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ABSTRACT. We show the relation between the (E.R.T)-integral and the improper
Riemann integral, and define a restricted Fourier’s integral formula.

1 Introduction In our previous paper [11], we described the (E.R.T)-integral defined
independently of points where the integrand have the infinity. It is defined on the space
To(I) @ Mo(I) of generalized functions over an interval I of R. The set I'g(I) is the sin-
gular part of T'o(I) @ Moy(I) in the sense that it contains the d-function and it’s heigher
derivatives, and the set My(I) consists of all Lebesgue measurable functions on I, which is
the regular part of T'o(I) @ My(I).

In this paper, we do not consider I'g(I) . That is, we consider only the (E.R.T')-integral
for generalized function in 0 My(I) (namely, Mo (I)).

In Section 2, we recall some terminologies and notations containing the definition of the
(E.R.T)-integral in My(I) .

In Section 3, we will show the relations between the (E.R.T')-integral and the improper
Riemann integral as well as the Lebesgue integral.

From these relations, it is easy to see that the main fundamental theorems for Fourier
integrals hold also for the (E.R.T)-integrals. In Section 4, we see that the theorem of
Riemann-Lebesgue, Fourier’s integral formula, and Fourier’s single-integral formula hold
also for the (E.R.T')-integrals.

In Section 5, we define a restricted Fourier’s integral formula for some functions which
are neither Lebesgue integrable nor of bounded variation on R.

2 Terminologies and notations Let I be a finite or infinite open interval in R, and
My (I) the set of all real valued Lebesgue measurable functions defined on I.

We recall some terminologies and notations used in the definition of the (E.R.T')-integral
in Mo (I) ([11]).

In what follows, we suppose that the set My([) is classified by the usual equivalence
relation f(x) = g(z) a.e. We denote a class in My(I) and it’s representative by the same
symbol f(x) or f, and call also the class a function. For each Lebesgue measurable subset
A of I and € > 0, we difine a pre-neighbourhood V'(f, ¢, A) as

V(f.e, A) = {g € Mo(I); /A 1F(x) - g()|dz < €}

We denote V(f, e, A) or V(f) for short.

A sequence (V(fp)) = (V(fn, €n, Apn)) is called a Cauchy sequence if (i) V(f1) 2 V(f2) 2
-+, and (i) €, — 0.

Let A = (\,) be a sequence of finite measures on R such that (1) any Lebesgue mea-
surable set is A,-measurable and (2) m(A) = 0 if and only if A, (A) = 0.
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A Cauchy sequence (V(gn, €n, Ay)) is called an Lo-Cauchy sequence for A if it satisfies
the following three conditions on I:
(K1) if B is a Lebesgue measurable subset of I with A\, (I \ A,) > A\, (B), then

m(BN[—1/en, 1/€]) < €.
(K3) if m(I'\ A,) > 0 for all n, there exist k, k" > 0 such that
k< AT\ An) <K

for all n.
(K3) if B is a Lebesgue measurable subset of I with A\, (I\ 4,,) > A\,(B), then

/ |gn(2)|dz < €,.
B

Let Fo(A) be the set of Lo-Cauchy sequences for A, and Lg(A) the set of sequences
(gn) in Lq(I) such that there exists an Lo-Cauchy sequence (V(g,)) € Fo(A).! A sequence
(V(gn)) € Fo(A) is called an Ly-Cauchy sequence for A and g, or for g, if (72, V(g,) = {g}-

We fix two increasing sequences (o) and (5,,) of real numbers with lim «, = oo and

n—oo

lim 3, = oo, and a decreasing sequence (.J,,) of measurable subsets with J,, C [—f,, 8]
n—oo
and lim m(J,) = 0.

n—oo

Let v,, be an absolutely continuous measure on R such that
Vn(En) = exp(_an) = Vn(Jn)

for E,, = R\ [-0n, Bx] and non empty J,.
Denote J,, + a = {z + a;x € J,} by J?. For any measurable subset F of R and for any
different points a1, as, ...,a; € I, we set

