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ABSTRACT. In this paper we introduce the notions of common fixed point structure
and common strict fixed point structure for multivalued operators and we prove some
common fixed point theorems and common strict fixed point theorems in the terms of
these structures.

1 Introduction The notion of fixed point structure for singlevalued operators was
introduced by I. A. Rus in 1986 ([5], [6]) and it generalizes notions such as “partially ordered
set with the fixed point property” or “topological space with the fixed point property”. In
[7] he presents in a unified form the results which he obtained regarding the fixed point
structure and in [9] he formulates some open problems in the fixed point theory, in terms of
the fixed point structures (problems about invariant subsets under an operator, coincidence
theory, common fixed points, involution operators or retractible mappings). The fixed point
structures with the common fixed point property are also studied by I. A. Rus in [10].

Using the fixed point structures, F. Aldea studies in [1] the surjectivity. In [15] F.
Stefanescu introduces the notion of Goebel’s type coincidence structure and she proves
some coincidence theorems. M.-A. Serban presents in [14] the technique of the fixed point
structure for mappings on product spaces.

I. A. Rus extended in 1993 the technique of the fixed point structure to the multivalued
operators by introducing the notions of fixed point structure for multivalued operators and
strict fixed point structure ([8]).

Also, I. A. Rus presents in [11] some open problems in the fixed point theory, in terms
of the fixed point structures both for singlevalued and for multivalued operators.

Having a preliminary character, the second section of the paper contains notions and
results which will appear in the next sections and specifies the terminology and the notations
used in the paper. In this second section we shall prove a general lemma of invariant subset
under two multivalued operators and we shall introduce two notions: (6, ¢)-contraction pair
of multivalued operators and 6-condensing pair of multivalued operators.

Section 3 will be dedicated to the common fixed point structures for multivalued ope-
rators. We shall introduce this notion, we shall give examples of such a structure and we
shall prove some general common fixed point theorems for multivalued operators.

In the last section we shall introduce the notion of common strict fixed point structure
and we shall prove some general common strict fixed point theorems.

2 Some notions and preliminary results Let X and Y be two nonempty sets.
We denote by P(X) the set of all subsets of X,i. e. P(X):={ A| AC X } and by P(X)
the set of all nonempty subsets of X, i. e. P(X):={ A|0#AACX }.

2000 Mathematics Subject Classification. 47TH10, 54H25, 47THO04.

Key words and phrases. multivalued operator, fixed point, strict fixed point, common fixed point,
common strict fixed point, common fixed point structure, common strict fixed point structure, (6, )-
contraction pair, f-condensing pair.



576 ALINA SINTAMARIAN

Let f: X — X be a singlevalued operator. We denote by Fy the fixed points set of f, i. e.
Fr={zeX| flx)=2}
For a multivalued mapping T : X — P(Y) we use the notation T : X — Y. We denote
by M°(X,Y) the set of all multivalued mappings T : X — Y. We also write M°(X) :=
M° (X, X).
Let T : X — P(X) be a multivalued operator. We denote by I(T") the set of all nonempty
invariant subsets of T, i. e. I(T):={ A| A€ P(X), T(A) = UgecaT(a) C A }. We denote
by Fr the fixed points set of T, i. e. Fr:={z € X | z € T(x) } and by (SF)r the strict
fixed points set of T, i. e. (SF)r:={ze€ X |T(x)={z} }.
Let T1,T5 : X — P(X) be two multivalued operators. We denote by (CF')r, 7, the common
fixed points set of T and T5, i. e. (CF)p, 1, := Fr, N Fr, and by (CSF)r, 1, the common
strict fixed points set of T} and Ty, i. e. (CSF)r, 1, := (SF)n, N (SF),.

Let (X, d) be a metric space.
We denote by P.(X) the set of all nonempty and closed subsets of X, i. e. Py(X) :=
{A] Ae P(X), Aisaclosed set } and by P,(X) the set of all nonempty and bounded
subsets of X, i. e. P(X):={A| A€ P(X), Aisabounded set }.
We also remind the functional D : P(X) x P(X) — Ry, defined by D(A, B) = inf { d(a,b) |
a € A, be B}, foreach A, B € P(X), and the generalized functionals ¢ : P(X) x P(X) —
Ry U{+o0}, defined by §(A, B) =sup { d(a,b) |a € A, b€ B }, for each A, B € P(X) (we
notice that §(A) := §(A4, A), for each A € P(X)), and H : P(X) x P(X) — Ry U {400},

defined by H(A, B) = max { sup D(a, B), sup D(b, A) }, for each A, B € P(X).
acA beB

Definition 2.1. Let X be a nonempty set. An operator n : P(X) — P(X) is a closure
operator if

(i) ACn(A), for each A € P(X);

(1) A C B implies that n(A) C n(B), for each A, B € P(X);
(#ii) n(n(A)) =n(A), for each A € P(X).
Lemma 2.1. Let X be a nonempty set, n: P(X) — P(X) a closure operator and A; € F,,
a ‘;hen NierA; € F.

