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ABSTRACT. The intuitionistic fuzzification of a d-algbera is considered, and related re-
sults are investigated. The notion of equivalence relations on the family of all intu-
itionistic fuzzy d-algebras of a d-algebra is introduced, and then some properties are
discussed. The concept of intuitionistic fuzzy topological d-algebras is introduced, and
some related results are obtained.

1. Introduction

Y. Imai and K. Iséki ([7]) and K. Iséki ([8]) introduced two classes of abstract algebras:
BCK-algebras and BCI-algebras. It is known that the class of BC'K-algebras is a proper
subclass of the class of BCI-algebras. In [5, 6], Q. P. Hu and X. Li introduced a wide
class of abstract algebras: BC H-algebras. They showed that the class of BC'I-algebras is a
proper subclass of the class of BC H-algebras. J. Neggers and H. S. Kim ([14]) introduced
a new notion, called a d-algebra, which is another generalization of BC K-algebras, and
investigated relations between d-algebras and BC K-algebras. In [11], Y. B. Jun, J. Neggers
and H. S. Kim introduced the notions of fuzzy d-subalgebra, fuzzy d-ideal, fuzzy d-ideal
and fuzzy d*-ideal, and investigate relations among them. They also discussed d-ideals in
d-algebras (see [13]). The concept of a fuzzy set, which was introduced in [16], provides
a natural framework for generalizing many of the concepts of general topology to what
might be called fuzzy topological spaces. D. H. Foster (cf. [4]) combined the structure
of a fuzzy topological spaces with that of a fuzzy group, introduced by A. Rosenfeld (cf.
[15]), to formulate the elements of a theory of fuzzy topological groups. In 1993, Y. B.
Jun ([9]) combined the structure of a fuzzy topological spaces with that of a fuzzy BCK-
algebras to formulate the elements of a theory of fuzzy topological BCK-algebras. Y. B.
Jun and H. S. Kim [10] introduced the concept of fuzzy topological d-algebras of d-algebras
and applied some of Foster’s results on homomorphic images and inverse images to fuzzy
topological d-algebras. After the introduction of fuzzy sets by L. A. Zadeh [16], several
researchers were conducted on the generalizations of the notion of fuzzy sets. The idea of
intuitionistic fuzzy set was first published by K. T. Atanassov [1], as a generalization of the
notion of fuzzy sets. In this paper, using the Atanassov’s idea, we establish the notion of
intuitionistic fuzzy d-algebras, equivalence relations on the family of all intuitionistic fuzzy
d-algebras, and intuitionistic fuzzy topological d-algebras which are a generalization of the
notion of fuzzy topological d-algebras, initiated by Jun and Kim [10]. We investigate several
properties, and show that the d-homomorphic image and preimage of an intuitionistic fuzzy
topological d-algebra is an intuitionistic fuzzy topological d-algebra.
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2. Preliminaries

Definition 2.1 (see [14]). A d-algebra is a non-empty set X with a constant 0 and a
binary operation “x” satisfying the following axioms:

(I) xzxx=0,

(I) 0xxz =0,

(III) z+y=0and y*xxz=01imply x =y
for all z,y,z in X. A non-empty subset NV of a d-algebra X is called a d-subalgebra of X if
xxy € N for any x,y € N. A mapping a : X — Y of d-algebras is called a d-homomorphism

if a(x *xy) = a(z) *a(y) for all z,y € X.

Definition 2.2 (see [1]). An intuitionistic fuzzy set (IFS for short) D in X is an object
having the form

D = {{z, up(x),yp(x)) |z € X}

where the functions pp : X — [0,1] and vp : X — [0, 1] denote the degree of membership
(namely pp(x)) and the degree of nonmembership (namely vp(z)) of each element x € X
to the set D, respectively, and 0 < pp(x) + vp(x) <1 for each = € X.

For the sake of simplicity, we shall use the notation D = (x,up,vyp) instead of D =
{{z,up(z),yp(x)) | © € X}. Let f be a mapping from a set X to a set Y. If

B={{y.ns(y),v8) |y €Y}
is an IFS in Y, then the preimage of B under f, denoted by f~1(B), is the IFS in X defined
by
F7UB) = {{, [ (up) (@), [~ (vB)(2)) | & € X},
and if D = {{z,up(z),yp(x)) | * € X} is an IFS in X, then the image of D under f,
denoted by f(D), is the IFS in Y defined by

F(D) = {{y, foup(uD) (), fint (YD) (y)) [y € Y},

where
sup pp(z), if f7H(y) #0,
fsup(ﬂD)(y) = z€f~1(y)
0, otherwise,
and

. e
fint(y0)(y) = { xe}{ni(y) vo(x), if [ (y) #0,

1, otherwise,
for each y € Y (see Coker [3]).