1
(2.1) HR(E) =Y va((ENJ3) = a5) + va(E N Ey)
i=1
!
+m(E N (CE, \ | J5)).2
i=1
Let
(2.2) pin = 12 Jexp(—ay) (n=1,2,..).
Then () is called a sequence of measures defined for ay,aq,...,a;. We denote (u,) by
T((a;)t) or T(a1,az,...,a;). If J,, = ¢ for some ng € N, the measure j,, for each n > ng is
independent of the choice of points a, as, ..., a;.
We fix the sequence (v,) in the following.
If (gn) and (f,) are sequence in Lo(T((a;)})) with Lo-Cauchy sequences for g, then

timsup, o [ fua)de = timsup, s [ gu(0)d.
I I

and

hminfn_,oo/fn(x)dx:liminfnﬁoo/gn(x)dx.
I I

Hence we can define an integral as follows.

IThe set L1(I) is the set of Lebesgue integrable functuions on I.
2CEn =R\ En
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Definition 1 Let (g,,) be a sequence in Lo(T((a;)})) with an Lo-Cauchy sequence for g. If

limsupnﬂoo/gn(x)dm = liminfnﬂoo/gn(w)d:c,
1 1

this common value is denoted by

(g, T((a:)})) = (E-R-T((ai)ll))/lg(m)dﬂc
and I(g,T((a;)})) is called the (E.R.T((a;)}))-integral of g on I. If —co < I(g,T((a;)})) <
o0, g is called to be (E.R.T((a;)}))-integrable on I.

Definition 2 A sequence (gn) of functions in My(I) is said to satisfy (x)-condition for
a1, az,...,a; Zf
lim |gn(x)|dx =0

for any a € I with a # a;(i =1,2,...,1).

Let Li(T((a:)})) be the set of all sequences (gn) in Lo(T((a;)})) with (*)-condition for
ai,az,...,a.
We define a translation invariant integral in Mo([]).

Definition 3 Let g € My(I) be a function such that ,for some sequence T((a;)}) of mea-
sures, there exists a sequence (g,) € L(T((a;)})) with an Lo-Cauchy sequence (V(gy)) for

g. If the (E.R.T((a;)}))-integral of g exists, the (E.R.T)-integral
(E.R.T)/g(x)dm
I

of g is defined to be the (E.R.T((a;)}))-integral of g, where the (E.R.T)-integral of g may
be finite or infinite. If the (E.R.T)-integral of g is finite, g is said to be (E.R.T')-integrable.

Remark 1 We take sequences (aw,), (Bn), (Th), and (v,) with the above conditions arbitrar-
ily and fix there. We make some particular choices for the situations there.

Remark 2 In the above assertions, an open interval I can be replaced by a semiclosed or
closed interval. That is, the (E.R.T((a;)}))-integral and (E.R.T)-integral can be defined on
a semiclosed or closed interval.

3 Relations to improper Riemann integral and Lebesgue integral First, we con-
sider the relation between the (E.R.T')-integral and the improper Riemann integral. In this
Section, let £, = R\ [-n,n], B, = n, and J, = [-1/(2n),1/(2n)] for n = 1,2,--- . In the
following, a function f is assumed to be measurable on an interval I.

Theorem 1 Let I = (a,b] be a finite interval. If f is a bounded Riemann integrable function
on [c,b] for every c € (a,b) and

c—a+0

b
(3.1) lim / f(zx)dzx

is finite, then f is (E.R.T)-integrable on I, and the value of the integral is given by the
same value as (3.1).
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Proof. Let ng be an integer with ng > (2(b — a))~t. Put A, = [a + 1/(2n),b] for
n=mng,no+ 1, --. Let (ay) be an increasing sequence with

oy, > max(sup [f(x)[,n),
A

n

and (v,,) a sequence of measures on R defined by

vn(E) = [E o (2)de,

where

(o /(4na?)) exp(—an/(2nlz])), on Jn
(32)  kn(z) =

(an/(2n)) exp(—anlz|/n), on E,
1 on R\ (JnUE).

)

Put a1 = a, and (u,) = T(a1). Let f,(z) (n > ng) be a function defined by f,(z) = f(z)
on A, and 0 elsewhere.

We will show that (V(fu))¥ = (V(fn,€n, An))F is an Lo-Cauchy sequence for T'(aq)
for sufficiently large N (> ng), where €, = 1/n.

