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NOTES ON COMMUTATORS OF FRACTIONAL INTEGRAL
OPERATROS ON GENERALIZED MORREY SPACES
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ABSTRACT. We show that b € BMO(R™) if and only if the commutator [b,I,] of the
multiplication operator by b and the fractional integral operator I, is bounded from

generalized Morrey spaces LP'¥(R"™) to La#?? (R™), where ¢ is non-decreasing, and
l1<p<oo,0<a<nandl/g=1/p—a/n.

1. INTRODUCTION
The author [7] proved that b € BMO if and only if the commutator [b, I,] defined by
[ba Ia]f(w) = b(x)-[af(x) - Ia(bf)(l')v

is bounded from the classical Morrey spaces LP*(R™) to L%#(R™) with appropriate indices
p,q, A and p, where I, is the fractional integral operator of order «, that is,

Iozf('r) = /]R" f(y)

x—y|" "

Y. Komori and T. Mizuhara [2], E. Nakai [4], C. Zorko [8] and many authors considered
various generalized Morrey spaces. In particular, Y. Komori and T. Mizuhara [2] proved
by using a factorization theorem for Hardy space H'(R™) that if the commutator [b,T]
is bounded on generalized Morrey spaces, then b is in BMO(R"™), where T is a Caldedn-
Zygmund operator.

The purpose of this paper is to show that b € BMO if and only if the commutator [b, I,]

dy, 0<a<n.

is bounded from generalized Morrey spaces LP¥(R"™) to La#"” (R™). Our proof is direct,
but Y. Komori and T. Mizuhara have used a factorization theorem. Also we can apply our
method to obtain the boundedness of the higher order commutator on generalized Morrey
spaces.

2. DEFINITIONS AND NOTATION

Throughout this paper all notation is standard or will be defined as needed. All cubes
are assumed to have their sides parallel to the coordinate axes. @ = Q(zo,r) denotes the
cube centered at o with side length r. Given a Lebesgue measurable set E, x  will denote
the characteristic function of FE and |E| is the Lebesgue measure of E. The letter C' will be
used for various constants, and may change from one occurrence to another.

Definition 1 (generalized Morrey space). Let 1 < p < oo and let ¢: (0,00) — (0, 00) such
that ¢ be non-decreasing and satisfy the following condition:

(2.1) /‘”@ﬁSCM,

S S r
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We define a generalized Morrey space by
LPP(RY) :=A{f € L, (R™): || fll o < 00},

where

1 l/p
= _— Pd .
£l xsuﬂg( GG Lo ) /)

Note that if o(t) = t*™, 0 < X\ < n, then LP*¥(R") = LP*(R™). Another typical example
of ¢ satisfying (2.1) is p(t) = t*(log(1 +1))” with 0 < a <1 and a + 3 > 0.

Remark 1. Y. Komori and T. Mizuhara [2] defined a generalized Morrey space LP-¥(R™)
by

LPY(R") = { ferLl (R"):

1/p
— )P d
Wl = s O <|QM/M ) y> <o},

where ¢: (0,00) — (0,00) such that 1(t) is non-increasing and t'/P¢)(t) is non-decreasing.
Our definition of a generalized Morrey space is identified with their definition by ¢!/? ~
v-lQ”.

Definition 2 (John-Nirenberg space). BMO(R") is the John-Nirenberg space. That is,
BMO(R") is a Banach space, modulo constants, with the norm ||-||, defined by

) = bl dy,
xr|/(xr) @

where

bo : 1
TR, )] S

Definition 3 (Lipschitz space). We define the Lipschitz space of order 3, 0 < 5 < 1, by
Ap(R") = {f: |f(2) = f(y)l < Cla =y}

and the smallest constant C' > 0 is the Lipschitz norm |[|-[[; . Then Ag(R") is a Banach
space, modulo constants, with the norm H'”Aﬁ'

b(y) dy.

Generalized blocks and the spaces generated by generalized blocks were introduced by
Y. Komori and T. Mizuhara [2].

