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ABSTRACT. In this paper we shall show: (1) Let X be a zero-dimensional metric space
and Y be a §f-refinable P-space. Then X X Y is §0-refinable.

(2) Let X be an almost expandable strong 3-space and Y be a strong d6-refinable
P-space. Then X x Y is §f-refinable.

(3) Let X be a metrizable space and Y be a w-d60-refinable P-space. Then X X Y is
w-96-refinable.

Similar results of (3) for analogous properties also hold.

1. INTRODUCTION

Throughout this paper we assume that each space is a Tj-space. Each map is assumed
to be continuous.

It is known the following.
(I) Suppose X is a Y-space and Y is a P-space.

(i) ([10]). If X and Y are both paracompact, then X x Y is paracompact.

(ii) ([1]). If X and Y are both submetacompact (6-refinable), then X x Y is submeta-
compact (6-refinable).

A space X is called a X-space if X has a Y-net.
(IT) ([3]). Suppose X is a separable metric space and Y is a normal P(w)-space. If Y is
d0-refinable, then X x Y is d6-refinable.

In this paper we shall investigate the conditions for the product space X x Y has d6-
refinability and other §6-refinability-like properties.

Let Q be a set. Denote Q" = {(ag, a1, ..., n—1)|e; € Q4 = 0,...,n — 1} for each n €
w, QY = e, Q" and QY = {(a, 1, .., O, .oy )|, € Q for each n € w}. For each
o= (a,a1,...,an_1) € Q" and « € Q, we denote o V a = (ag, a1, ..., 0n—1, ). For each
o = (0,01, ..., Qn,...) € Q¥ we denote 0 | n = (ag,01,...,anp—1). It is obvious that
olneQr.

A space X is said to be a P-space (resp. P(w)-space) ([9]) if for any open cover {U(o)|o €
0<“} (resp. with |Q] < w) of X where U(c) C U(c V ) for each o € Q™ and a € Q, then
there is a closed cover {K (0)|o € Q<“} of X such that

(i) K(o) C U(o) for each o € Q<%

(ii) for each o € Q¥ if U, U(o [ n) = X, then U, ., K(o [ n) = X.

For a space X, dimX denotes the covering dimension of X and X is a zero-dimensional
space means dimX = 0.

A subset A of X is called “clopen” set if A is both an open set and a closed set of X.

The following lemmas 1 ~ 3 are well known.
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Lemma 1. If X is a zero-dimensional metric space, then X has a base B satisfying the
following conditions:

(i) B = U, ey, Bn, Bn is a discrete cover of X by clopen sets,

(i) Bn, = {B(0)|loc € "}, B(0) = Upecq Blo V) for each o € Q"

(#ii) for each x € X, there is a o € Q¥ such that {B(o [ n)|n € w} is a local base of x in
X.

A collection F of subsets of X is called a net of X if for each x € X and each open set
U such that x € U, thereis an F € F such that z € F C U.
A space X is called a o-space if o-locally finite net.

Lemma 2. If X is a o-space, then X has a net F satisfying the following conditions:
(i) F = U, cw Fns Fn is a locally finite closed cover of X,
(i) Frn = {F(0)|oc € Q"}, F(0) = Upeq F(o V a) for each o € Q",
(i) for each x € X, there is a 0 € Q¥ such that {F(o | n)|n € w} is a net of x.

Lemma 3. If X is a X-space, then X has a spectral X-net F, i. e., satisfying the following
conditions:

(i) F = U,ecw Fns Fn is a locally finite closed cover of X,

(i) Frn = {F(0)|oc € Q"}, F(0) = Upeq F(o V a) for each o € Q"

(i) for each x € X, there is a 0 € Q¥ such that {F (o [ n)|n € w} is a K-net of C(z),
i. e., if U is an open set in X such that C(x) C U, then F(o [ n) C U for some n. Here
C(x) = Npew Flo T n).

A space X is called a strong X-space if X has a ¥-net such that C(z) is compact for each
rzeX.

It is well known that each metrizable space is a regular o-space and each regular o-space
is a strong Y-space.

2. 00-REFINABILITY

Definition 1. ([1]) A space X is called “O-refinable” (resp. “00-refinable” ) if every open
cover G of X has a 0-sequence (resp. 60-sequence) (Hn)necw of X such that each H, is an
open cover of X and H, < G. A sequence (Hp)ncw of X is called a “D-sequence” (resp.
“00-sequence”) of X if for any x € X there is an n, € w such that ord(x,H,,) < w (resp.
ord(x,Hp,) < w) where ord(x,Hy,) = [{H|x € H € Hy,}|. Here |A| denotes the cardinal
number of a set A.

For collections G and H of subsets in X, H < G denotes H is a refinement or a partial
refinement of G.

Theorem 1. Let X be a zero-dimensional metric space and Y be a d0-refinable P-space.
Then X XY is 60-refinable.

