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DIRECT PRODUCTS OF ORDERED ABELIAN GROUPS
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ABSTRACT. In this paper we study some theories of direct products of ordered abelian
groups.

1. INTRODUCTION

In [1], Komori showed that the direct product of Z and Q admits elimination of quantifiers
in a language, where Z (Q) is the ordered abelian group of integers (of rational numbers).
Extending this, Weispfenning [7] showed that the direct product of finitely many copies of
7Z admits elimination of quantifiers in a language L, and the direct product of finitely many
copies of Z and one Q admits elimination of quantifiers in the same language L. In this
paper, we show the converse of them. We also show that the algebraic closure over the
above structures satisfies the Exchange Principle.

2. PRELIMINARIES

Let N be the set of natural numbers. Let Z be the ordered abelian group of integers. Let
Q be the ordered abelian group of rational numbers. Let k € N'\ {0}.

Suppose that L = {0,1(M 1) 1®) 4 0 < %, n | *},50, where 0 < * and n | * are
unary relation symbols. For each ¢ with 1 < i < k, the terms t + --- 4+t and 1) 4 ... 41
(t and 1) repeated n times) are written as nt and n(*), respectively. The term ¢ + (—s) is
written as t —s. The formula 0 < t — s is written as s < t. The formulas s <t At < u and
s <tVs=tare written as s < t < u and s < ¢, respectively.

We now give some axioms for ordered abelian groups.

(1) The axioms for abelian groups:

VaVyVz((z +y) +z =2+ (y + 2));
Va(x +0=x);
Va(x —x =0);
VaVy(z +y =y + x).
(2) The axioms for a linear ordering compatible with group structures:
Ve(z=0Vv0<zazV0<—zx);
V(=0 <z A0 < —x));
Vavy(0 <z A0 <y —0<z+y).
(3) The axioms for a semi-discrete ordering:
0 < 204D < 10) for each i with 1 <i <k — 1;
Va(2z < 19 v 10 < 22) for each 4 with 1 < i < k.

(4) The axioms for infinitesimals:

Va(2z < 1) — naz < 1) for each ¢ with 1 <i <k and n > 2.

(5) Va(n |z« FyFz(—1®) < 22 < 1) Az = ny + 2)) for each n > 0.

2000 Mathematics Subject Classification. 03C10, 03C64, 06F20.
Key words and phrases. ordered abelian groups, quantifier elimination.



150 H. TANAKA
(6) V:c(\/ogql,_“’qun_l(n | z + q§1) + -+ q,ik))) for each n > 1.
(7) The axioms for divisible infinitesimals:
Va(—1%) < 22 < 1) — Jy(z = ny)) for each n > 1.
(8) The axiom for discrete ordering:
Vo (—(0 < z < 1)),
(9) The axiom for existence of infinitesimals:
32(0 < z < 1),

Let SS; := (1) U (2) U (3) U (4) U (5) U (6). Let DCy, := SS, U (7) U (8) and SC}, :=
SSEU(T)U(9). We consider the lexicographic order from left to right on the ordered abelian
group Z* = Z x - -- x Z (Z repeated k times). We similarly consider the lexicographic order
on the ordered abelian group Z* x Q. In the ordered abelian group Z*, we interpret 1(1)
1@, ..., 1% as (1,0,...,0), (0,1,0,...,0),..., (0,...,0,1). In the ordered abelian group
7F x Q, we interpret 10,13 1) a5 (1,0,...,0), (0,1,0,...,0), ..., (0,...,0,1,0).
Then ZF is a model of DC}, and Z* x Q is a model of SC},. Weispfenning showed that both
Thr(Z*) and Thz(Z* x Q) admit elimination of quantifiers.

In section three, we show that both DC}y and SCj admit elimination of quantifiers and
that they are complete. We show the converse of Weispfenning’s results. Namely, we show
that if M is a model of SSj and Th(M) admits elimination of quantifiers, then M is a
model of either DC}, or SC}.

In section four, we show that for each model M of either DC} or SC%, the algebraic
closure over M satisfies the Exchange Principle.

I would like to thank Associate Professor Katsumi Tanaka for useful discussions.

3. QUANTIFIER ELIMINABLE ORDERED ABELIAN GROUPS

To show that both DC} and SC} admit elimination of quantifiers, we first prove some
lemmas needed later.

Lemma 1. Let 1 < i < k. Then, the formula V:ch(—l(i) <2z <10 A -1 < 2y <
10 — —10) < 2(z +y) < 1) holds in SSj.