First, Since

/ Fu@) = fusa (@) = 0,
Anp

(V(fn))% is a Cauchy sequence.
Next, we show that (V(f,))% satisfies (K1),(K2), and (K3).
Let B be any Lebesgue measurable subset of I with ul(I'\ A,,) > u2(B). It follows that

(33)  ma’(I\ Ap) = exp(~an)/2

and
(3.4) unO(B NA,) =m(BNA,).

From (3.3) and(3.4), we have

/ ) = / F(@)|d < an exp(—an)/2 < €
B BNA,

for sufficiently large n. Thus (K3) is satisfied.
Moreover, we have

m(B N [~1/en, 1/en]) < m((I\ A) N B) + m(A, N B)

<1/(2n) +exp(—an)/2 < e,

for sufficiently large n. Thus (K1) is satisfied.
Since pn(I\ An) = pl(I'\ A,)/exp(—ay) = 1/2, (Ka) is satisfied.
Threrefore (V(f,))% € Fo(T'(a1)).
We see easily that (f,,) satisfies (x)-condition. Hence we have (f,,) € L§(T(a1)) and

b

b
(E.R.T) / f(x)de = lim [ f.(z)dz

n—oo

c—a+0

= lim /bf(x)dx..



THE (E.R.T.)-INTEGRAL AND FOURIER TRANSFORM 1325

The approximation of the integral from the right to the left extremity a can be replaced
by that from the left to the right extremity b by the same argument as Theorem 1.
Next, we consider an improper Riemann integrable function on an infinite interval [a, c0).

Theorem 2 Suppose that f is a bounded Riemann integrable function on [a,b) for every b

with a < b and ,

(3.5) lim f(z)dz
b—oo a
is finite. Then f is (E.R.T)-integrable on the interval I = [a,00) and the integral value
coinsides with the limit (3.5).

Proof. Let () and (v,,) be sequences in Theorem 1 defined by A, = [a,n] in place of
Ap, =[a+1/(2n),n]. A function f,(z) on I = [a,00) is defined to be f(x) on A, and 0
elsewhere. We will show that

V()X = (V(fn, €n, An))F € Fo(T'(a1))

for sufficiently large N, where a; = a and €, = 1//n.

We see easily that (V(f,,))3® is a Cauchy sequence. Since pl(I'\ A,) = exp(—an,), (K2)
is satisfied.

Let B be any subset of I satisfying p2(I'\ A,) > u(B).

Since exp(—ay,) = pd(I'\ A,) > p¥(B) and p (BN A,) = m(BN A,), we have

36 [ inwirs [ s [ e

BNA,

< M/(2n) + anexp(—ay,) < €n
for sufficiently large n, where M = [maxl]|f(a:)| . Thus (K3) is satisfied.
+

s

Moreover, we obtain
m(BN[—1/en, 1/e,]) <m(BN(I\A))

+m(BNA,) <1/(2n) +exp(—ay) < €,

which means that (K4) is satisfied. Thus (V(f,))% € Fo(T'(a1)).
Since (f,,) satisfies (x)-condition, f is (E.R.T)-integrable and

e}

(E.R.T) /Oo f(z)dz = nlLH;O fn(x)dx

b
= blim f(x)dz.M

By the similar verification as Theorem 2, we can find that the assertion in Theorem 2
holds also for an interval (—oo,a] or (—o0, 00) in place of [a, 00).

Example 1 Since f(x) = sinz/z is improper Riemann integrable on [0,00), f is (E.R.T)-
integrable, and we have

(E.R.T) /000 sinx/x de = m/2.
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Next we discuss with the relation of the Lebesgue integral and the (E.R.T')-integral.

Theorem 3 If f is Lebesgue integrable on a finite or an infinite interval I, f is (E.R.T)-
integrable on I and both integral values coincide.

Proof. Let (v,) be a sequence of measures in Theorem 1 defined by (o) = (n). We
set (un,) = T'(a1), where a7 is any number in I. Put 4,, = I, f, = f, and €, = 1/n for
n =1,2,---. Since I \ A, = ¢, it is clear that (V(fn,€en, 4n)) € Fo(T(a1)). Since (fn)
satisfies (*)-condition, f is (E.R.T)-integrable and

(E.R.T)/If(x)dm:/lf(m)dx.l

Definition 4 If|f]| is (E.R.T)-integrable on I, f is called to be absolutely (E.R.T')-integrable
on I.