3. Intuitionistic Fuzzy d-algebras
Definition 3.1. Let X be a d-algebra. An IFS D = (z,pup,vyp) in X is called an
intuitionistic fuzzy d-algebra if it satisfies:
pp(x+y) = min{pp(z), up(y)} and yp(x+y) < max{yp(z),7p(y)}
for all z,y € X.
Example 3.2. (1) Consider a d-algebra X = {0, a, b, ¢} with the following Cayley table:

*‘0 a b c
0|0 0 0 O
ala 0 0 b
blb b 0 0
clec ¢ ¢ 0
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Let D = (z,up(z),yp(x)) be an IFS in X defined by pp(0) = pp(a) = 0.8, up(b) =
up(c) = 0.3, and vp(0) = yp(a) = 0.03, yp(b) = vp(c) = 0.08. Then D = (x, up,yp) is an
intuitionistic fuzzy d-algebra.

(2) Consider a d-algebra X = {0, a, b, ¢} with the following Cayley table:

*‘O a b c
00 0 O O
ala 0 0 a
bl{b b 0 O
clec ¢ a O

Let D = (z,up,vp) be an IFS in X defined by pp(0) = pup(a) = up(c) = t1, pp(b) = ta,
and vp(0) = vp(a) = yp(c) = s1, Yp(b) = sa, where t1 > ta, $1 < s2, and s; + t; € [0, 1]
for i =1,2. Then D = (z, up,yp) is an intuitionistic fuzzy d-algebra.

In what follows, let X denote a d-algebra unless otherwise specified.

Proposition 3.3. If an IFS D = (z,up,vp) in X is an intuitionistic fuzzy d-algebra of
X, then pup(0) > pup(x) and yp(0) < yp(x) for allz € X.

Proof. Let x € X. Then up(0) = pp(x xx) > min{up(z), up(x)} = pp(x) and
70(0) = yp(z * x) < max{yp(z), yp(z)} = yp(x). O

Theorem 3.4. If {D; | i € A} is an arbitrary family of intuitionistic fuzzy d-algebras of
X, then ND; is an intuitionistic fuzzy d-algebra of X, where ND; = {{x, Aup, (z), Vyp, (z)) |
e X}

Proof. Let z,y € X. Then
AUD; (.’E * y) > /\(min{ﬂDi (lL‘), KD, (y)}) = min{/\:uDi (lL‘), AlD; (y)}
and

VYD, (.13 * y) < \/(max{yDi (l‘), VD; (y)}) - max{\/’yDa‘, (l‘), Vb, (y)}
Hence ND; = (x, Aup,, Vyp,) is an intuitionistic fuzzy d-algebra of X. O

Theorem 3.5. If an IFS D = (z,up,vp) in X is an intuitionistic fuzzy d-algebra of
X, then so is OD, where OD = {{z,up(x),1 — up(x)) | x € X}.

Proof. 1t is sufficient to show that fip satisfies the second condition in Definition 3.1.
Let z,y € X. Then

fp(z+y) = 1—pp(z+y) <1—min{up(z), up(y)}
= max{l —pup(z), 1 —up(y)}
= max{fp(z), ip(y)}-
Hence 0D is an intuitionistic fuzzy d-algebra of X. O

Theorem 3.6. If an IF'S D = (z,up,vp) in X is an intuitionistic fuzzy d-algebra of
X, then the sets

X, ={zeX|pp(x)=pp(0)} and X,:={xeX|yp(z)=~p(0)}
are d-subalgebras of X .
Proof. Let z,y € X,,. Then up(xz) = pp(0) = up(y), and so
pp(z*y) > min{pp (), pp(y)} = po(0).

By using Proposition 3.3, we know that pp(z*y) = up(0) or equivalently z *y € X,,. Now
let z,y € X,. Then
Yo (2 *y) < max{yp(z), yp(y)} = 7p(0),
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and by applying Proposition 3.3 we conclude that yp(x *y) = vp(0) and hence = xy €
X, O

Definition 3.7. Let D = (z, up,yp) be an IFS in X and let ¢ € [0, 1]. Then the set
U(pp,t) :={x € X | up(x) >t} (resp. L(yp,t):={x € X |yp(z) < t})
is called a p-level t-cut (resp. ~y-level t-cut) of D.

