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ON THE CARDINALITY OF HOMOGENEOUS COMPACTA OF
COUNTABLE TIGHTNESS

AHMED O.ELNUBI

Received March 3, 2006

ABSTRACT. We prove that every homogeneous compacta of countable tightness and
d(X)<2%, is first countable. A relevant conjecture is raised by Arhangel’skii, conjec-
ture 1.17 in [1], see also van Mill [11], which says: every homogeneous compacta of
countable tightness is first countable.

1 INTRODUCTION

For all undefined notions, see Engelking[6], Kunnen[10],and Juhasz[9]. Recall that
7x(X), mx(4) ,rw(X), w(X), d(X) and t(X) denote the m — character, m — character
of A,m — weight, weight,density and tightness of X. A space X is homogeneous iff for every
x,y € X there is a homeomorphism f of X onto X with f(x) = y. A space is hereditarily
separable (HS) iff every subspace is separable. A space is power homogeneous if X* is
homogeneous for some k. All spaces under discussion are Tychonoff.

In this paper, we prove that if a space X is homogeneous compactum of countable
tightness and d(X)<2", then it is first countable. Results of the same flavour were obtained
by Bell [4],and Arhangel’skii [2]. Bell proved that if X is a continuous image of a compact
ordered space and X is power homogeneous, then X is first countable. Arhangel’skii proved
that if X is Corson compact and power homogeneous then X is first countable, and a compact
scattered power homogeneous space is countable. A recently interesting result was obtained
by van Mill [12]. He constructed a compactum of countable m — weight and character ¥,
with the property that it is homogeneous under MA+-CH whereas CH implies that it is
not.

2 Homogeneous compacta of countable tightness.

Lemma 1 : (Sapirovskii[13]) If X is a compactum and t(X) = X, then we have my(A)
<N, for every AC X .

Lemma 2 : If X has mx(A4)<R, for all AC X, then every dense subspace of X is separable.

Proof : Let Y be dense in X . We can take Y = A, then for every open neighbourhood N
of Y there exists V € v =
(Viti=1,2,3,..}

a countable local base for Y. Using the fact that if Y is dense and V is open, then
cl(YNV)=cl(V). Choose a point x(V) in the intersection, i.e.x(V)e YNV}, then {z(V) : V € v}
is the desired countabl dense set in Y.
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Lemma 3 : If d(X)<R, and my(A4)<RN, for every ACX, then |X|< 2% .

Proof : Assume that D is dense in X and |D|< Y,. Associate with each subset A of X
a countable sequence of neighbourhoods g(z) = {U;z : i =1,2,3,....} for every x€ X such
that {z} = N{U;z:i=1,2,3,....} and cl(U;+1x) CU;z (here we have made use of the
condition mx(A) = N, for each AC X and the regularity of X, also by regularity of X and
density of D we have by theorem (3.9)(c) in Hodel [7],mx(p, D) = mx(p, X)). Let D;x =
U;xND. Clearly, D;xCD, |D;x| < N,, x€ cl(D;x). Now associate x with the sequence 7(z)
={D;z:i=1,2,3,....} of countable sets D;z. Denote by ¥(X) the family {y(z) : v € X}
of all sequences 7(x) constructed for each x€ X and ACX . Since |D| < X,, |D¥°| < ¢ and
|DN0N°| < ¢; thus we have

IS(X)[<[DR | <.
We need to show that the correspondence v :X— (X)) is one-to-one. Let z1,22€ X, 21 #xo.
Let i1 be such that xo¢ cl(U;,x1), where U;,z1 € g(z1). Take is such that x1¢ cl(U;,z2),
where U;,x2 €g(x2).
Suppose i2> i1. Then it is clear that x1¢€cl(U;,z2) and zo& cl(U;,x1). Consider (D;,x0)=
(Ui,x2)N D, (Dji,x1)= (Usyx1)N D . Since x1€ cl(Dy, 1),

x2€ cl(Dj,z2) and 21 € cl(Us,x2),x2¢ cl(Us,x1), then we have 21 & cl(Dj, x2), xo& cl(Dj,x1);
thus we have (D;,x1)#(D;,x2), that is v (1) and 7 (z2) are distinct sequences . Thus the
correspondence v :X—3(X) is one-to-one. Hence | X|< |I(X)[<c. o

Lemma 4 : If X has my(A4)<R, for every AC X, t(X) =X, and d(X)<2%, then | X|<
2%

Proof : Let DC X be such that cI(D) =X and |D|< ¢. Since t(X) = Rg) then for for every
point x€ X there exists D,C D such that |D,| < Ry and x€ clD,. Since mx(4) <R, for
every AC X and d(clDy) < Ny, then |clD;| < ¢,by Lemma 3. Denote by Z(D) the collection
of all finite or countable sets belonging to D. Since |D|< ¢ and c®0= ¢, we have |Z(D)|< c.
Also, since for each x€X there exists a countable set D, €=(D) for which xeclD,, we have
X =U(cl(B):BEE(D)). But |Z(D)|< ¢. and |cl(B)|< ¢ for every BEE(D). Hence | X |< c.

Theorem 5 (2% <2%1) : If X is a homogeneous compactum, t(X)=R,and d(X)<2",
then it is first countable.

Proof : From Ismail[8], and using Lemma 1 and 4.
Van Douwen [3] proved that if X has a countabler — base, then | X |<2%e.

Corollary 6 (2% <2%1) : A homogeneous compactum space of countable m — base is
first countable.

Proof : From Van Douwen [5] |X|<2®e and from Ismail[8] we have |X|=2X and the proof
follows .

Corollary 7 (2% <2%1) : A compact homogeneous sequential space is first countable.

Proof : From Arhangel’skii [3], pp.134, problem 152, |X|=28 and from Ismail[8], we have
| X|=2x.
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By Sapirovskii [14], any compact HS, must have countabler — weight, so if it is also ho-
mogeneous, it must have size at most 2% by Van Douwen [5]. By using the inequality in
Ismail [8],under CH the space must be first countable.

Corollary 8 : If there is a dense subset of X which is separable and mx(X)<R,, then
| X |<2Re.

Proof : Using Theorem (3.8)(b) of Hodel [7], and van Douwen [5].

Corollary 9 (2%°<2"1) : If X is a homogeneous compactum and hry(X)<R,, and
d(X)<N,, then it is first countable.

Proof : Using Theorem (3.8)(d) of Hodel [7], and theorem 5 above.

3 Examples and Conclusions

[1]The space BN is characterized by d(BN)<2%e .
[2]The space RX, where the space X is Tychonoff compact, with the toplogy of uniform
convergence or of pointwise convregence contains a dense subset of cardinality at most 28°
if and only if | X|<2" see Engelking [6].
[3]From Hodel [7] theorem (3.8)(b) mw(X) = d(X).mx(X) and using Van Douwen result
in[5],this means if d(X).my(X) <2%° then |X|< 2%°. Lemma 3 above is a better estimate
than this combined result .
[4]By the Hewitt-Marczewski-Pondiczery theorem:If d(X,)<2%e, for every s€ S and |S|
§22N°, then d(msesXs)<2®°. Assuming the productivity of homogeneity, then we can
conclude the productivity of of first countability within the class of homogeneous compactum
spaces satisfying the conditions of theorem 5.
[5] Applications of Theorem 1.1 in van Mill [11] are that the cardinality of a homogeneous
compactum which has countable spread or is hereditarily normal and satisfies the countable
chain condition does not exceed c. Using Theorem 5 to this class of spaces in addition to
countable tightness and d(X)<2"¢, then easily we deduce the first countability of these
spaces.
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