Theorem 4 If f is absolutely (E.R.T)-integrable on a finite or an infinite interval I, f is

Lebesgue integrable and
(E.R.T)/f(m)dx:/f(x)dm
T I

Proof. 1f |f| is (E.R.T)-intagrable on I, there exists a Cauchy sequence (V(g,)) =

(V(gn, €n, Brn)) and a finite number of points a1, az, - - - , a; such that ﬂ V(gn, €n, Bn) 2 | f|
n=1

and (V(gn, €n, Bn)) € Fo(T((a;)})). Hence we have

/ gn(@) — 1£(@)]|d2 < en.

n

so that

(3.7) (E.RT) /|f )|dx = hm/ gn(x)dr = lim |f(z)|dz.

n—00 B
n

Putting, B,™ = U B;, we have m(B," \ B;,,) = 0. Hence it follows that

68 [ @lde= [ i@l

n

Let h,(x) be a function defined by

_ [ If(z)|, on By
h”(”“")_{ 0, on I\BI,

Since m(7 \ U;’il Bj) =0, we obtain h,, T |f| a.e. From the monotone convergence theorem,
it follows that

/|f(w)|dx=nlln;o/hn(x)dx= im [ [f()|de.
I I

n—00 B*
n

/|f |dm—hm/ x)|de = ERT/|f )|dz

from (3.7) and (3.8). Thus |f| is Lebesgue integrable on 7. B

Hence we have
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4 Fourier transform By virtue of Theorems 2, 3, and 4, it will be shown that the main
fundamental theorems on Fourier integrals hold also for (E.R.T')-integral.

In this chapter, we will state three statements without proof which are the theorem of
Riemann-Lebesgue, Fourier’s integral formula, and Fourier’s single-integral formula.

Theorem 5 Let f be absolutely (E.R.T)-integrable on R. Then it holds that
)\hm (E.R.T)/ f(x)cosAxdx =0,

and -
/\lim (E.R.T)/ f(z)sin\xdx = 0.

Theorem 6 Let f be absolutly (E.R.T)-integrable on R. If f is of bounded variation in an
interval including the point x, then

%(E.R.T) /OOO(E.R.T) /700 f(t)cosu(z — t)dtdu

= S+ 0)+ [~ 0))

Theorem 7 If f(t)/(1 + [t|) is absolutely (E.R.T)-integrable on (—oco,00) and f is of
bounded variation in an interval including the point x, then

sm/\ (x—1t)

hm—ERT/ fit)————=dt

r—t

= S+ 0)+ fa—0)).

Remark 3 It is known that the Fourier’s integral and Fourier’s single-integral formulas
mentioned in theorems 6 and 7 are described by using not only the Lebesgue integral but the
improper Riemann integral. However, the (E.R.T)-integral is an extention of their integral
as mentioned in Section 3, and their formulas are described by using only the (E.R.T)-
integral.

5 A restricted Fourier’s integral formula. In this section, for some functions which
are neither Lebesgue integrable nor of bounded variation on R, we introduce a restricted

Fourier transform.
l

1
For different points cq1,co,---,¢;, we denote H, = U(Ci -,
et 2n

[-n,n] \ H,. Let (a,) be an increasing sequence with a,, > n forn=1,2,---.

In what follows, we suppose that f is a measurable function on R which satiisfies the
following conditions:

(i) ess.supy [f(2)] < .

(ii) For each ¢; (i =1,2,---,1), there exists a positive number w; such that

flei+t)=—f(ci—1)

1
ci—l—%) and A4, =

for 0 <t < w;.
We choose any numbers & and & (§1 < &2) satisfying the following two conditions:
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(1) if ¢ {c1,ca,--- , ¢}, the open interval (£1,&2) includes = and the closed interval
[£1,&2] excludes ¢, ca,- -+, and ¢.
(2) if = ¢; for some i, the open interval (£1,&2) includes 2 and the closed interval

(€1, &2] excludes any ¢;(j # 7).
Let x.(t,&1,&2) be a function with

] 1, on & <t<é
Xa(t,61,82) _{ 0, on elsewhere.