Proof. Without loss of generality, we may assume that 0 < 2z < 1) and 0 < 2y < 1@ hold.
Suppose for a contradiction that 1) < 2(x+y) holds. Then we have 2{1®) — (z+y)} < 1.
Thus, by Axiom (4), we have 5{1) — (z 4+ y)} < 1), Therefore 4%} < 5z + 5y holds. Now
0 <2< 1® and 0 < 2y < 1@ hold. Thus, by Axiom (4), we have 0 < 5z < 1) and
0 < 5y < 1), Therefore it follows 5z + 5y < 29, a contradiction. O

Lemma 2. Let 1 <i < k—1 andn > 0. Then, the formula Vm( —10 <27 < 1 —

\/qui+1’“.’qun71(n | T+ qz(f:il) + -+ q](ck))) holds in SSk

Proof. Without loss of generality, we may assume ¢ = 1. By Axiom (6), there exist g1, ..., qx
with 0 < ¢q1,...,qx <n—1such that n |z + q%l) 4+ -+ q,(ck) holds. Thus, there exist y, z

such that we have —1%) < 2z < 1) and = + q%l) 4+ -+ q,(ck) = ny + z. Suppose for a
contradiction that g1 # 0.
Let 2y < 1M hold. Then, by 2ny < 1), we have

2z 4 g5 +- +q) — 2) = 2ny — 241"

< 1M — 24 < 1M,

Now 2(z + qéQ) +-F q,(ck) —2) > —1M holds, a contradiction.
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Let 1V < 2y hold. Then, we have 2(1") —y) < 1M, Hence, we have 2n() — 1) < 2ny.
Thus it follows

(2)

2o + g () ()

+-4q —2)=2ny —2¢
> 2nM — 1 _9gM) > 1),

Now 2(x + qéQ) 4+ q,(ck) —z)< 1M holds, a contradiction. Therefore we get ¢, = 0. O

Lemma 3. Let 1 < i < j <k and n > 0. Then, the formula V:c(l(i) < 2z — 10 <«
2(x —n)) holds in SSy,

Proof. Suppose for a contradiction that 2(z — n¥)) < 1() holds. Then we have 2z <
10 4 2n0). Thus, it follows 10z < 6(). Now, by 1) < 2z, we have 2(1() —2) < 1), By
Axiom (4), it follows 10 — 10z < 1(). Therefore 9¢) < 10z holds, a contradiction. O

Using the above lemmas, we show the following.
Proposition 4. Both DC), and SCy admit elimination of quantifiers.

Proof. Let dxp be a formula, where ¢ is a quantifier-free formula. We may assume that ¢
is the form 91 A - - - A 1, where each v; is an atomic formula or the negation of an atomic
formula. In addition, ; is of one of the forms ¢t = s, =(t = 5), 0 < t, =(0 < t), n | t or
—(n | t). Moreover t = s, =(t = s), =(0 < t) and —(n | t) are equivalent to t —s = 0,
0<t—sV0<s—t,t=0vV0< —tandn|t+1DVv...vn|t+n—-1)" 4. .. 4 (n—-1)"),
respectively. Thus, we may assume that each 1; is of one of the forms t =0, 0 < ¢ or n | t.

Now, each term ¢ can be written in the form pz + s with p € Z and s a term which does
not contain z. Therefore Jxp can be written as

Jr(prz <ti A Apx <t Aur <z A---Auy < gz
Az =vi A Arz=uvAny | s12+ w1 A ANy | S;m@ + Wiy ),
where p1,...,Pis @1y, Q5,171 15+« 3 Sm, N1, -, N, € N\ {0} and
t1,o sty Uty e, Uy VL, -, UL, W, - . ., Wy aTe€ terms which do not contain .
Let p be the least common multiple of p1,...,p:,q1,...,¢,71,--.,71,51,...,5m. Then
we may assume that Jzp is equivalent to
z(z <t A Az <tiAu <zA---Ayj <z
A= A ANz=vAny|x+w A Anpy | 2+ wn AJy(z = py)).
Now, by Axiom (7), Jy(x = py) is equivalent to p | .
If I > 1 holds, Jdzy is equivalent to
v <t A Ao <G Aup <o A Auy <o
Ay =v2 A Avp =vAng | vr+wi A Ang, | v1 + W Ap | v1.
Thus, we may assume [ = 0. Moreover we may assume ¢, j < 1. Let n be the least common

multiple of ny,...7nm,,p.
Suppose that i = 0. Let Ag, .. 4, be a formula

1 k
mi g e+ g

1 k
Ao lgt? + g

+u1+w1/\~-~/\nm|q§1)+~~+q,(€k)