Proof. Let B be a base of X satisfying the conditions in Lemma 1. Let G = {G¢|{ € =} be
an open cover of X x Y. For each o € Q<% and each £ € Z, let us define

Voe = U{V|V is an open set in Y, B(o) x V' C G¢}. Then

(1) Vs is an open set in Y,

(2) B(o) x Voe C Ge.

For each 0 € @<, put V(o) = Ugcz Ve Then

(3) Let 0 € Q“. If {B(o [ n)|n € w} is a local base of a point z, then |J
(4) V(o) C V(o V a) for each o € Q<¥ and each o € Q.

Since Y is a P-space, there is a closed cover {K (o)|oc € Q<“} of Y such that
(5) K(o) C V(o) for each o € Q<¥,

Vieln)=Y.

new
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(6) for each o € Q“,if {J,, V(o [ n) =Y, then |,

Put M,, = |J{B(c) x K(o)|o € Q"}. Then we have
(7) X x Y =, ., M.

K(o[n)=Y.

For each 0 € Q<¥, V, = {V) ¢ € E} is a collection of open sets of Y, cover K(o) and
V. =V, U{X ~ K(0)} is an open cover of Y.

Since Y is §0-refinable, there is a sequence <O;7m>mew of open refinements of V. such that
for each y € Y, there is an m, with ord(y, (’);’my) <w. Put Oy ={0 € (’);’m|OﬁK(0) #
0}. Then O, are collections of open sets in Y, covers K (o), Og,m < V, and
(8) for each y € Y, there is an m, with ord(y, Osm,) < w.

Put L(o;m) = {B(o) x O|O € O, } and

Ly =Uyean Llosm) U{(X x Y \ M,) N Ge|¢ € E}. Then
(9) Ly,m is an open cover of X x Y and a refinement of G.
(10) (L, m)n,mew is a d-sequence.

Proof. Let (z,y) € X xY. Then (z,y) € M, for some n. Since B, is discrete, there is the
only element o € Q" such that x € B(o). Then, there is an m such that ord(y, (’);’m) <w.
It is easy to see that ord((z,y), Ln,m) <w. O

Lemma 4. Suppose X = F,, each F,, is closed in X and is d0-refinable. Then X is

00-refinable.

new

Theorem 2. Let X be a union of countable number of zero-dimensional metrizable closed
subspaces and Y be a 00-refinable P-space. Then X XY is §0-refinable.

Proof. This theorem follows from Theorem 2 by using Lemma 4. (O

A space X is said to be strongly d0-refinable if for any open cover G of X there is a
sequence (Hp)new of open refinements of G such that for each € X, there is an n,
with ord(z,H,) < w for every n > n,. Such a sequence (H,)ne, is said to be a strong
60-sequence.

A space X is called almost expandable if for every locally finite collection {F¢|{ € E} of
closed subsets of X, there exists a point finite collection {G¢|{ € =} of open subsets of X
such that F¢ C G¢ for each &.

Theorem 3. Let X be an almost expandable strong ¥-space and Y be a strong 60-refinable
P-space. Then X XY is §0-refinable.

Proof. Let F =, ¢, Fn be a spectral ¥-net of X, i.e., for some set 2, F,, = {F(0)|o € Q"}
be a locally finite closed cover of X for each n € w satisfying the conditions in Lemma 3.

Since X is almost expandable, there is a point finite open cover H,, = {H (0)|oc € Q"} of
X such that H(o) D F(o) for each o € Q™.

Let G = {G¢|€ € Z} be an open cover of X x Y. For each o € 2<%, let W, be the maximal
family of Uy x V) satisfying the following conditions:

(1) Uy is an open set in X, H(o) D Uy D F(0),

(2) Vy is an open set in Y,

(3) there is a finite open cover Uy, » of Uy such that {U x VA|U € Uy 2} < G.

Put W, = {U)\ X V)\|>\ € Ag}.
For each 0 € Q<%, put V(o) = Uy, Va- Then

(4) Let 0 € Q. If {F(0 | n)|n € w} is a K-net of C(z), then |J, . V(o [n)=Y.

new
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Proof. Let y be an arbitrary element of Y. Then, since C(x) is compact, there is a finite set
{U;|z =1,2,...,k} of open sets in X and an open set V of Y such that C(x) C UleU;, y €
V,{U, x V|i = 1,2,....,k} < G. Then there is an n such that C(z) C F(o | n) C U U;.
Put U; = U, N H(o [ n). Then F(o [ n) C US_ U; and {U; x V]i =1,2,....,k} < G. By the
definition of V(¢ [ n),V C V(o | n). Thus y € V(o | n).

(5) V(o) C V(o V «) for each 0 € Q<% and each a € Q.