We define a restricted Fourier transform

Flua) ~ (BRT) [ xalt0,&7 (exp(—iut)dr
and define the inverse transform by
f(z) ~ %(E.R.T) /_Z F(u, z)exp(iuz)du.
Let J, = [-1/(2n),1/(2n)] and E, = R\ [-n,n]. Moreover, let (v,) be a sequence of

measures on R defined by
vn(E) = / kp(x)dx,
E

where k,, () is a function defined by (3.2) in Theorem 1, where (ay,) is the sequence defined

at the biginning of this section. We put (u,) = T((¢;)}).

Lemma 1 If x = ¢; for some i, then, for any positive number u,
9(t) = f(O)xa(t, &, &) cosu(z — 1)
is (E.R.T')-integrable on R.

Proof. Let gy (t) be a function defined by ¢(t) on A, and 0 elsewhere.
We will show that

(V(gn))N = (V(gn, €n, An))V € FO(T((Ci)ll)

for sufficiently large N, where €, = 2l/n. Let B be any Lebesgue measurable subset of R
with uQ(CA,) > ul(B). It follows that

N?L(CAVL) =(+ 1)eXp(—an)

and
p(BNA,) =m(BNA,).

Hence, by the similar argument as the proof of Theorem 2, we can see that

/B g (1)t = /B g0l < am(B0A,)

< apn(l+ Dexp(—ay) < e,

for sufficiently large n. Thus (K3) is satisfied. Moreover, we have

l
m(BN[—1/en,1/e,]) < Zm(B N —1/(2n),¢; +1/(2n)] + m(BN A4,)
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< —+ (I + Dexp(—an) < €,

S|~

Thus (K )is satisfied. We can easily see that (V(gy,)) is a Cauchy sequence with (K2) and
(gn) satisfies (x)-condition.

By virtue of condition (ii) for f, these exists a number w; such that f(z+1t) = —f(z—t)
for 0 < |t| < w;.

First, let (z — w;,» + w;i) C (§1,82). Putting W = (§1,7 — wi) U (7 + wi, &2), g(t) is
essentially bounded on W. Hence g is Lebesgue integrable on W. Moreover, there exists a
number ng such that 1/ny < w;. Therefore we have, for every n > ny,

(5.1) L< e g(t)dt—/1Wi(f(m—t)+f(x+t))cosutdt—O

From (5.1) it follows that

—
oo n—oo f4

(5.2) (E.R.T) /OO g(t)dt = lim g(t)dt = /Wg(t)dt.

Thus g is (E.R.T')-integrable on R.
Next, let (2 —wj, z +w;) € (&1,&2). If o — & < & — z, then

2z—&1
| awai=o,
1

so that

oo &2
(5.3) (E.RT) / o(t)dt = /2 g(t)dt.

—o0 z—=&1

Since g(t) is essentially bounded on (2z — &1,&2), g is (E.R.T)-integrable on R.
In the same way, if z — & > & — z, then

00 2zx—E&2
(5.4) (E.RT) / g(t)dt = / g(t)dt.

— 00

Thus g is (E.R.T)-integrable on R. W

Lemma 2 If x = ¢;, there is a Cauchy sequence (V(py)) for
p(u) = (E.R.T)/ F@t) xz(t, &1, &) cosu(x — t)dt

on I =[0,00).

Proof. By the right hand side of (5.

For a function p,, defined by p,, (u)
it is easily seen that (V(pn, €n, Gpn))J
en=1/n. A

2), (5.3),and (5.4), we find that p(u) is bounded.
= p(u) on (1/(2n),n) and p,(u) = 0 on elsewhere,
€ Fo(T(a1)), where a; = 0, G, = (1/(2n),n) and

Now we prove the following integral formula for the restricted Fourier transform.
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Theorem 8 (1) Suppose that x ¢ {c1,c2,--- ,c1} and f is of bounded variation in an open
interval including x. Then

(5.5) ! (E.R.T) /OOO(E.R.T) /:)O F@®)xa(t, &1, E2)cosu(x — t)dtdu

™
1
= LU+ 0)+ [z —0))
(2) Suppose that x = ¢; for some i (1 <i <I). Then

(5.6) (E.R.T) /OOO(E.R.T) /jo ft) xz(t,€1,&) cosu(x — t)dtdu = 0.