+u1 +wm
+’LL1,

where 0 < ¢1,...,qx < n. Then, dzy is equivalent to \/0<q1,~.,qk<n Agi . qn-
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On the other hand, suppose that i = 1. Let By, .. 4, be a formula

O <ny+ gt 4 4¢P

<t1—u1)/\n1|qg)+---+q](€k)

+u1+wm/\p|q§1)+---+q,(€k)

+u1 +wy
+ uq,

where 0 < ¢1,...,qx < n. Then, Iz is equivalent to \/0<q1’.

show that Jy(0 < ny + q§1) + -+ q,gk) < t) is equivalent to some quantifier-free formula.

Claim 1. For each ¥/ with 1 < k' <k—1,let ¢y =+ = qwv—1 = 0 and gqpr # 0. Then,
Fy(0 < ny + qil) +- 4 q,(ck) < t) is equivalent to 2(q,(f/) —t) < 1+,

Without loss of generality, we may assume k' = 1.

Suppose that there exists y such that 0 < ny + q%l) 4+ q,(ck) <t holds. If -1 < 2y
holds, by —1(1) < 2ny, we have —1(1) + 2q§1) 4+ 2q,(€k) < 2ny + 2q§1) + et 2q,(€k) < 2t.
By —1M + 2q§1) < —1M 4 2q§1) + e+ 2q,(ck), we have 2(q§1) —t) < 1M, as desired. If
2y < —1M holds, by Lemma 3, we have 2(y 4+ 1) + ... +10) < —1) " Thus 2(1M +
y+1@ ... 4+ 1®) < 1) holds. Hence, by n(1M) +y +13) ... £ 1)) < 1M we have
(n = 1M 4 ny +n® ... 4 n*) < 0. However it follows 0 < ny + qgl) +--+ q,(ck) <
ny+ (n—1)M +n® 4 ...+ n) <0, a contradiction.

On the other hand, suppose that 2(q§1) —t) < 1M holds. If q§1) —t < 0 holds, we
have 0 < —n(® + qi” + -+ q,(ck) < t, as desired. If 0 < q%l) — t holds, we have 0 <

R By,.....q.- Hence, we may

2(q§1) —t) < 1M, Hence, by Lemma 2, there exist ag, ..., o with 0 < ag,...,ap < n —1
such that n | q§1) —t+ a(22) + -+ afﬁk) holds. Thus, there exists y such that we have

q§1) —t+ aéQ) + -+ afﬁk) = ny. Hence we obtain q§1) —ny=t—a«a

by 1(1)<2t,wehave0<t—a(22)—~~—a§f)—n(2)+q§2)+~~—|—q,(€k):qg)—ny—n@)—f—

(k) (1) (1) (k)

52) — = agf). Now,

q§2)—|—'~+qk < q;’ —ny < t. Hence it follows 0 < n(—y—1(2))+q1 +-oFgq, 7 <t as
desired. Therefore we prove Claim 1.
Claim 2. Let ¢ = -+ = ¢ = 0. Then, in DC}, or SCy, Jy(0 < ny + q?) + -4 q,(ck) <t)

is equivalent to n(*) <t or 0 < ¢, respectively.

It is clear for DCj.

We counsider in the case of SCy. If Jy(0 < ny < t) holds, we obtain 0 < ¢. On the
other hand, let 0 < ¢ hold. In the case of 1%) < ¢t by Axiom (9), there exists y such
that 0 < 2y < 1(® holds. Then we have 0 < ny < 1), Thus, it follows 0 < ny < t, as
desired. In the case of 0 < t < 1®), we have 0 < 1¥) —¢ < 1(®)_ If ¢ < 1)) — ¢ holds, then
0 < 2t < 1) holds. Thus, there exists y > 0 such that ¢ = (n+ 1)y holds. Hence it follows
0<ny=t—y <t,asdesired. If 1(¥) —¢ < ¢ holds, then 0 < 2(1(k) —-t) < 1(®) holds. Thus,
there exists y > 0 such that ny = 1*) — ¢ holds. Hence it follows 0 < ny < t, as desired.
Therefore we prove Claim 2.