Lemma 2.2. Let X be a nonempty set and T : X — P(X) a multivalued operator. If
T(X)CY CX, thenY € I(T).

The next result extends the general lemma of invariant subset for a multivalued ope-
rator, given by I. A. Rus in [8], to a general lemma of invariant subset for two multivalued
operators.

Lemma 2.3. Let X be a nonempty set, n : P(X) — P(X) a closure operator, Y € F,,
T, Ty : Y — P(Y) two multivalued operators and A € P(Y).
Then there exists Ag CY such that:

(a) AQ 2 A,
(b) Ag € I(Tl) n I(Tg) n Fn;

(¢) n(T1(Ao) UTa(Ap) UA) = Ag.
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Proof. Let B:={ B| AC BCY and B € I(T1) N I(T2) N F, }. We observe that B # 0,
because Y € B. We have NgepB € B and we put Ay := NpepB. With this choice of Ag
we have that (a) and (b) are satisfied.

We shall prove that (71 (A4o) UT2(4g) U A) € B.
Obviously AC n(Tl(Ao)UTQ(Ao)UA) and n(Tl(Ao)UTQ(Ao)UA) S FTI' For each i € {1, 2}
we have

Ti(Ao) - Tl(Ao) U TQ(A()) UAC U(Tl(Ao) U TQ(A()) U A) - U(Ao) = Ap.

So n(T1(Ap) U Ta(Ag) U A) € I(Th) N I(Tz). Now we are able to write that n(71(Ap) U
TQ(AO) @] A) € B.

It follows that n(T1(Ag) UT2(Ag) UA) = Ag, because Ag = NpepB € B and n(T1(Ag) U
To(Ag) U A) C Ap. O

Definition 2.2 (I. A. Rus [5], [6], [7]). Let X be a nonempty set and Z € P(P(X)). A
functional 0 : Z — Ry has the intersection property if A, € Z, Ap+1 C Ay, for each n € N
and lim 0(A,) = 0 imply that Ass := Nnendn € Z and 0(Ax) = 0.
n—od
Let ¢ : Ry — R;. We consider the following conditions:
(i,) ¢ is nondecreasing, i. e. t; < to implies ¢(t1) < ¢(t2), for each t1,t2 € Ry;
(i,) @(t) <t, for each t > 0;
(iiig) ©(0) = 0;
(vy) (¢™(t))nen converges to 0, as n — oo, for each t > 0.

Lemma 2.4. Let ¢ : Ry — Ry be a function which satisfies the conditions (i,) and (iv,).
Then (ii,) holds.

Lemma 2.5. Let ¢ : Ry — Ry be a function which satisfies the conditions (i,) and (ii,).
Then (iii,) holds.

Definition 2.3. A function ¢ : Ry — Ry is called comparison function if satisfies the
conditions (i,) and (iv,).

Further on we give two notions.

Definition 2.4. Let X be a nonempty set, Y € P(X), Z € P(P(X)) and0 : Z — Ry. The
multivalued operators Ty, To : Y — P(Y) form a (0, p)-contraction pair if ¢ : Ry — Ry is
a comparison function and

(i) Ae P(Y)N Z implies T1(A) UT5(A) € Z;
(i) O(T1(A)UT(A)) < p(8(A)), for each Ac I(Th)NI(Ta)NZ.

Definition 2.5. Let X be a nonempty set, Y € P(X), Z € P(P(X)) and 0 : Z — R..
The multivalued operators Ty, Te : Y — P(Y) form a §-condensing pair if

(i) A; € Z,i eI and NierA; # 0 imply Nicr A; € Z;
(i5) A€ P(Y)N Z implies T1(A) UTL(A) € Z;

(73) 6(Th(A) UT2(A)) < 0(A), for each A € I(Th) N I(T2) N Z, with the property that
6(A) # 0.