1
T
Proof. First,we prove (1). For any x ¢ {c1,ca, -+ ,c1}, f(t) is essentially bounded on
(&1,&2) by the condition (i) for f. Hence, from Theorem 6, the formula (5.5) holds.
Next,we prove (2). We use the notations used in Lemmas 1 and 2.
Let (z — w;, z + w;) be a subinterval of (&1, &2). Then the formula (5.2) implies that

oo

p(u) = (E.R.T)/ g(t)dt = /Wg(t)dt

T—w;i &2
= / f(t)cosu(x — t)dt + / f(t)cosu(x —t)dt
&1 ztw;
z—&1 —Wwi
= / f(xz —1t) cosutdt + / flx —t)cosutdt
wi z—&2

It follows that

mores z—&1 . _sin
/1 / f(z —t) cosutdtdu = / flz—1) sinnt —s (t/(2n))dt.

i Wi t

Since f(x —t)/t is essentially bounded on the interval (w;,x — &), the formula

z—&1

innt
lim Fla—n2 % =0
holds. Moreover, since |sinz| < |z|, we have
=6 sin(t/(2n 1 [
[ =0y < [ e gy
Thus
n z—&1
. im r —t) cosutdtdu =
5.7 li f dtdu =0

By similar argument as above, we have

n—oo

(5.8) lim / / 1’ f(z —t) cosutdtdu = 0.
ﬁ z—&2

It follows, from (5.7), (5.8) and Lemma 2, that

n

1 o 1
—(E.R.T)/ p(u)du = — lim p(u)du = 0.
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Thus (5.6) holds.
Next, in the case of (v — w;,x + w;) € (£1,&2), the formula

%(E.R.T) /000 p(u)du =0

can be shown by a similar argument as above. ll
Moreover, if an interval [a, 0] does not contain x and ¢;(i = 1,2,...,1), the integral
formula in Theorem 8 denoted by «, 8 in place of &1, &> is equal to 0 as follows.

Theorem 9 Let a, 3 be real numbers with a < 8 and ¢; ¢ [, (] for i = 1,2,..,01. If
v ¢ . B, then

(E.R.T) /OOO(E.R.T) /ﬁ f(t) cosu(x — t)dtdu = 0.

Proof. There is an integer ng with [a, 8] C A,,. Hence f(z) is essentially bounded on
[a, 8] from condition (i) for f. Thus f(t) cosu(xz —t) is (E.R.T)-integrable on [«, 5] for any
u € I =10,00). Let h(u) be the function given by

B
(E.R.T) / f(t) cosu(x — t)dt.
Let

h(u), on G =[5

— 2n’
fin (1) = { 0, on D\ Gn.n
Then it is easily seen that (V (hy,€n, Gr))% € Fo(T(a1)) for sufficiently large N, where
a; =0and ¢, =1/n.
Moreover, we obtain

n]

oS} n B
(5.9) lim hp(u)du = lim / / f(t) cosu(x — t)dtdu

n—oo 0 n—oo
G-z . o 9
~ lim flo—1) sin(nt) stm(t/( n))dt.

By a similar argument as the proof of Theorem 8, this limit in (5.9) turns out to be 0. It
follows that

e}

(E.R.T) /000 h(u)du = lim hp(u)du=0. 1

n—00 0

Now we apply Theorem 8 to some example.

Example 2 Put f(t) =t~ for some positive integer m. Let A, = {x|1/(2n) < |z| <
n} and ay, = expn. Then, we have

sup |f(t)] < (Qn)(2m+1) < expn

n

for sufficiently large n.
We consider two cases as follows:
1. Set x =0. Let & and & be any real numbers with & < x < &. Then

1 e e cos ut

— 00
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2. Let & and & be any real numbers with the same sign, and x any real number with
& <x <&, Then

1 *° o cosu(x —t) 1

— 00
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