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CORRECTION AND ADDITION TO “L?-BOUNDEDNESS OF
MARCINKIEWICZ INTEGRALS ALONG SURFACES WITH VARIABLE
KERNELS”
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ABSTRACT. In our paper “L?-boundedness of Marcinkiewicz integrals along surfaces
with variable kernels”, we have found that Theorems 3 and 5 are not correct. Here, we
reformulate Theorems 3 and 5, so that L?-boundedness holds as in Theorems 1 and 4.

1 Introduction We became aware of an essential defect in the proof of Theorem 3 of
our paper [8, p. 380]. We have missed to apply a change of variable to the integral defining
N¢(§). When ®(t) =t (a > 0), for the change of variable p = ®(r)|¢| we have

_ LM g (@) 1 X apr1(p) P
MO = [ ST =g [ T e G

where s = ®(t)[¢| and @ = C2®'(t)p(t). In our paper [8, p. 380], we have taken the
integration interval as (0, s) in place of the correct one (s,+00). Because of this error we
have led false claims in Theorems 3 and 5.

So, in our paper [8], we delete the sentence “We also show some sharp difference betweeen
properties of singular integrals and the Marcinkiewicz integral with rough variable kernels.”
in the abstract. We delete the lines 26 through 34 in the page 371, and Theorem 5 in the
page 372. We also delete the section 4.

Other corrections: In the assumption of Lemma 2.3 we add “v — A > —17. In the
line 9 of the page 371, “exists” should be “exist”. In the line 3 from the bottom in the
page 372, “we only give” should be “we have only to give”. In the line 2 of the page 375,
“m” should be “m”. In the line 6 from the bottom of the same page,

we should multiply the first and second terms in the brace by Cs. In the last line in the
page 379, “ZjDz’“l” after the integral sign should be deleted. In the line 5 in the page 380,

“t%” shoud be “t%”, and the term “e~*®(M&¥"” should be deleted. In the line 8 in the page

-1 o -1 o
380, «le_WI” tﬁt” » should be “—WI7 ta(t)] ",

We have noticed that also in the case of Theorems 3 and 5, the same L2-boundedness
holds as in Theorems 1 and 4, respectively. So, we shall give new Theorems 3 and 5 in this
paper.

First, we recall some definitions (see also in [8]).

Definition 1. Let S"~! be the unit sphere of R™(n > 2) equipped with Lebesgue measure
do = do(z'). A function Q(z,y) defined on R™ x R” is said in L=(R") x LI(S""1) (¢ > 1)
if

(e) Qz,\y) = Qz,y), for any z,y € R™ and A > 0;
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1/q
(£) 120z xra(sn-1) = SUPLcpn <fsn—1 |Q($,y')|qd0(y')) < oo, where y' = y/|y for
any y € R™\{0}.

We have defined the Marcinkiewicz integral with rough variable kernels associated with
surfaces of the form {z = ®(|y|)y’} by

e = ([ mers) "

Fo(z) = / UY) ¢~ () )dy

i<t ly[" 1

where

Then, new Theorem 3 can be formulated as follows:
Theorem 3 Suppose that Q € L>®(R™) x L1(S" 1) (¢ > 2(n — 1)/n) and satisfies
Jgnos y')do(y') = 0. Let ® be a positive and strictly decreasing (or negative and

stmctly mcreasmg) C' function and satisfy & = Co®'(t)p(t) for allt € (0,00), where ¢ is
a function defined on (0, 00) and there exist two constants 6, M such that 0 < § < o(t) < M.
Suppose moreover ¢ satisfies one of the following conditions:

(i) t'(t) is bounded;
(ii) @ is a monotonic function.

Then there is a constant C' such that ||ud(f)|2 < C| f|l2, where constant C is independent

of f.

Remark 1. There is no including relationship between condition (i) and condition (ii), this
can be seen from the examples given in Section 2 of [8]. The case where ® is a positive and
strictly increasing (or negative and strictly decreasing) function has already been studied
in [8] (Theorem 1 there). We also must point out that Cy is negative under the condition
of ® and ¢ in Theorem 3.