These two notions extend the notions of (6, )-contraction and §-condensing given for a
multivalued operator by I. A. Rus in [8] and generalize the corresponding notions for a pair
of singlevalued operators, given by I. A. Rus in [10].
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3 Common fixed point structures for multivalued operators In this section
we shall introduce the notion of common fixed point structure for multivalued operators,
which extends the notion of fixed point structure for multivalued operators, given by 1. A.
Rus in [8]. The results which we shall give here extend those presented by I. A. Rus in [§].

Definition 3.1. Let X be a nonempty set. A triplet (X,S, M&) is ¢ common fixed point
structure for multivalued operators (briefly c. f. p. s.) if

(i) S € P(P(X));
(11) Mg : P(X) — Uyepx)M°(Y) x M°(Y), Y|— Mg(Y) € M°(Y) x M°(Y) is a
multivalued mapping such that if Z € P(Y'), then

{ (]2, Ta|2) | (Th, T2) € M&(Y) and Z € I(Th) N I(T2) } € M&(2);

(#3) eachY € S has the common fized point property relative to M&(Y), i. e.

Y €S and (Th,T2) € M&(Y) imply (CF)q, 7, # 0.

We illustrate this definition through some examples. An important source of such e-
xamples can be given by using the common fixed point theorems for multivalued operators.

Example 3.1. Let X be a nonempty set, S ={ {z} | © € X } and for each Y € P(X) we
take ME&(Y') the set of all pairs of multivalued operators (T1,Ts), where Th, Ty : Y — P(Y').
In this case the triplet (X, S, M&) is a c. f. p. s. and it is called the trivial common fized
point structure.

Example 3.2. Let (X,d) be a complete metric space, S = P.(X) and for each Y €
P(X) we take M&(Y') the set of all pairs of multivalued operators (T1,T5), where Ty, T :
Y — P,(Y), with the property that there exist ai,...,as € Ry, with a1 + as + a3z +
2 max {a4,a5} <1, such that

H(T1(z),T2(y)) < a1 d(z,y) + a2 D(x,T1(x)) + a3 D(y, T2(y))+

+as D(z,T2(y)) + a5 D(y, T1(7)),

for each x,y €Y.

Then the triplet (X,S,Mg) is a c. f. p. s., taking into account a result given by V.
Popa in [3].

Example 3.3. Let (X,d) be a complete metric space, S = P, (X) and for each’ Y € P(X)
we put M&(Y) the set of all pairs of multivalued operators (T1,T52), where T1,T> : Y —
P, (Y), with the property that there exists a € [0, 1] such that

H(Tl(x)aTQ(y)) < a max {d(x,y),D(x,Tl(m)),D(y,Tg(y)),

1/2 [D(z, T2(y)) + D(y, Ta(2))]},

for each x,y €Y.

Then the triplet (X, S, Mg) is a c. f. p. s., taking into account a result given by V.
Popa in [4].
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Example 3.4. Let (X,d) be a complete metric space, S = P, (X) and for eachY € P(X)
we take M&(Y') the set of all pairs of multivalued operators (Th,T>), where T1,T> : Y —
P, (Y), with the property that for each i,j € {1,2}, withi # j, there exist a;1,...,a;5 € Ry,
with a;1 + ae + a3 + 2 a4 < 1, such that for each x € Y, any u, € T;(x) and for ally €Y,
there exists u, € Tj(y) so that

d(uz, uy) < ap d(z,y) + a2 d(T,uz) + aiz d(y, uy) + ais d(x,uy) + ais d(y, uz).
Then (X,S,M¢&) is a c. f. p. s., according to the Theorem 2.2 from [13].

Example 3.5. Let (X,d) be a complete metric space, S = P, (X) and for each Y € P(X)
we take M&(Y') the set of all pairs of multivalued operators (Th,T>), where T1,T> : Y —
P, (Y), with the property that for each i,j € {1,2}, with i # j, there exists a; € [0, 1] such
that for each x €Y, any uy € T;(x) and for ally € Y, there exists u, € T;(y) so that

d(uxa Uy) < a max{d(xv y), d(l‘, ux)’ d(y> uy)v 1/2 [d(xa uy) + d(y, 'U'x)]}
Then (X,S,M¢&) is a c. f. p. s., according to the Theorem 2.2 from [13].