Proof. Let y € V(o). Then there are an open set Uy in X, an open set V) in Y and a finite
open cover Uy » of Uy such that y € Vi, F(o) C Uy C H(o) and {U x )|U € U, 1} < G.
Put Uy, = Uy N H(s V a) and LI‘;J\ ={UNH(cVa)|U €U,\}. Then U, is an open set in
X, V,isanopensetinY, U;’A is a finite open cover of U;\, FoVva)C U;\ C H(oVa) and
I/{;’/\ < G. By the maximality of W, +, we have U;\ XV € Wyve. Thus Vy C V(o Va) and
soy € V(o Va).

Since Y is a P-space, there is a closed cover {K (o)|o € Q<“} of Y such that

(6) K(o) C V(o) for each o € Q<¥,

(7) for each 0 € Q, if U, e, V(o [n) =Y, then U, K(0 [n) =Y.

Then we have

(8) X XY =J{F(0) x K(0)|o € Q<¥}.

Proof. Let (x,y) be an arbitrary element of Y x Y and let us choose o € Q“ be {F(o |
n)|ln € w} is a K-net of C(x). Then, by (4) and (7), y € K(o | n) for some n. Thus
(x,y) € F(o I n) x K(o | n).

For each o € 0<%, V, = {Vy|\ € A,} is a collection of open sets in Y, cover K (o) and
V. =V, U{Y \ K(0)} is an open cover of Y.

Since Y is strongly d6-refinable, there is a sequence <O;7m)mew of open refinements of
V. such that for each y € Y, there is an m,, with ord(y, (’);m) < w for every m > m,. Put

Opm =1{0 € O;7m|O NK(o) #0}. Then O, ,, are collections of open sets in Y and covers
K(o), Osm <V, and

(9) for each y € Y, there is an m, with ord(y, Oy m) < w for every m > my,.

We can represent Oy m = {Og.m A |A € Ay} with O x C V) for each A
Put ;C(O’;TTL) = {U X Oa,m,)\|U € ua,/\; Ae Aa} and
Lonm = Ugeqn L(a;m)U{(X XY N M,)NGe|€ € E} where M, = [ J{F(0) x K(o)|o € Q"}.
Then
(10) Ly, is an open cover of X x Y and a refinement of G.
(11) (L m)n,mew 18 a d6-sequence.

Proof of (10). Let (z,y) € X xY. If (z,y) ¢ My, then (z,y) € (X xY \M,)NG¢ for some
EeE If (z,y) € My, then (z,y) € F(0) x K(o) for some o € Q™. Since |J Op,m D K(0),
Yy € Og m, for some A € A,. Since F(o) C Uy = UUsn, z € U for some U € Uy, . Thus
(z,y) € U X Ogm r. Hence L,, , is a cover of X x Y.

By (3), L(o;m) < G and therefore £, , < G.

Proof of (11). Let (z,y) € X x Y. Then there is an n such that (z,y) € M,. Since H,
is point finite, there is a finite set {o;|i = 1,2,...,k} of Q™ such that x € H(os) < o €
{oili = 1,2,....k}. For each i, there is an m(i) € w such that ord(y, Op,m) < w for each
m > m(i). Put m* = max{m(i)[i = 1,2,....,k}. Then ord(y, Oy m) < w for each m > m*
and each ¢ < k. Then ord((x,y), Ln,m) < w for each m > m*.
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To show this, let m > m™ and let (x,y) € U X Og.m x € L(o;m) with U € Uy », 0 € Q™.
Then U C Uy C H(o). Therefore z € H(o) andso o € {o;]i = 1,2,...,k}. Since y € O, m 2
and ord(y, Os,.m) < w, such X are at most countably many number. [J

3. J0-REFINABILITY-LIKE PROPERTIES

In this section we investigate df-refinability-like properties.

Definition 2. LetU and V be open covers of X. V is called a pointwise W-refinement of U
at  if there is a finite subfamily U  of U such that V(z) < U . Here V(z) = {V € V|z € V}.

Let U be a cover of X and (Vi)necw a sequence of covers of X. A sequence (Vp)new 18
called a pointwise W-refining sequence for U if for each x, there exists an ny such that V,,
is a pointwise W-refinement of U at x.

The next characterization of #-refinable spaces was given by J. M. W. Worrell.

Theorem B ([13], or cf. [14, Theorem 3.4]). A space X is #-refinable (submetacompact)
if and only if every open cover of X has a pointwise W-refining sequence by open covers if
and only if every open cover of X has a pointwise W-refining sequence by semi-open covers.

A cover G of X is said to be a semi-open cover of X if for each z € X,z € Int(st(x,G))
where st(z, £) = J{L|z € L € L} and Int(st(z,G)) denotes the interior of st(z, ).

Definition 3. (/7]). Let £ and G be covers of X. L is called “point-star F-refinement” of
G at x € X if there is a finite subfamily G of G such that x € ﬂg’ and st(z,L) C Ug'.

A sequence (Ln)new of covers of X is called “point-star F-refining sequence” of G if for
each x € X, there is an ny € w such that L, is a point-star F-refinement of G at x.