To state new Theorem 5, we recall the following parametric Marcinkiewicz integral,
parametric area integral and parametric 3 function, which are defined by

2 dt 1/2
P,0 /
()@ ( ‘/ x —O(|yl)y)dy —> ;
[229) ( i<t |y|n o (| |) ) t1+20

b0 Qy, 2) oo P dyde\V?
I // / — fly — ®(|2])2")dz| — ;
§ ( I'(x) 12)<t 12| (1)) tntd

MA 2(f)

(//wl <t+lw—y|)m

where D(x) = {(y.1) € B} + |z —y| <t} and A > 1.
Now new Theorem 5 is:

Qdydt 1/2
ntl ’

1 Ay, 2) ,
1 / 22 1y = (e

7 z|<t |Z

Theorem 5. Let 0 > 0. Then Theorem 8 still holds for the parametric operator ,ug’“,
,ug’a and (13%-
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2 Proof of Theorem 3 We begin with a lemma playing the role of Lemma 2.2 in [8].

Lemma 2.1. Let g(t) be a nonnegative (positive) and non-increasing (strictly decreasing)
function on (0,00) such that there exists a bounded function p(t) satisfying

M — g0,

Let 0 > 0. If there exists § > 0 such that 0 < § < o(t) on (0,00), then t<[g~1(t)]” is
non-increasing (strictly increasing) on (0,00) for 0 < e < 06 (0 < & < 0d). Conversely, if
[9_1# is non-increasing (strictly decreasing) for some € > 0, then o(t) > £ (¢(t) > £).

g g

Proof. Tt is easily seen that we have only to give the proof for o = 1. Set f(t) = tcg~1(t).

Then
- 9 (elg (1)
t

i)y =et"lg T (t) + t°= =t gt

1
9'(g71(1))
=t () (e — wlg' (1)
Thus we have t°g~1(¢) is non-increasing (strictly decreasing) if and only if p(t) > (p(t) >
e). This implies the desired conclusion. O

Remark 2. We note the following: If g(t) € C1(0, 00) is positive and decreasing (increasing)
on (0,00) and g(t)/(tg'(t)) is bounded on (0,00), then it follows that lim; ¢ g(t) = 400
(lim¢—0 g(t) = 0) and lim;_, 4 o0 g(t) = 0 (lims— 400 g(t) = +00), respectively.

We give a proof in the decreasing case, since in the increasing case we can show similarly.
Since g(t)/(tg’(t)) is bounded on (0, 00), we take M > 0 so that g(t)/|tg’(t)| < M on (0, o).
Then, since ¢(t) is positive and decreasing, we have

g() _ 9(1)

—g'(t)Z—tZ—tfor0<t<1.
Hence for 0 <t <1
1 1
) o), 1
o) =90 = [ g = o)+ &7 [ =)+ L 1on

which implies lim;_, g(t) = +o00. Next, since g(t) is positive and decreasing, lim;_, . g(t)
exists. So,

t

lim (g(1) —g(¢)) = lim —g'(s)ds = /100 —g'(s) ds,

t—+oo t—+oo 1

which means ¢'(t) € L'(1,00). On the other hand,
g(t) < limg—, 400 g(8)
Mt — Mt
Hence, ¢/(t) € L'(1, 00) implies lim;_, 1 g(t) = 0, since otherwise ¢’(t) ¢ L'(1, c0). O

We recall two lemmas in [8].

—g'(t) > for 1 <t < oc.

Lemma 2.2 ([5]). Suppose v and X satisfy v — X > =1, and |v| > 1/2,\ > —=1/2 or
v>-—1,A>0. Then
T
i

where J,(t) is the Bessel function of order v.

Ju(t) C
) dt‘gw, for 0<r < oo,
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Lemma 2.3 ([1]). Suppose m > 1 and A > 0. Then

1 (" Joor C
;/0 t)‘ dt‘<W, fO’f' 0<r<oo.