Definition 3.2. Let (X,S,M&) beac. f p. s,0:Z —Ry andn: P(X)— P(X). The
pair (6,n) is a compatible pair with the c. f. p. s. (X, S, Mg) if

(i) m is a closure operator, S Cn(Z) C Z C P(X) and O(n(A)) = 6(A), for each A € Z,
(i) FNZg C S, where Zg ={ A| Ae Z, §(A)=0 }.

Theorem 3.1. Let (X,S,Mg) be a c. f p. s. and (0,n) a compatible pair with the c.
foop s (X,S8,M&), where 8 : Z — Ry and n : P(X) — P(X). LetY € n(Z) and
(Th,T2) € Ma(Y). We suppose that:

(i) 0|,z has the intersection property;

(i) (Th,Ts) is a (0, p)-contraction pair.
Then

(a) (CF)1,1, # 0

(b) if (CF)p, 1, € I(Th)NI(T2) N Z, then 0((CF)7, 1,) = 0.

Proof. (a) We put Yy =Y. We observe that Yo € I(T1)NI(T2)NF,N Z.
We have that Y, 41 := n(Th(Y,) UT2(Y,)) € I(Th) N I(T2) N F,, N Z, for each n € N.
We also have that

0(Ynt1) = 0(n(Ta(Yn) UTa(Yn))) = O(T1 (V) UTo(Yn)) <

<p(0(Yn)) < ... < @"THO(Y)),

for each n € N.

It follows that 6(Y,4+1) — 0, as n — oo, taking into account that " T1(8(Y)) — 0, as
n — 00.

Because Y11 = n(Th(Y,) UTa(Ysn)) C n(Y,) =Y, for each n € N, and using the fact
that 60|,z has the intersection property, we are able to write that

Yoo 1= NnenYy € Z and 0(Yag) = 0.
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Also, from the Lemma 2.1 we have that Yo, € F,. So Y € S.
We remark that Y, € I(Th) N I(T) and hence (Ti|y,., T2lv..) € M&(Yso).
It follows that (C'F)r, # (0 and therefore (CF)p, 1, # 0
(b) We have

[Yoo s T2 Yoo

O(CF)ry 1) = 0(Ti((CF)1, 1) U T2 ((CF) 1y 1)) <

<e0((CF)nm)) < ... < 9" (0((CF)1y 1)),
for each n € N.

(From here we get that 0((CF)r, 1,) = 0, because " (0((CF)ny,1,)) — 0, as n — 0.
|

Theorem 3.2. Let (X,S,M2) be a c. f p. s. and (6,n) a compatible pair with the
c. fop s (X,8M3), where : Z — Ry andn : P(X) — P(X). LetY € F, and
(T1,T2) € Ma(Y') such that Th(Y) UTx(Y) € Z. We suppose that:

(1) Ol (z) has the intersection property;

(i) (T1,Tw) is a (0, p)-contraction pair.
Then

(a) (CF)r,1, # 0

(b) if (CF)p, 1, € I(Th)NI(T2)N Z, then O((CF)r, 1,) = 0.

Proof. We notice that the multivalued operators

T lner, (vyurev))s Teln(m vyure vy 2 (T (Y) UT2(Y)) — P(n(Ti(Y) UTa(Y))) satisfy the
conditions from the Theorem 3.1. O

Theorem 3.3. Let (X,S,Mg) be a c. f p. s. and (6,n) a compatible pair with the c.
foop s (X,S8,M&), where 8 : Z — Ry and n : P(X) — P(X). LetY € n(Z) and
(Th,T2) € Ma(Y). We suppose that:

(1) z€Y, Ac Z imply AU{z} € Z and (AU {z}) = 6(A);

(i) (T1,T») is a O-condensing pair.
Then

(CL) (CF)TI;TZ # 0;

(b) if (CF)Tl,Tz S I(Tl) n I(Tg) N Z, then 9((CF)T17T2) =0.
Proof. (a) Let yo € Y. ;From the Lemma 2.3 and the conditions (i) and (i) of the
Definition 2.5, as well as from the condition (i) of the hypothesis, we get that there exists
AO C Y such that Yo € Ao, Ap € I(Tl)mI(Tg)anﬂZ and U(Tl(AQ)UTQ(Ao)U{yo}) = Ap.