Claim 3. Let ¢; = -+ = gy_1 = 0 and g # 0. Then, in DCy or SCy, Jy(0 < ny + ¢\ +
R q,ik) < t) is equivalent to q,gk) <tor 2(q,(€k) —t) < 1) respectively.

First, we consider in the case of DCy. If q,(f) < t holds, clearly Jy(0 < ny + q,ik) < t)
holds. On the other hand, suppose that there exists y such that 0 < ny + q,gk) < t holds. If
y > 0 holds, then q,gk) < ny-+ q,(f) < t holds, as desired. If y < 0 holds, by Axiom (8), we
have y < —1®). Thus, it follows 0 < ny + q,(f) < —nk 4 q,(f) < 0, a contradiction. Hence,
in the case of DCj, Claim 3 holds.

Next, we consider in the case of SCj. (

k

Suppose that there exists y such that 0 < ny + ¢, ) <t holds. If —1(0) < 2y holds, by
—1®) < 2ny, we have —1() 4 2q,(€k) < 2ny + 2q,(€k) < 2t. Thus it follows 2(q,(€k) —t) < 1),
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as desired. If 2y < —1(®) holds, we have 2(y + 1) < 1(%), Hence, by n(y+1%) < 1) we
have ny+ (n—1)*) < 0. However, 0 < ny—i—q,im < ny+(n—1)*) < 0 holds, a contradiction.

On the other hand, suppose that 2(q,(€k) —t) <10,

Let q,gk) < t hold. By Axiom (9), there exists y such that —1() < 2y < 0 holds. Hence,
by —1%) < ny < 0, we have 0 < —1(%) 4 q,gk) <ny+ q,gk) < q,gk) < t, as desired.

Let t < q,ik) hold. By 0 < 2(q,(€k) —t) < 1) there exists y with 0 < y < q,gk) —t< 1%
such that q,gk) —t=(n— 1)y holds. Again, by 2(q,(€k) —t) < 1% we have ny < 1), Thus,
we obtain 0 < 1%) — ny < q,ik) —ny =t —y <t, as desired. Therefore we prove Claim 3.

By Claims 1 through 3, Jy(0 < ny+ q%l) +-- ~—|—q,(€k) < t) is equivalent to some quantifier-
free formula. Therefore, Jz¢ is equivalent to some quantifier-free formula, as desired. [

Proposition 5. Both DC}, and SC} are complete.
Namely, DCy, = Thr(Z*) and SCy = Thr(Z* x Q).

Proof. Let M be a model of DCj. Suppose that f : Z¥ — M by f(ni,...,ng) = n(ll)M +

S+ n,(gk)M. Then f is an embedding. Thus, by Proposition 4, DC}, is complete. Similarly
SC}, is complete. O

Lemma 6. Let ¢(x) be a quantifier-free formula with one free variable x. Suppose that
M = SSk. Then

(i) either M = 1(a) for each a with 0 < 2a < 1) or M = —p(a) for each 0 < 2a < 1(F);
(ii) either M |= 4(a) for each a with —1%) < 2a < 0, or M |= —p(a) for each —1%) <
2a < 0.

Proof. (i) Let ¢(z) be a quantifier-free formula with one free variable . The formula (z)

is equivalent to a boolean combination of formulas which is of the forms px = q§1) +-- -—I—q,(gk),

pr < q§1)+---+q,(§k), q§1)+---+q,(€k) < px orm | px+q§1)+---+q,(€k), where p,m € N\ {0}
and q1,... ,qx € Z.

Let M = pa = q§1) + -4 q,gk) for some 0 < 2a < 1%, Then we have 0 < pa < 1% a
contradiction.

Let M = pa < q§1) + o+ q,ik) for some 0 < 2a < 1), Then, by 0 < pa, we have
1) < q§1) + -+ q,ik). Thus, M £ pa < q§1) + e+ q;ik) for each 0 < 2a < 1(F),

Let M = q§1) + e+ q,ik) < pa for some 0 < 2a < 1®). Then, by pa < 1), we have
q§1) + .- —|—q,(€k) < 0. Thus, M = q§1) + - +q,(€k) < pa for each 0 < 2a < 1(F),

Let M = m | pa+q§1) —|—~~—|—q,(€k) for some 0 < 2a < 1), Then, by 0 < pa < 1},

there exist ny,...,n; € Z such that ¢ = mnq,...,q, = mng. Thus, we have M = m |
pa + q%l) 4+ 4 q,(ck) for each 0 < 2a < 1), This completes the proof of (i). (ii) Similarly,
we can prove this. O

We show the converse of Weispfenning’s results.