Now we turn to the proof of Theorem 3. As is shown in [8, p. 374], to prove the L2
boundedness of u&, we only need to show

281 [ Tage-1(R(r)[E]) 2 g1 .
]Zl/o ‘?/o “@menE T Y& 3= Ok (2.3)

where Dy, is the dimension of the space of surface spherical harmonics of degree k on ™71,

and {Yy;} (k > 1,5 = 1,2,...,D;) denotes the complete system of normalized surface
Jn 1 (P(r

1t Mdr. Note that @ = Co®'(t)p(t).

£I0 - (@(r)enF !
Then, letting p = ®(r)|¢|, and then s = ®(t)|£|, and noting Remark 2, we have

spherical harmonics. Denote N.(§) =

> odt 4 ‘X’Sﬁ(@*l(\—s\)) OoJ%+k—1(P) _1 P _1 P 2@
|, org =t [ e L (oo (o] T
(2.4)

We only need to treat two cases (i) and (ii) in Theorem 3, where ®(¢) is positive and
decreasing on (0,00). We fix ¢ > 0 with ¢ < —C3d. Then, by Lemma 2.1 we see that
t*®~1(¢) is decreasing on (0, 0).

First we consider Case (i): Let v = § +k — 1.

(1) For s > v, integrating by parts and noting (@fl(t))/ = Co® 1 (t)p(®71(t))/t, we
obtain

I /:0 J%+;;(p) L %)so(@*l(%))dp
- /:o J%;?—i(p) q)lff'%)so(@l(é))dp
_ _(/0 ngg—_ll(p)dp) <1>18(%)¢(<I>1(%)) _ /:O </0”:+_11(>du>
" {02#%02<¢"1<|§|>>1 + %@‘1%W@*(%))@%@(w%))
- S0 e () s

Taking n > 0 with 0 < < 1, we see that &~ (%l)/t1 " is decreasing on (0, 00). Therefore,
using Lemma 2.2, we get the following estimate:

Il < SJngk—l(P)d @71(‘_2‘) ”J“+k 1( dp @—1(%)
1] < ey, l¢llo + b 2 K
o PP 5 prn s
x {|cz||so||io 1G]l + |90||oo}
C s 1
SEvr—prt (g)s
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(2) For 0 < s < v, we have

= Tt 1Pt 2 )o@ (L
s p* i§ |€|
v Jzik-1(p) p > Jzye-1(p) p p
2 ep—1 - 2 -1 -1
- [ e e (e + [ e (Lo ()
/s pEte i§ i§ p* i§ <l
= Il + 127 say.
By (1) and the decreasingness of tECIfl(‘—é‘), we have
C v.1 C v C 5
I < . 1 ANz N - n V6@71 < 86®71 - )
B ER L% S L7 S o)
As for I, since Ju yx—1(p) > 0 for 0 < p <n/2+k—1, by the decreasingness of tECIfl(‘—é‘),

together with Lemma 2.2, we have for 0 < s < v

Vi Jrip—1(p) s C s
I g/ = dpsTP () ||¢)lee £ =5 ().
| 1| A piJ’,E (|€|)” || pEte (|€|)

Thus by (1) and (2), we get

dt > 1ds 1 C
W= < — < —
/0 (e C/ V"+25 5 C/ s (B+Hk—1r2 =k

Case (ii). We may assume ¢ is increasing since the proof is similar for the case ¢ is
decreasing. Letting v = § + k — 1 as before, we will consider the following two cases :

(1) For s > v, let h > s. Then, since @‘1(%)@ and @(@‘1(%)) are positive and
decreasing, we have by using the second mean value theorem for some s < h’ < h and by

Lemma 2.2

hJ"+k 1( 1, P 1, P n Jzik-1(p) ‘b—l(\—z\) s
—w@—dp‘—/ - dp‘ P(@ (7
/ O gl =1 s A g)
1/_s
< Cliell= @' (&)
2 s
Letting h — oo, we have
—1/_s —1/_s
Tyrr1(0) g1 0 1P Cligllo () _ Cllgllse @ ()
L@ 1 (L ))dp| < 21 < 2 .
[ (pete car| < SEF = < SHlE =
(2) For 0 < s < v, we have
* Joqr-1(p) 1, p ‘ ‘ "+k 1 1, P 1/ P
=0 (S )p(P / _—@‘I)_—dp‘
T (et G NGRANTL
Jﬁ-i—k—l _ _
+] / Tt 1) 20 ()|
v p3 [3 [3
=11 + I, say.