H. J. K. Junnila gave the next characterization of submetacompactness.

Theorem C ([7]). A space X is f-refinable (submetacompact) if and only if every open
cover of X has a point star F-refining sequence by open covers if and only if every open
cover of X has a point star F-refining sequence by semi-open covers.

In [5], w-06-refinability and ww-d6-refinability were defined. Now we shall define s-w-d6-
refinability and s-ww-d6-refinability.

Definition 4. Let U and V be open covers of X. V is called a pointwise countable W-
refinement of U at x if there is a countable subfamily U of U such that V(x) < u'.

Let U be a cover of X and (Vn)new a sequence of covers of X. A sequence (Vp)new 18
called a pointwise countable W-refining sequence for U if for each x, there exists an n, such
that Vp, is a pointwise countable W-refinement of U at x.

We shall say a space X is w-00-refinable (resp. s-w-60-refinable) if every open cover of
X has a pointwise countable W-refining sequence by open covers (resp. semi-open covers).

Definition 5. Let £ and G are covers of X. L is called “point-star C-refinement” of G at
x € X if there is a countable subfamily G of G such that x € G and st(x,£) c UG .

A sequence (Ln)new of covers of X is called “point-star C-refining sequence” of G if for
each x € X, there is an ny € w such that L, is a point-star C-refinement of G at .

We shall say a space X is ww-60-refinable (resp. s-ww-00-refinable) if every open cover
of X has a point star C-refining sequence by open covers (resp. semi-open covers).

If we define w-0-refinability, s-w-0-refinability, ww-0-refinability and s-ww-6-refinability
similarly. Then Theorems B denotes that a space X is f-refinable if and only if it is w-
f-refinable if and only if it is s-w-f-refinable. And Theorem C denotes that a space X is
f-refinable if and only if it is ww-0-refinable if and only if it is s-ww-6-refinable.

The following lemma essentially has proved in [5].
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Lemma 5. (1) Let G be an open cover of X and (Vp)new be a pointwise countable W-
refining sequence of G. Then there exists a pointwise countable W-refining sequence (Hp)new
of G satisfying the following conditions (a) For each x € X, there exist an n, € w and a
countable subfamily G of G such that H,(z) < g for every n > ng.

Here, (b) We can choose Hy, < G,
(c) If each V,, is an open cover, then each H, can be an open cover and if each V, is a
semi-open cover, then each H, can be a semi-open cover.
(2) Let G be an open cover of X and (Vp)new be a point-star C-refining sequence of G.
Then there exists a point-star C-refining sequence (Hn)new of G satisfying the following
conditions (a) For each x € X, there exist an n, € w and a countable subfamily g of G
such that x € NG and st(z,H,) C UG for every n > n,.

Here, (b) We can choose Hy, < G,
(c) If each V,, is an open cover, then each H, can be an open cover and if each V, is a
semi-open cover, then each H, can be a semi-open cover.

Proof. Let us put H,, = AL Vi AG(={NT,ViNG|V; €V, for each i =0,1,...,n,G € G}).
Then (H,)neo satisfies the conditions (a), (b) and (c).

We prove only (1).

Proof of (a). Let x € X. Then there are an n(i) € w and a countable subfamily G; of G
such that V,,,(z) < G;.

Define n, = max{n(i)|i <n} and G = J,.,, G;- Then it is easy to see that H,(z) < G
for every n > n,. B

(b) is ovbious.

Proof of (c). Suppose each V), is a semi-open cover of X. Let x €Int(st(z,V;)) for each
1 < n. Thus there are open sets W; in X such that x € W; C st(z,V;) for each i < n. Let
G € G so that x € G. Then W = G NN;<, W; is a neighborhood of = in X such that W C
st(z, Hy). O

Lemma 6. If X is a metrizable space, then for each n € w, there are locally finite open
covers Hy, and B, of X satisfying the following conditions:

(1) Ho ={H(o)lo € Q"}, By, = {B(0)|o € Q"},

(2) B(o) C H(o),

(3) H(0) = Upeq H(o V), B(0) = Uyeq BloV a) for each o € Q"

(4) for each x € X, there is a o € Q¥ such that {H (o | n)|n € w} is a local base of x in
X and {B(o | n)|n € w} is a local base of x in X.

Proof. For each n € w, let U, = {U(z;1/2(n +1))|z € X}. Here U(z;1/2(n+1)) = {y €
X|d(xz,y) < 1/2(n + 1)} where d is a metric function on X. Then U, is an open cover of
X. Since X is paracompact, there are a locally finite open cover U, = {U(a)|a € Q,} of
X such that U, < U, and a locally finite open cover B, = {B(a) |a € Q,} of X such that
B(a)" C U(a) for each a € Q,,. Put Q =J, ., 2 and define U(a) = @ for each o € Q€.
For each ¢ = (g, ...,an—1) € Q", put H(o) = N~ U(;) and B(o) = ﬂ?;olB(ai)/. Then
H, ={H(0o)|lo € Q"} and B,, = {B(0)|o € Q™} satisfy the conditions.

