1)%a (7%1)%a ‘-” (7%1)%a

Differentiating it we obtain again the differential equation (5). It’s solution is f(z) of the

2
form (2). It yields H(f,y) =0 for y € {—a, - (nLH) a}

2
Let us show that H(f,y) > 0 for y € <— (#_1) a, O]. First, we determine the sign of

2 2
H(f,y) at the interval [_< n ) a,—( n ) oo

n+1 n+1

2
n
If — | — — 2
yel <n+1> a,—a+

n+1 n
H(w) = gt oy [ @)=

, then

_ntl i 2a >0
T oan+1 y n+1
2
Fory ¢ |—a+2,— L a+2
’ n+1
2—y a
n+1 1
HUM0—2n+1y+2n+1 / :ﬁhmm+ /yﬂ@d$ +
n_\?2 2—y
(751) @
n—1 ’
1 / xf(x)dx
no\2
(751) @
Then

1
H' —
(f,y) 1
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_ (y—bnya nva | _
C2n+1 Tl /(2= y)3 * /—Q_y‘|

1
_ TR )
2n+1 2_y?
2 2
Hence, H(f,y) > 0 for y € (—(nLH) a,—(nLH) a+2}

2
If — (nLH) a+ 2 > 0 it finishes the proof. Otherwise, we shift the interval to the right

2 2
and show that H(f,y) > 0 for y € (— (L) a+2,— (L) a+ 4], etc. So, we prove

il ntl
2
that (2) is optimal also for a € (2, 2(271;11) ]
2(n+1)?
3.3. Case - <a < 0.

2
Suppose now that a € (2(22111) ,00). In this case the form of H(f,y) is more complicated.

As an example we consider the case with infinite horyzon a = oc.
Suppose that the player L uses the strategy (3) and find the payoff function H(f,y).

For simplicity denote o = 2n” and b=a+2= 2(”+1)2. Then, for y € (—o0, —2n — 3]

2n+1 2n+1
H(f )_/ﬂ f( )d _M>O
,Y) = A rf(x)dr = M1 .

Let k =3 [2] +2if nis odd and k = 3% if n is even. For y € [-2n+2r— 3, —2n+2r—q]
where r =0,1,...,n,...,k— 1, and for y € [-2n + 2r — 3, 0], where r = k, we find

—2n+2r— B _ Ié]
/ yxf(x)dx—l—/ yf(z)dz +2n T/ zf(x)dx

—2n42r—y 2n +1

H(f,y)

.
R TR A e

:/jxf(ac)dx— L /j(w—y)f(x)dx ! /ﬂ (x —y)f(x)dz.  (8)

2n + 1 TN AP
Differentiating (8) with f of the form (2) we obtain

B
, o 1 1 B B B
H(f,y)—2n+1+2n+1 / f(x)dx+2n+1(2y+2n 2r)f(—2n+2r —y)
—2n+42r—y
_renfyy 2n(n+1) . )
2n+1 V220 + 1)(—2n +2r —y)3

It follows from (9) that in the interval y € [—f3, —a] where r = n the expected payoff
H(f,y) is constant and because

5 n /8
H(10) = [ afde- 3" [+ 0)p(a)da

[0}

n+1 n+1 2n(n+1) n 2n+1)?

B n
p— d — p— — p—
2n+1/axf(x)x 1’ w1l sl il il
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it yields H(f,y) =0 for y € [, —qal.

For r < n (9) gives H'(f,y) < 0 and for r > n  H'(f,y) > 0 in the intervals y €
[—2n +2r — B, —2n 4+ 2r — a].

Consequently, H(f,y) > 0 for all y. That proves the optimality of the strategy (3).

The full proof of the theorem for a € (2(;:_11) 2,
in the case a = oo.

00) is derived by the same analysis like

4. Conclusion

We see that the optimal strategies in this discrete arbitration game with uniform dis-
tribution are randomized. It is different from the solution in the continuous version of the
final-offer arbitration procedure with uniform distribution considered in [2-3] where the op-
timal strategies of the players are concentrated at the extreme points of the interval [—a, a).
But if @ = n it follows from Theorem that optimal strategy (2) has non-zero measure only at

2
the interval [(nL_H) a, a] which size tends to zero for large n. So, for large n the solutions

of discrete and continuous versions of the arbitration game are similar.
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