Theorem 7. Let M be a model of SSk. Suppose that Th(M) admits elimination of quan-
tifiers. Then M is a model of either DC) or SCy. Namely, we have either M = ZF or
M=7FxQ.

Proof. First, suppose that Axiom (8) holds in M. Then Axiom (7) holds in M. Thus, M
is a model of DCy}.
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Secondly, suppose that Axiom (9) holds in M. Let n € N\ {0}. Because Th(M) admits
elimination of quantifiers, there exists a quantifier-free formula 1, (z) such that

Th(M) = Vz[(—1® < 22 < 10 = Jy(z = ny)) < ¥, (z)].

Now M | ¢n(a) if 2a < =10 1) < 2¢ or a = 0. Let 0 < 2a < 1% hold. Then
M = n(na). Let —1%) < 24 < 0 hold. Then M = t,(na). Hence, by Lemma 6,
M = (a) if —1%) < 2a <0 or 0 < 2a < 1%, Tt follows from this that M = v(a) for each
a € M. Thus Axiom (7) holds in M. Therefore, M is a model of SCj. O

4. EXCHANGE PRINCIPLE

In this section, we show that for each model M of either DC}, or SC}, algebraic closure
over M satisfies the Exchange Principle.

Let £ be a language and M an L-structure. Finite tuples of variables are denoted
by Z,7,.... Finite tuples of elements from M are denoted by @,b,.... For a tuple @ =
(a1, ... ,a,) from M, we simply write @ € M instead of @ € M™.

Let A C M. We say that a € M is algebraic over A if there exists an L-formula ¢(z,7)
and b € A such that M = ¢(a,b) and {c € M | M = ¢(c,b)} is finite. For A C M, the
algebraic closure of A in M, denoted acl(A), is given by {a € M | a is algebraic over A}.

Definition 8 (Exchange Principle). Let £ be a language and M an L-structure. We say
that the algebraic closure over M satisfies the FExchange Principle if A C M, a,b € M and
a € acl(AU{b}) \ acl(A), then b € acl(AU {a}).

Let M be a model of either DCy or SCy. Let A C M. Suppose that (4) := {a € M |
there exists @ € A, a term ¢(Z) and m € N such that ma = ¢(a)}.
We first prove the following lemma.

Lemma 9. Let M be a model of either DCy, or SCy, and let A C M. Then (A) = acl(A).

Proof. We have (A) C acl(A4). We show that acl(A) C (A). As both DCj and SCj
admit elimination of quantifiers, an L(A)-formula with one free variable x is equivalent to
a boolean combination of the forms mz = t(a), t1(a) < m'z < tz2(a@) or n | lx + s(@), where
I,m,m’,n € N\ {0}, @ € A and t,t1,ta, s are terms which do not contain z.

First, let M be a model of DC} and A a subset of M.

Claim 1. Let D := {z € M | t;1(a) < m'z < t2(@)} be finite and « an element of D. Then
a is an element of (A).

Since D is finite, there exists p € N such that we have m’a = t5(@) — p*). Hence it
follows a € (A).

Claim 2. Let D be infinite. Then E := {x € M | t;(a) < m'z < tz(a@) An|lz+s(@)} is
empty or infinite.

Let E be non-empty. Let o be an element of E. Suppose that p is a multiple of n. Then
we have o + p(*) € E. Thus, F is infinite.

By Claims 1 and 2, if a € acl(A), then o € (A).

Secondly, let M be a model of SCy and A a subset of M.

Claim 3. F is empty or infinite.

Let E be non-empty. Let o be an element of E. Without loss of generality, we may
assume m’ = n. Now, there exists 3 € M with 0 < 28 < 1) such that we have na <
na +n?B < ta(@). Then, we obtain n | I[(a + nB) + s(@). Thus, a + nf is an element of E.
Iterating this process, it follows that E' is infinite.

By Claim 3, if o € acl(A), then a € (A). O
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Theorem 10. Let M be a model of either DCy, or SCy, Then the algebraic closure over M
satisfies the FExchange Principle.

Proof. Let M be a model of either DCy or SCy. Let A C M, a,b € M and a € acl(A U
{b}) \ acl(4). By Lemma 9, there exists @ € A, a term t(Z) and m,n € Z \ {0} such that
ma = t(@) + nb holds. Thus nb = ma — t(@) holds. It follows b € acl(A U {a}). O
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