(1), (2) and (3) are obvious.

To show (4), let z € X. For each n € w, let us choose U(ay,) € U, such that z € U(ay,).
Then diam(U () < 1/n+ 1. Therefore {U(ay)n € w} and {B(ay,)|n € w} are local basis
of z € X. Thus {H(o | n)|n € w} and {B(c | n)|n € w} are local basis of z € X where
o= (ag,...,0n_1,...) € Q¥. O

Theorem 4. Let X be a metrizable space and Y be a P-space.
(a) If Y is w-00-refinable, then so is X x Y.
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(b) If Y is s-w-00-refinable, then so is X x Y.
(c) If Y is ww-00-refinable, then so is X x Y.
(d) If Y is s-ww-00-refinable, then so is X x Y.

Proof. Let H,, and B, be open covers of X satisfying the conditions (1) * (4) in Lemma 6.
Let G = {G¢|¢ € E} be an open cover of X x Y. For each o € Q<¢ and each £ € E, let us
define V, ¢ = | J{V|V is an open set in Y, H(c) x V C G¢}. Then

(5) Vo e is an open set in Y,

(6) H(O‘) X Voe C Ge.

For each o € @<, put V(o) = Ugcz Ve Then

(7) Let 0 € Q«. If {H(o [ n)|n € w} is a local base of a point z, then |J
(8) V(e) C V(o V a) for each o € Q<¢ and each a € Q.

Since Y is a P-space, there is a closed cover {K (o)|oc € Q<“} of Y such that
(9) K(o) C V(o) for each o € Q<¥,

(10) for each o € Q% if J,,c,, V(o [ n) =Y, then |, K(o [ n) =Y.

Put M, = |U{B(o) x K(o)|oc € Q"}. Then M, is a closed subset of X x Y and we have
(11) X xY = U, co, M.

V(ie[n)=Y.

new

new

For each 0 € Q<¢, V, = {V,¢|¢ € E} is a collection of open sets in Y, cover K(o) and
V. =V, U{Y \ K(0)} is an open cover of Y.

Cases (a) and (b). Since Y is w-d660-refinable (resp. s-w-d6-refinable), there is a sequence
<O;7m)mew of open covers (resp. semi-open covers) of Y such that

(12) for each y € Y, there are an m, and a countable subfamily V(ly) of V, such that
(C’);m)(y) =< Véy) for every m > m,,. Here, if y € K(0), then we can choose V('y) V.

Put Oy, = {0 € O;7m|O NK(o) # 0}. Then (Opm)(y) < Véy) for every m > m,. By
Lemma 5, we may assume that Oy < V.

Cases (c) and (d). Since Y is ww-06-refinable (resp. s-ww-df-refinable), there is a sequence
<O;’m)mew of open covers (resp. semi-open covers) of Y such that for each y € Y, there are

’

an m, and a countable subfamily V('y) of V. such that y € Véy) and st(y, O;m) cUVy,
for every m > m,,.

Put Oy = {0 € O;,m|O NK(o) # 0}. Then O,y are collections of open sets in Y
and covers K (o), if y € K(o), then we can choose V('y) C V,. Here we may assume that
Oom = V,. Put

L(oym) ={H(0c) x O|0 € Oy, } and
Lom = Useqn Lo;m) U{(X xY \ M) NGe¢l€ € E}. Then

(13) Ly, is an open cover (resp. semi-open cover) of X x Y and a refinement of G.
and

(14) Case (a). (Lnm)n,mew 1S a w-00-sequences.

Case (b). (Lynm)n,mew 1S & s-w-df-sequences.

Case (¢). (Lrnm)nmew 1S & Ww-00-sequences.

Case (d). (Lynm)n,mew 18 a ssww-06-sequences.

Proof of (13). We prove only case (c¢). To show that L, ., is a semi-open cover, let
(z,y) € X x Y. It is ovbious that (z,y) € Int(st((z,y), Lnm)) if (z,y) ¢ M,. We consider
the case of (z,y) € M,. Then (z,y) € H(c) x K(o) for some o € Q". Since O, . is a

o,m

semi-open cover, y € Int(st(y,O;vm)). Therefore there is an open neighborhood W of y
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in Y such that W C st(y,0;7m). Since y € K (o), st(y,O;ym) = st(y, Op,m). Therefore,
H(o) x W C H(0)x st(y, Op,m) C st((z,y), Ln,m)). Thus (x,y) € Int(st((x,y)), Ln,m))-
Since Y L(o;m) D H(o) x K(0) D B(o) x K(0), Lym is a cover of X x Y. For each
L e Lym, L=H(o)xO for some 0 € Q" and some O € O, . Since O C V for some
VeV, andONK(o) # 0,V #Y N K(0). Thus V = V, ¢ for some £ € Z. Therefore
H(o) x O C H(o) X V¢ C G¢ for some £ € E.