Theorem 3.8. If an IFS D = (z, up,vp) in X is an intuitionistic fuzzy d-algebra of X,
then the p-level t-cut and ~y-level t-cut of D are d-subalgebras of X for every t € [0, 1] such
that t € Im(pup) NIm(yp), which are called a p-level d-subalgebra and a ~-level d-subalgebra
respectively.

Proof. Let z,y € U(up, t). Then pp(x) >t and up(y) > t. It follows that pup(x *y) >
min{pp(z), pp(y)} >t so that x xy € U(up, t). Hence U(up, t) is a d-subalgebra of X.
Now let z,y € L(yp, t). Then yp(x*y) < max{yp(x), vp(y)} <t andso xxy € L(vp, t).
Therefore L(yp, t) is a d-subalgebra of X. O

Theorem 3.9. Let D = (x,up,vp) be an IFS in X such that the sets U(up, t) and
L(yp, t) are d-subalgebras of X. Then D = (x,up,vyp) is an intuitionistic fuzzy d-algebra
of X.

Proof. Assume that there exist zg, yo € X such that up(xo*yo) < min{up(xo), wp(yo)}-
Let

to == %(MD(xo * Yo) + min{up(xo), MD(yo)})

Then pp(zo * yo) < to < min{up(zo), kp(yo)} and so xo x yo ¢ U(up, to), but zg,yo €
U(pp, to). This is a contradiction, and therefore

pup(x+y) > min{pp(z), no(y)}
for all x,y € X. Now suppose that

Yo (20 * yo) > max{yp(zo), 7o (y0)}
for some xg,yo € X. Taking

1
S0 1= 5 (WD(JJO * Yo) + max{vyp (o), 'YD(QO)})a
then max{yp(zo), 7p(yo)} < so < yp(xo * yo). It follows that zg,y0 € L(vp, so) and
2o * Yo ¢ L(yp, So), a contradiction. Hence

vp(z *y) < max{yp(z), yp(y)}
for all z,y € X. This completes the proof. O

Theorem 3.10. Any d-subalgebra of X can be realized as both a p-level d-subalgebra
and a v-level d-subalgebra of some intuitionistic fuzzy d-algebra of X.

Proof. Let S be a d-subalgebra of X and let up and vyp be fuzzy sets in X defined by

() = t, if x€S8,
HD\T) = 0, otherwise,

and

if €8
oy { 3 EES

, otherwise,
for all z € X where ¢t and s are fixed numbers in (0,1) such that ¢t + s < 1. Let z,y € X.

If 2,y € S, then z xy € S. Hence pup(z *y) = min{up(z), pp(y)} and yp(x x y) =
max{vp(z), yp(y)}. If at least one of = and y does not belong to S, then at least one of
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up(x) and pp(y) is equal to 0, and at least one of yp(x) and yp(y) is equal to 1. It follows
that

pp(x+y) > 0=min{up(z), up(y)},

vp(z *y) <1 =max{yp(z), vp(y)}-

Hence D = (x,up,7yp) is an intuitionistic fuzzy d-algebra of X. Obviously, U(up, t) =
S = L(vp, s). This completes the proof. O

Theorem 3.11. Let a be a d-homomorphism of a d-algebra X into a d-algebra Y and
B an intuitionistic fuzzy d-algebra of Y. Then a~Y(B) is an intuitionistic fuzzy d-algebra
of X.

Proof. For any z,y € X, we have

Ha-1(B) (T * Y) pe(a(z *y)) = pp(a(z) * a(y))

> min{up(a(z)), pp(a)}
= min{pa-1(B)(®), ta-1(B)(Y)}
and
YarBy(@*xy) = yela(z*y)) =yB(a(z) * ay))
< max{yp(a(z)),v5((y))}

max{Ya-1(8)(Z), Ya-1(B)(Y)}-

Hence a~!(B) is an intuitionistic fuzzy d-algebra in X. O

Theorem 3.12. Let a be a d-homomorphism of a d-algebra X onto a d-algebra Y. If D =
(x, up,yp) s an intuitionistic fuzzy d-algebra of X, then a(D) = (y, asup(in), Cint (YD)} 8
an intuitionistic fuzzy d-algebra of Y.