Definition 4. Let 1 < ¢ < oo and 1/g + 1/¢ = 1. A function g(z) on R™ is called a
(¢, q)-block, if there exists a cube Q(xg, ) such that

supp(g) C Q(z0,7) and |lg]l s < @(|Q (w0, r)]) /7"
Remark 2. Let ¢ be non-decreasing. If ¢ is a (¢, ¢)-block and supp(g) C Q(xo, ), then

lglle < o)™ ifr>1 and |jgll, < 1)V ifr <1,
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Definition 5. Let 1 < ¢ < oo and ¢ be non-decreasing. We define the space generated by
generalized blocks by

PR = { Zm]gj —|—Zm]gj 1711, = inf 3" (Imy| + big]) < oo,
j=1
g; are ( . q)- blocks and supp (g;) C Q(x;,7;) where r; > 1,

g; are (¢, q)-blocks and supp (§;) C Q(x;,r;) where r; <1 },
where the infimum is taken over all possible representations f.

3. THEOREMS

Theorem 1. Let 0 < o <n, 1 <p <n/a and 1/qg =1/p — a/n. Suppose that ¢ is non-
decreasing and satisfy the condition (2.1). Then the following two conditions are equivalent:
(a) b e BMO(R™).

(b) [b, 1] is bounded from LP#(R™) to La¥"" (R™).

Furthermore we get the following results when oo < n(1/p — 1/q).

Theorem 2. Letl <p<g<oo,0<a<n, 0<f<landd<a+pB=n(l/p—1/q) <n.
Suppose that ¢ is non-decreasing satisfy the condition (2.1). Then the following conditions
are equivalent:

(a) be Ag(Rn)

(b) [b, 1] is bounded from LP¥(R™) to Lae"” (R™).

Remark 3. In that definition of Y. Komori and T. Mizuhara [2], both of (b) in our theorems
can be rewrited as follows:
(b)’ [b, I,] is bounded from LP'¥(R™) to L%¥%=(R™), whose norm is defined by

1/q
e = 80 e <|QM/M dy> ,
where ¥ (1)) = ¥(QUe. 1)) - r°

4. TECHNICAL LEMMAS

We need some lemmas to prove our theorems. Lemmas 1 and 2 are similar to the result
due to Y. Komiri and T. Mizuhara [2]. Since the definition of generalized Morrey spaces
differ from their definition, we give a proof for completeness.

Lemma 1. Let 1 <p<qg<oo and 1/q+1/¢" = 1. Then we have
X0 (0l 1y < P(1Q@0,m))HP1Q(0, 7)| M7,
|‘XQ($0,T)Hh¢1/p,q/ < (p(|Q($Q,T)|)1/p|Q(J,‘Q,’I“)|1/q :

Proof. Fix Q(zo,r) = Q. For any cube Q', we get

(séﬁ(;Q’l) /Q/ Xo(¥)* dy>1/p <|§(’|%C|Q))1/p

<so<||ch|'|>>1/p : @%))w'

IA
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Next we estimate the norm of X on h¢""4 . Tt follows immediately that

z0,T)

/ _i.a 1.9
=1QI"" = QI #(1Q)) " F(IQ)7 .
Therefore |Q|71/q e(|Q)~ “ 5y ol(z) is (9P, ¢')-blocks. Hence we have

, < @(1Q(o, )P 1Q (o, ) VY .

HXQ(JCO,T)

HXQ(woJ’)

hwq“’&
O
Lemma 2. Ifg € La#"” (R™) and b is a (0¥, q')-blocks, then
[ staipia)de| < gl
Proof. Suppose that supp (b) C Q. Then we have
1/q 1/q
st =)
1/q 1.9
= ——— q 9P ’
- (g L ot ) 010D bl < ol
O

Lemma 3 (cf. Paluszynski [5]). For 0 < <1 and 1 < q < oo, we have

1/q
15, ~swp e [ 17 = fal ~ (g Lur=serr)
’ |Q|”ﬁ/ IQIW |
for g = oo the formula should be interpreted appmpmately.

5. PROOF OF THEOREMS

Proof of Theorem 1. (a) = (b): T. Mizuhara have proved in [3].