Proof of (14). Let (z,y) € X x Y. Then there is an n such that (z,y) € M,,. Since H,, is
point finite, there is a finite set {o;]i = 0,1,...,k — 1} of Q™ such that x € H(0) <= o €
{Uili = O7 1, ceey k— 1}.

Cuases (a) and (b). For each i, there are an m(i) € w and a countable subfamily V('i) of V;

satisfying the condition (O;m)(y) =< V('i) for each m > m;,.

Cases (c) and (d). For each i, there are an m(i) € w and a countable subfamily V; of V;,i
satisfying the conditions: y € [ V('i) and st(y, (’);Mn) cy V(/i) for every m > m,;.

Put Vi) = Vi ~{Y N K (o))}

Let m be an arbitrary element of w such that m > max{m;|i = 0,1,..,k — 1}. Put
L ={H(o;)) x V|V € V;l,i =0,1,.,k—1}. Then £ is a countable family and £ < G.
For each L € £, let us choose G(L) € G such that L ¢ G(L) and put G = {G(L)|L € L'}.
Then g' is a countable subfamily of G and

Cases (a) and (b). Lpm((z,y)) <G .
Cases (c) and (d). (x,y) € NG and st((x,y), Lom) C UG .
Proof of cases (a) and (b). Let (z,y) € L € Ly, . Since (z,y) € My, L = H(o) x O for

some O € Oy . Since O € Oy (y), O C V for some V € V. Since ONK (o) # 0,V e V.
Since x € H(o),0 = o; for some i. Hence L € H(o;) x V(put = L) c G(L') € G .

Proof of cases (¢) and (d). It is obvious that (z,y) € L for each L € £ and since
L C G(L), (z,y) € G(L) for each G(L) € G'. The proof of st((x,y), Lnm) C UG is similar
to that of £, ((z,y)) <G . O

4. PSEUDO-OPEN MAPS AND §6-REFINABILITY

It is obvious that every df-refinable space is w-d6-refinable, every w-d6-refinable space is
ww-d6-refinable and s-w-§6-refinable, every ww-df-refinable space is s-ww-d6-refinable and
every s-w-0@-refinable space is s-ww-d6-refinable.

However, the converse is not known.

Let L(X) denote the Lindeldf number of a space X, i.e., L(X) = min{x > w | each open
cover G of X has a subcover G with |G| < }.

In [4], K. Chiba proved the following.

Theorem D ([4]). Let X be a space with L(X) < w;y. Then the following are equivalent.
(1) X is df-refinable.

(2) X is w-d6-refinable.

(3) X is ww-d6-refinable.

Now we give the following.

Theorem 5. Let X be a space with L(X) < wy. Then the following are equivalent.
(1) X is 60-refinable.
(2) X is w-00-refinable.
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(3) X is ww-00-refinable.
(4) X is s-w-00-refinable.
(5) X is s-ww-60-refinable.

Proof. This proof is similar to that of Theorem D. It is sufficient to prove that (5) = (1).

Let U be an open cover of X. We may assume that U = {U,|a < w1}. By assumption,

there exists a sequence (L) ke of point star C-refining sequence by semi-open covers of X.
For each k € w and each a < wy, define

Vi.a = UaN(Int(st(X ~ Uﬁ;&aUﬁ,ﬁk)),

Vio = Ua N (UpsaUs)N(Int(st(X N Ug<alUs, L1))) and put

Vi = {Vk,a|04 <witU {V,;(y|a < w1}

Then

(i) Vi is an open cover of X such that Vi < U.

Proof. 1t is obvious that each set of Vi is an open set and V;, < U. To prove that Vy is a
cover of X, let x € X. Put @ = min { < wi|x € Ug}. Then x € Uy \ Ug<oUgs. Since Ly,
is semi-open cover of X, x €Int(st(z, Lx)) CInt(st(X \ Ug<aUp, Li))). If = ¢ Vkl’a, then
x ¢ UgsaUp and thus € X \ U Ug. Since Ly, is semi-open, x €Int(st(z, Ly)) C
Int(st(X N\ Ug<aUp, Li)). Hence x € Vi 4.
(i) {Vk|k € w} is a df-sequence.
Proof. Let x € X. Then there exist a k € w and a countable subset {a;]i = 1,2,...} C wy
such that x € N2, U,, and st(x, £i) C U2, Uy,.

If 2 € Vi o, then there is an L € L, such that © € L and L N (X \ UgxaUg) # 0. Since
L Cc U2, U,,,a = a; for some i. Therefore {a < wi|z € Vi o} C {auli =1,2,...}. Put o* =
sup{a;|i = 1,2,...}. Then {a < wi|z € Vk/’a} C {aJa < a*}. To show this, let a > o*. If
x €L € Ly, then L C Ug<oUs. Thus z ¢ Vkl’a. Hence ord(z, Vi) <w. O

A surjective map f: X — Y is called pseudo-open if for any y € Y and any open set U in
X such that f=(y) C U,y € Intf(U). Here Intf(U) denotes the interior of f(U).