Proof. Let D = (x, up,yp) be an intuitionistic fuzzy topological d-algebra in X and let
y1,y2 € Y. Noticing that

{z1 29 |21 € oz_l(yl) and zo € oz_l(yg)} C{zeX|ze a (yp * y2)},

we have
sup (D) (Y1 * y2)
= sup{up(z) |z € a "t (y1 *xy2)}
> Sup{/JD(xl * 332) | xr1 € Oé_l(yl) and z3 € a_l(yQ)}
> sup{min{,up(m),up(mz)} |21 € a”(y1) and x5 € Ofl(m)}
min{s“P@D(%) |21 € o~ (y1)}, sup{up(z2) | 22 € O‘_l(w)}}
= min{sup(p) Y1), @sup(n)(y2)}
and
int (YD) (Y1 * Y2)
= inf{yp(z) |z € at(y *y2)}
< inf{yp(z1 *x2) |21 € (y1) and 22 € @™ (y2)}
< inf{max{fyp(ml),'yp(wg)} |21 € ™! (y1) and 23 € 04—1(?42)}}

= max{inf{yp(xl) |21 € oy}, inf{yp(z2) | 22 € 0471(?42)}}
= max{ainf(7p)(¥1), dint (YD) (Y2)}-

Hence a(D) = (y, asup(itD), int(7p)) is an intuitionistic fuzzy d-algebra in Y. O
Let Q(X) denote the family of all intuitionistic fuzzy d-algebras of X and let ¢ € [0, 1].
Define binary relations ~, and ~, on Q(X) as follows:

A~, B U(ua, t) =U(us, t) and A~y B < L(va, t) = L(ys, t),
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respectively, for A = (z,p14,7v4) and B = (z,up,vg) in Q(X). Then clearly ~, and ~,
are equivalence relations on Q(X). For any A = (z, ua,va) € QX), let [A], (resp. [A4],)
denote the equivalence class of A = (x,pua,v4) modulo ~, (resp. ~.), and denote by
Q(X)/ ~, (resp. Q(X)/ ~.) the collection of all equivalence classes of A modulo ~,, (resp.
~.), Le.,
QX)) ~p=A{[A]lp [ A= (2, 14,74) € UAX)}

(resp. UX)/ ~yi={[A]y | A= (z,p4,74) € UX)}).
Now let S(X) denote the family of all d-subalgebras of X and let ¢ € [0, 1]. Define maps o
and G; from Q(X) to S(X)U {0} by a:(A) = U(pa, t) and Bi(A) = L(vya, t), respectively,
for all A= (z,pua,74) € Q(X). Then oy and [ are clearly well-defined.

Theorem 3.13. For any t € (0,1) the maps oy and B; are surjective from Q(X) to
S(X)u{0}.

Proof. Let t € (0,1). Note that 0. = (x,0,1) is in Q(X), where 0 and 1 are fuzzy
sets in X defined by 0(z) = 0 and 1(z) = 1 for all z € X. Obviously a;(0.) = U(0,t) =
0 =LA, t) = B(0.). Let G(# 0) € S(X). For G. = (z,xa, Xa) € LX), we have
a(GL) =U(xe, t) = G and $:(G~) = L(x¢a, t) = G. Hence oy and §; are surjective. [

Theorem 3.14. The quotient sets Q(X)/ ~,, and Q(X)/ ~ are equipotent to S(X)U{0}
for every t € (0,1).

Proof. For t € (0,1) let o (resp. 8f) be a map from Q(X)/ ~, (resp. QX)/ ~,) to
S(X)U{0} defined by a;([A],) = au(A) (vesp. B; ([Aly) = Bi(A)) for all A = (x,pua,v4) €
NX). If U(pa,t) = U(up, t) and L(vya,t) = L(yp, t) for A = (z,pa,74) and B =
(z,pB,vB) in Q(X), then A ~,, B and A ~, B; hence [A], = [B], and [A], = [B],. There-
fore the maps «; and 3] are injective. Now let G(# 0) € S(X). For G = (z,xa, Xa) €
Q(X), we have

01 (G-ly) = au(G-) = Ulxa 1) = G
and
Bi([Gly) = Bi(Gr) = LiXa, t) = G.
Finally, for 0. = (z,0,1) € Q(X) we get
a7 ([0~]u) = ax(0.) =U(0, 1) =0
and

Bi ([0~]y) = Bi(0~) = L(1, t) = 0.

This shows that of and 3} are surjective, and we are done. O
For any t € [0,1], we define another relation " on Q(X) as follows:
(4,B) € R & U(pa, t) N L(ya, t) = U(up, 1) N L(y5, 1)

for any A = (z,pua,74), B = (z,up,v5) € Q(X). Then the relation R’ is also an equiva-
lence relation on Q(X).