By (1) and the decreasingness of t=®~1(¢), we see that

< Cllglloe * &) _ Clltlie egmn

- il v vate

I .
2= k3 te |§|

4
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As for Iy, since Ju i 1(p) > 0 for 0 < p < n/2+k —1 and t*®~(t) is positive and
decreasing on (0, 00), together with Lemma 2.2, we have for 0 < s < v

JInyk—1( D _
I = ‘ | e (el (s

€] €]
J"+k 1( 4, S
e psECD —)|e|lco
| Zape
Clliell

(8 Cllglos e 8
T () < 507 ().
=Grr-nree t ) = gt )

By (2.4), and (1), (2) above, we have

dt 5% ds 1
N(6]P= < Yoo,
A | t C/ kn+2€ s C/ kn 1Tn—2c2 2 s = Ckn

Thus, in both cases (i) and (ii), we have
o0 dat C
| wwors <
0

Therefore, by the fact Zfz’“l Vi i (€))? = w™ D, ~ k"2 (see [3, p. 255, (2.6)]), where w
denotes the area of S"~1, we get

Dy, 0o
> [ WeE©FT < or

Thus, inequality (2.3) holds and the proof of Theorem 3 is finished. |

3 Proof of Theorems 5 For any o > 0, if we take 0 < ¢ < —Cs0d, then we see by
Lemma 2.1 that ¢5[®~1(¢)]° is strictly decreasing on (0, 00). Thus, as is pointed out in the
section 3 in [8], Theorem 5 follows from repeating the steps in the proof of Theorem 3. O

4 Final comment Finally, we note that the proof of Theorem 1 in [8] can be simplified
in the case ¢(t) is monotonic. We give here a simple one. In this case Cy > 0.

We assume first ¢ is increasing. Fix ¢ > 0 with 0 < & < min{l,C26}. Then,
®~1(p/|€])/p° is increasing on (0,00). Letting v = Z + k — 1, we will consider the fol-
lowing two cases :

(1) The case 0 < s < v. Since Ju 1 _1(p) > 0 for 0 < p < n/2+k—1 and t&1(¢) is
positive and increasing on (0, 00), together with Lemma 2.3, we have for 0 < s < v

Cs® ()

— (k _ 1)n/2+1 :

S (L
(2) For v < s, let 0 < h < s. Then, since ga(@‘l(‘—g‘)) and p(f‘) are positive and

increasing, by using the second mean value theorem, and Lemma 2.2, we get for some
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h<s <s
* Jaik-1(p) p p Jayr—1(p) ()
e Lp@ (Gnde| = | [ p(@ (L))dp
[; p? €] €] Y p° i§
o' (7g) s $ Jnik-1(p)
— [T [
s |£| s’ p2
—1(._s
zﬁ 1
<C IS
< el =y
Letting h — 0, we get
n q)_l(i) 1
s th1(0) g1 Py g1 P ]
<I> — (P (—=))dp| < C
[ (et (] < C— el
Using (1) and (2) above, we obtain
dt ds 1 ds 1 C
N(OP—= < C C - < —.
/O | t | / _ n+2 s -t /u 826 s (%+k_1)n726 - kn
i,
In the case ¢ is decreasing, since (bpi(f‘) is increasing and go(q)’l(‘—’g‘)) is decreasing, we

use the second mean value theorem twice in the step (2), and obtain the same estimate.
Therefore, by the fact Zfz’“l Vi (€))7 = w Dy, ~ k"2 (see [3, p. 255, (2.6)]), where w
denotes the area of S"~!, we get

/ N M) €T < Ok,

Thus, inequality (2.3) holds and the proof of Theorem 1 in [8] is finished in the case ¢(t) is
monotonic. g
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