Theorem 6. Let X be a d0-refinable space. If there is a finite to one pseudo-open map f
from X onto a space Y, then Y is s-ww- 60-refinable.

Proof. Let O be an open cover of Y. Put U = {f~}(0)|O € O}. Then U is an open cover
of X. Since X is §f-refinable, there is a §0-sequence (V,,)ne., of open refinements of . Put
Wy =AWy and L, = f(Wy) = {f(W)|W € W,}. Then

(1) L,, is a semi-open cover of Y and £,, < O.

(2) (L,)n is a point C-refining sequence.

Proof of (1). To show that £,, is semi-open, let y € Y. Then f~1(y) C [ J{W|W € W,,, WN
f~1(y) # 0}. Since f is a pseudo-open map, y € Intf((J{W|W € W,,, W N f~(y) #0}) =
Int{f (W)W € W,y € f(W)} = Int(st(y, Ln)).

Proof of (2). For each y € Y, put f~(y) = {z(9)]i = 1,2...,5}. For each i, there are an
n(i) such that (£;)(x(i)) is countable. Put V' = U1 (Vn(i))w(s)- Then V' is a countable
subfamily of V. For each V € V', let us choose O(V) € O such that V c f~*(O(V)) and
put O = {O(V)|V € V'}. Then O is a countable subfamily of @ and y € (O'. Let us
put m = max{n(i)|i = 1,2, ..., j}. Then st(y, L,) c JO'. O

By Theorems 5 and 6, we obtain the following.
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Theorem 7. Let X be a §0-refinable space and'Y be a space with L(Y') < wy. If there is a
finite to one pseudo-open map from X onto Y, then'Y is 60-refinable.

Remark. Lemma 1.3 in [10] is not correct. Lemma 1.3 is used only in Lemma 1.4 and
Theorem 3.15 in [10]. However, these can be proved without Lemma 1.3.

Lemma 1.3. ([10]). Let {F;} be a X-net of a space X. If for each i, H; is a locally finite
closed cover of X refining F;, then {H;} is a X-net.

In fact, the following example exists.

Example. Let X = (0,00) with the subspace topology of the Euclidean space R. Let
Fi={0,13u{(0,2],[, 25 =1,2,..,i — 1} U{[n,n+ L;j = 1,2,...,i,n = 1,2,...} for
each i € N. Then F; is a locally finite closed cover of X.

(1) {F:} is a T-net of X.
Proof. Let K1 D Ky D ... is a sequence of non-empty closed sets of X such that K; C
C(z,F;) for some point x in X and for each i. Then there are some k and a closed interval

[a, b] such that K; C [a,b] for each i > k. Since [a, b] is compact, ;= K; # 0.

Let us put H; = {(0, 1]} U{[n,n+ 2];j =1,2,...,4,n=1,2,..} for each i € N. Then H; is
a locally finite closed cover of X. However
(2) {H;} is not a X-net of X.

Proof. Let K; = (0, H%] for each ¢ € N. Then K; is a closed subset of X, K1 D Ky D

.K; > ... and K; C (0,1] = C(3,F;) for each i. But ;2 K; =0. O

5. INVERSE LIMITS

K. Chiba investigated the covering properties of inverse limits and proved the following.

Theorem E ([5]). Let {Xq,7F, A} be an inverse system and X = lim {X,, 7§, A}. Suppose
each projection 7, is a pseudo-open map and X is k-paracompact where |A| = k. Then
(a) If each X, is w-d0-refinable, then so is X.

(b) If each X, is ww-d6-refinable, then so is X.

(cf. [2], [5] or [6] for the definitions of inverse systems and their limits, projections.)

Let k be an infinite cardinal. A space X is called k-paracompact if every open cover G of
X with |G| < k has a locally finite open refinement.

In this paper we shall prove the similar result for s-w-§6-refinability and s-ww-Jd0-refinability.

Theorem 8. Let {X,, T, A} be an inverse system and X = lim { X, T4, A}. Suppose each
projection o, i a pseudo-open map and X is k-paracompact where |A| = k. Then

(c) If each X, is s-w-00-refinable, then so is X.

(d) If each X, is s-ww-00-refinable, then so is X.

These proofs are quite similar to that of theorem D. But, for completeness, we shall give
the proof only for part (c) briefly. (The proofs of (a) and (b) are similar. Therefore in [5]
only proof of (b) was given)

Proof of part (c). Let G = {G¢|¢ € E} be an arbitrary open cover of X. For each a € A
and § € E, let Uy ¢ be the maximal open set in X, satisfying m,!(Ua,e) C G¢ and put
Uy = UgezUqne. Then {n 1 (U,)|a € A} is an open cover of X and there exists an open
cover {Wy|a € A} of X such that
(1) W,, C 75 5(U,) for each a € A, and (2) W, C Wp if a < 3. (cf. [2]).