Theorem 3.15. For any t € (0,1), the map ¢ : QX) — S(X) U {0} defined by
dt(A) = ar(A) N Br(A) for each A = (x,pa,va) € QX) is surjective.

Proof. Let t € (0,1). For 0. = (x,0,1) € Q(X), we get
$1(0~) = a(0~) N B(0~) = U(0,¢) N L(1,t) = 0.
For any H € Q(X), there exists H. = (x, xm, xu) € Q(X) such that
oe(Ho) =a(Ho)NB(H.) =U(xm, t) N L(xu, t) = H.
This completes the proof. O
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Theorem 3.16. For anyt € (0,1), the quotient set Q(X)/R! is equipotent to S(X)U{0}.

Proof. Let t € (0,1) and let ¢} : Q(X)/R" — S(X)U{0} be a map defined by ¢; ([A]x:) =
¢1(A) for all [Axe € Q(X)/RE. Assume that ¢} ([A]me) = ¢f ([B]ore) for any [A]ne, [Blme €
Q(X) /R Then ay(A) N B(A) = ar(B) N Be(B), ie., U(pa, t) N L(ya, t) = U(up, t) N
L(yg, t). Hence (A4, B) € R, and so [A]nt = [B]x:. Therefore ¢} is injective. Now for
0. = (z,0,1) € Q(X) we have

¢; ([0~]me) = $1(0~) = ¢ (0~) N B (0~) = U(0, ) N L(1, ) = 0.
For H. = (x,xu, X#) € QX) we get
¢; ([(Hulme) = de(H) = ar(Ho) 0 Bi(H) = Ulxa, ) 0 L(Xa, t) = H.
Thus ¢} is surjective. This completes the proof. O

4. Intuitionistic Fuzzy Topological d-algebras

In [3], Coker generalized the concept of fuzzy topological space, first initiated by Chang
[2], to the case of intuitionistic fuzzy sets as follows.

Definition 4.1 (see [3]). An intuitionistic fuzzy topology (IFT for short) on a nonempty
set X is a family ® of IFSs in X satisfying the following axioms:

(T1) 0.,1.¢€d,

(TQ) GiNGy e d for any Gl,GQ S ‘I),

(T3) U G, € @ for any family {G; :i € J} C D.

i€J

In this case the pair (X, ®) is called an intuitionistic fuzzy topological space (IFTS for

short) and any IFS in ® is called an intuitionistic fuzzy open set (IFOS for short) in X.

Definition 4.2 (see [3]). Let (X, ®) and (Y, ¥) be two IFTSs. A mapping f: X — Y
is said to be intuitionistic fuzzy coninuous if the preimage of each IFS in ¥ is an IFS in ®;
and f is said to be intuitionistic fuzzy open if the image of each IFS in ® is an IFS in V.

Definition 4.3. Let D be an IFS in an IFTS (X, ®). Then the induced intuitionistic
fuzzy topology (ITFT for short) on D is the family of IFSs in D which are the intersection
with D of IFOSs in X. The IIFT is denoted by ®p, and the pair (D,®p) is called an
intuitionistic fuzzy subspace of (X, ®).

Definition 4.4. Let (D, ®p) and (B, ¥p) be intuitionistic fuzzy subspaces of IFTSs
(X, ®) and (Y, ¥), respectively, and let f: X — Y be a mapping. Then f is a mapping of
D into B if f(D) C B. Furthermore, f is said to be relatively intuitionistic fuzzy continuous
if for each IFS Vp in Up, the intersection f~1(Vg) N D is an IFS in ®p; and f is said to
be relatively intuitionistic fuzzy open if for each IFS Up in ®p, the image f(Up) is an IFS
in \I/B.

Proposition 4.5. Let (D, ®p) and (B, Vg) be intuitionistic fuzzy subspaces of IFTSs
(X,®) and (Y, ) respectively, and let f be an intuitionistic fuzzy continuous mapping of
X intoY such that f(D) C B. Then f is relatively intuitionistic fuzzy continuous mapping
of D into B.

Proof. Let Vg be an IFS in ¥g. Then there exists V € ¥ such that Vg = V N B. Since
f is intuitionistic fuzzy continuous, it follows that f~1(V) is an IFS in ®. Hence

Y Ve)NnD=fvnB)nD=f'V)nfY(BynD=f"YV)nD
is an IFS in ®p. This completes the proof. o

For any d-algebra X and any element a € X we use a, denote the selfmap of X defined
by a,(x) =z *a for all x € X.
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Definition 4.6. Let X be a d-algebra, ® an IFT on X and D an intuitionistic fuzzy
d-algebra with IIFT ®p. Then D is called an intuitionistic fuzzy topological d-algebra if
for each a € X the mapping a, : (D, ®p) — (D, Pp), © — x * a, is relatively intuitionistic
fuzzy continuous.