(b) = (a): We use the same argument as Janson [1]. Choose 0 # zy € R™ such that
0 ¢ Q(%0,2). Then for z € Q(20,2), |z|"~* € C>*(Q(%0,2)). Hence, considering a cut
function on the cube Q(zo,2 + §) for sufficiently small § > 0, |x|"~“ can be written as the
absolutely convergent Fourier series;

|x|n7a: Z amei(vm,m>

meZﬂ

with > |am| < 0o, where the exact form of the vectors vy, is unrelated.
For any zop € R™ and r > 0, let Q = Q(zo,7) and Q* = Q(zo + zor,7). Let s(x) =
sgn(szO (b(x) —b(y)) dy). If v € Q and y € Q*, then (y — x)/r € Q(20,2). Hence we get

1
— b — bo=o| d
|Q|/|<sc> ool de

IQI o, }/Q o) o] e

- @ ( [0t = b e =i i) ds

=T ([ v v 22 ) o
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=r "¢ Z am/Qs(:c)

mezm™

: (/Q (b(x) = b(y)) |z — y|* " e emv/) dy> o it/ gy
Z0

<p e Z am/ 3(1‘)[177 Ia](Xon ei(wm'/ﬂ)(x)XQ (m)e—i@m’x/r) dz
mEZ?L "
< ponma Z |am| H[b7 Ia](Xonei<v7”"/r>)‘ Lol . ||XQ||h<Pq/;D,q/
meZ7l ’
<rne Z |am| |Hb> IO{]HLP&—»LLIW‘I/P ) ||XQZO ’Lp,w ’ HXQHh‘F’Q/p"/
mEZ?L
S T—TL_O‘ Z |a’m| |Hb7 IQ]HLP#)A»LQ*V’Q/I)
mEZ7l
x o(|Q(xo + 2o, T)‘)_l/p|Q($o + zor, T)‘l/psﬁ(‘Q(xov T)‘)l/p|Q(x07 T)‘l/(f
= CH [b7 IOt] HLp,w—>L‘1WQ/p .

The second inequality follows from Lemma 2, the fourth inequality follows from Lemma 1.
Therefore we get

1 2

— b —bol d — b — bo=o| d

|Q|/Q|<sc> Q|x<|Q|/Q|<x> ool de
< 20| (b, L]

This implies that b € BMO(R") and [|b][, < C||[b,1a]ll;,., ., 4.pe», and the proof of the
theorem is completed. O

||Lp,¢*>Lq=wQ/p .

The part of (a) = (b) in Theorem 2 was proved by T. Mizuhara [3]. By using Lemma 3,
the proof of (b) = (a) in Theorem 2 is the same argument as the proof of Theorem 1.

6. GENERALIZATION TO HIGHER ORDER COMMUTATOR
In this section we will consider a higher order commutator operator defined by
k
1ol f (o) = [ S an,
where
Apb(z) = Apb(z) = b(z + h) — b(w),
AFTIp(x) = Afb(z + h) — Afb(z), k> 1.

Let 0 < 8 <k <mn, k an integer and n be the dimension of the whole space. We now try
to define the Lipschitz space Ag(R™) again. For § > 0, we say b € Ag(R"™) if

_ [ARb()]
L S
'h£0

<oo, k>1.

Theorem 3. Suppose the same condition as Theorem 2. The following conditions are
equivalent: .
(a) b="01 + P, where by € Ag(R™) and P is a polynomial of degree less than k.

(b) [b, I.]* is bounded from LP#(R") to L#"'" (RM).
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If k = [§] + 1, then (a) of theorem says that b € Ag(R™).
The proof of (a) = (b) will be omitted since we can prove the same argument as Theo-
rem 2. The part of (b) = (a) is based on the following results for the Besov spaces.

Remark 4. Tt is difficult to prove the part of (b) = (a) by a factorization theorem due to
Y. Komori and T. Mizuhara [2].

Lemma 4 (Paluszynski and Taibleson [6]). Let 0 < 8 < k, with k an integer. Suppose
f eS8 NLL.(R"). The following conditions are equivalent:

(a) f = f1+ P, where fi € BE>®(R")(= Ag(R™)) and P is a polynomial of degree less than
k.

(b) There exists zo € R™ such that

_ 1 1 / /

i 1 Ak
supr—? sup oyt (T dy’ dm) <0 < o,
>0 aperr |Q1Q] ( o | om Bl=oif (@)

where Q = Q(xo, 1), and Q% = Q(xo + 2zo7, 7).
If these conditions hold then | f|| g0, is comparable with the best possible C' in (b).
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