Let us put T, = Xo~Int 74 (X \ W,,). Then
(3) Ty, is closed in X, and T,, C U, for each a € A.



00-REFINABILITY OF PRODUCT SPACES 1169

Put C, = Int 7, (T,) for each a € A. Then
(4) C ={C4|a € A} is an open cover of X. (cf. [2] or [5]).

Since X is k-paracompact and |C| = &, there is a locally finite open cover O = {O4|a € A}
such that
(5) O4 C C,, for each « € A.

Let us put Uy, = {Unel€ € 2} and U, = U, U {Xo ~ To}. Then U, is an open cover of
X,. Since X, is s-w-df-refinable, by Lemma 5, we can choose a sequence (L;,m>m€w of
semi-open covers of X, satisfying: for each y € X,,, there are an m(y) € w and a countable
subfamily U(;,y of U,, such that E;,m(y) < U, for every m > m(y).

’

Put Lom ={LNU|L € L, ,,, LNT, # 0}. Then we have

(1)a- Ta CULa,m for each m.

(14)q. For each y € T, there are an m(y) € w and a countable subset A(y) of = such
that y € Neca(y)Ua,e and Lo, m(y) < U, for each m > m(y).

Put L, = {7 Y(L) N Ou|L € Lo m, € A} for each m. Then

(6) L, is a semi-open cover of X for each m.

Proof. Let © = (2o)aear € X. Then z € O, for some «. Since z, € Ty, by (5), (©)a,
7o € L for some L € Ly . Thus x € 7,1 (L) N Oy € Lyy,. Thus L,, is a cover of X.

Since Elmm is a semi-open cover of X,, zo € Int(st(xa,ﬁlmm)). Therefore there is an
open set N of X, such that z, € N C Int(st(xa,£;7m)). Then N NU, is a neighborhood
of £, and NNU, C st(wa,ﬁ;t’m) NUqy =st(za, La,m)- Then

71 (N)NO, is a neighborhood of z and it is easy to see that 71 (N) N Oy Cst(xa, Ln)-

(7) {Lm)mew is a pointwise countable W-refining sequence of G.

Proof. Let x € X. Then, since O is locally finite, there exists a finite set {o;|i = 1,2, ..., k}
of A such that z € O, < «a = q; for some i = 1,2,...., k. For each ¢ = 1,2, ..., k, since
Za, € Ty, there exist an m; € w and a countable subset A; of = such that x, € Ngca,Ua, ¢
and Lo, m(Ta;) < {Ua, € € A;} for each m > m;.

Let us put m = max{m;|i = 1,2,....k} and A = U¥_;A;. Then m € w and A is a
countable subset of Z. Then it is easy to see that L, (z) < {G¢| € E}. O

Let x be an infinite cardinal. A space X is called k-8-refinable (k-submetacompact) if
every open cover G of X with |G| < k has a 6-sequence {H,|n € w} of open refinements of
g.

If P is a topological property, X is called hereditarily P if every subspace has P.
It is easy to see that X is hereditarily P if every open subspace has P when P is w-§6-
refinability or ww-d6-refinability.

The following theorem is known.

Theorem F ([5]). Let {X,, 7§, A} be an inverse system and X = lim {X,, 75, A}. Suppose
X is hereditarily k-submetacompact where |A| = k.

(a) If each X, is hereditarily w-06-refinable, then so is X.

(b) If each X,, is hereditarily ww-d6-refinable, then so is X.

Concerning this, we have the following.

Theorem 9. Let {Xo, 75, A} be an inverse system and X = lim {X,, 7§, A}. Suppose X
is hereditarily k-submetacompact where |A| = k.

(c) If each X, is hereditarily s-w-60-refinable, then so is X.

(d) If each X, is hereditarily s-ww-60-refinable, then so is X.
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We only give the proof of part (c).

Proof of part(c). Let G be an arbitrary open subspace of X and G = {G¢|¢ € E} be an
arbitrary open cover of G. For each oo € A and £ € &, let U,,¢ be the maximal open set in
X, satisfying 7' (Ua,e) C Ge and put Uy = UgegUae. Then U = {n'(Uy)|a € A} is an
open cover of G with |U| = k. Since G is k-submetacompact, there is a sequence (O, )new
of open refinements of U satisfying the condition: For each x € G, there exists an n, € w
such that ord(x, O, ) < w. We can represent O,, = {O,.n|a € A} with Oy, C 71 (U,) for
each o € A. Let us put Uy, = {Uq ¢|€ € E} for cach o € A. Then U, is an open cover of U,,.
Since U, is s-w-06-refinable, by Lemma 5, there is a sequence (L4, m)mew Of open covers of
U, satisfying:

y € Uy, there are an m(y) € w and a countable subset A(y) of = such that Lo m(y) <

{Uacl€ € A(y)}-
For each n,m € w, let us put V7 = {n; (L) N Onn|L € Lam,a € A}. Then (V) mew
is a pointwise countable W-refining sequence of G by semi-open covers of X. [
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