Theorem 4.7. Given d-algebras X and Y, and a d-homomorphism o : X — Y, let ®
and U be the IFTs on X and Y respectively such that ® = a1 (W). If B is an intuitionistic
fuzzy topological d-algebra in'Y , then a~t(B) is an intuitionistic fuzzy topological d-algebra
in X.

Proof. Let a € X and let U be an IFS in ®,-1(p). Since « is an intuitionistic fuzzy con-
tinuous mapping of (X, ®) into (Y, ¥), it follows from Proposition 4.5 that « is a relatively
intuitionistic fuzzy continuous mapping of (a~!(B), ®,-1(p)) into (B, ¥ ). Note that there
exists an IFS V in g such that a=1(V) = U. Then

Na;l(U)(x) = pu(ar(z)) = pu(z *a) = pra-1(v)(z * a)
= pv(a(z*a)) = py(a(z) * afa))
and
Yoty (®) = wlar()) =@ *a) =va-1v)(z*a)
= qla(zxa)) =v(a(z)*ala)).

Since B is an intuitionistic fuzzy topological d-algebra in Y, the mapping
b'r : (Ba\I/B) - (BvqlB)a y'_)y*b
is relatively intuitionistic fuzzy continuous for every b € Y. Hence

bor (@) = av(a(a) a(a)) = py (a(a), (0(x)))
Haay; 1 (v) (&) = Ho-1 ()1 (v) (%)

and
(@) = w(0(@) *ala) = (0la)(alx)))
= Va7 ) (@) = Yo r(a@)r (1) (7):
Therefore a1 (U) = a~(a(a), 1(V)), and so
a, ' (U)Nna™'(B) = a Y (a(a), (V) Na™'(B)
is an IFS in ®,-1(p). This completes the proof. O

Theorem 4.8. Given d-algebras X and Y, and a d-isomorphism o of X to Y, let ® and
U be the IFTs on X and Y respectively such that a(®) = U. If D is an intuitionistic fuzzy
topological d-algebra in X, then a(D) is an intuitionistic fuzzy topological d-algebra in'Y .

Proof. Tt is sufficient to show that the mapping
by : (OZ(D), \Ila(D)) - (a(D), \I/(X(D))v Yy yxb

is relatively intuitionistic fuzzy continuous for each b € Y. Let Up be an IFS in ®p. Then
there exists an IFS U in ® such that Up = U N D. Since « is one-one, it follows that

a(Up) =a(UND)=al)Na(D)

which is an IFS in W, (py. This shows that « is relatively intuitionistic fuzzy open. Let
Va(py be an IFS in W, (py. The surjectivity of o implies that for each b € Y there exists
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a € X such that b = a(a). Hence

Fo1(67 (Vo) () = Ha1(a(@)r (Vo) @) = Ha(a)r (Vi py) (HE))
W oy ((a)r(a(T))) = pv,, p, () * a(a))
KV, (D) (a(m * a)) = Moﬁl(Va(m)(l‘ * a)
ﬂa—l(vu(D))(ar(m)) = Mar—l(a—l(va(m))(w)

and

Yo 1 (b7 Vo) @) = Va1 (@(@)r ! (Vaioy) @) = Ya(a)r! (Vo) (4(2))
VWi ((@)r () = Vv, ) () * a(a))
= Wa (Oz(l’ * a’)) = Wa—l(Va(D))(x * a’)
= ’YOZ’I(VMD))(GT(JJ)) = 'yafl(a’l(Va(D)))(x)'

Therefore a’l(bﬁl(Va(D)) =a,

ar: (D,®p) — (D,Pp), z— x*xa

is relatively intuitionistic fuzzy continuous and « is a relatively intuitionistic fuzzy contin-
uous map: (D,®p) — (a(D), ¥, (p)). Thus

a” ' (b, ' (Vapy)) N D = a; (™ (Vo)) N D
is an IFS in ®p. Since « is relatively intuitionistic fuzzy open,
a(a” (b (Va(py)) N D) = b (V) Na(D)
is an IFS in W, (py. This completes the proof. o

1(a’1(Va(D))). By hypothesis, the mapping
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