If we suppose that §(Ag) # 0, then we reach the contradiction
0(Ao) = 0(n(T1(Ao) UT2(Ao) U{yo})) = 0(T1(Ag) UT2(Ao) U{yo}) =
= Q(Tl(Ao) @] TQ(A())) < Q(Ao)

So 0(Ag) = 0. We got that Ay € F, N Zy and hence Ay € S. Also, we have that
(T1| 4y, T2|a,) € M&(Ap). Therefore (CF)rp, # () and this implies that (CF)rp, 1, #
0.

lag, T2la
(b) If we suppose that 0((CF)r, 1,) # 0, then we have

9((CF)T1,T2) = Q(Tl((CF)Tl,Tz) U TQ((CF)ThTz)) < 9((CF)T1,T2)7
which is a contradiction. So 8((CF)q, 1,) =0. O
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Theorem 3.4. Let (X,S,M&) be a c¢. f p. s. and (0,n) a compatible pair with the
c. fop s (X,8M3), where @ : Z — Ry and n : P(X) — P(X). LetY € F, and
(Th,T2) € Ma(Y) such that Tv(Y) UT»(Y) € Z. We suppose that:

(i) x€eY, Ae Z imply AU{z} € Z and (AU {z}) = 6(A);
(iii) (T1,T») is a O-condensing pair.
Then

(a) (CF)r 1 # 0

(b) if (CF)p, 1, € I(Th)NI(T2) N Z, then 0((CF)7, 1,) = 0.

Proof. We observe that the multivalued operators Ti|,(r, (vyur(v)), T2lnr (vyumy))
(T (Y)UTe(Y)) — Pn(Th(Y) U Tx(Y))) satisfy the conditions from the Theorem 3.3.
]

4 Common strict fixed point structures The notion of common strict fixed point
structure, which we shall introduce further on, extends the notion of strict fixed point
structure, given by I. A. Rus in [8]. We shall also give abstract results relative to the
common strict fixed point structure, results which extend those presented by I. A. Rus in
[8]. The proofs of these abstract results are made as the proofs of the corresponding results
from the section 3.

Definition 4.1. Let X be a nonempty set. A triplet (X,S, M) is a common strict fixed
point structure (briefly c. s. f. p. s.) if

(1) S e P(P(X));

(11) Mg : P(X) —o Uyepx)M°(Y)xM°(Y), Yo M&(Y) C M°(Y)xM°(Y) is a mapping
such that if Z € P(Y), then

{ (|2, Talz2) | (Th, T2) € Me(Y) and Z € I(Th) N I(T2) } € M&(2);

(79) each'Y € S has the common strict fixed point property relative to M&(Y), i. e.

Y €5 and (T1,T2) € M&(Y) imply (CSF)r, 1, # 0.

The triplet (X, S, M&) from the Example 3.1 is in fact a c¢. s. f. p. s. .
Using the common strict fixed point theorems can be presented examples of c. s. f. p.
S., as the next example shows.

Example 4.1. Let (X,d) be a complete metric space, S = P, (X) and for eachY € P(X)
we take M3 (Y') to be the set of all pairs of multivalued operators (T1,T2), with Ty, To : Y —
Py(Y) and for which there exist a,b,c € Ry, with a4+ 2b+ 4c < 1, such that

0(Th(x), To(y)) < a d(z,y) + b [0(z, Ti(x)) + 0y, Ta(y)] + ¢ [6(x, Ta(y)) + 6(y, Tr ()],

for each x,y €Y.
Then (X,S,Mg) is a c. s. f. p. s., according to the Theorem 2.1 given by M. Avram
in [2].
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Having a c. s. f. p. s. (X,5,M&),0:Z — Ry and n: P(X) — P(X), we say that
the pair (6,n) is compatible with the c. s. f. p. s. (X, S, Mg) if the conditions (¢) and (i)
from the Definition 3.2 are satisfied.

Theorem 4.1. Let (X,S,M&) be a c. s. f. p. s. and (6,m) a compatible pair with the
c. s. fop.s (X,8MR), where  : Z — Ry andn: P(X) — P(X). LetY € n(Z) and
(Th,T>) € M&(Y). We suppose that:

(1) Oly(z) has the intersection property;

(i) (Th,T2) is a (0, p)-contraction pair.
Then

(a) (CSF)r, 1, # 05

(b) if (CSF)r, 1, € Z, then 0((CSF)1, 1,) = 0.

Theorem 4.2. Let (X,S,M&) be a c. s. f. p. s. and (6,m) a compatible pair with the
c. s. f.op. s (X,S M), where § : Z — Ry and n: P(X) — P(X). LetY € F, and
(T1,T2) € Ma(Y') such that ThW(Y) UT>(Y) € Z. We suppose that:

(i) Ol (z) has the intersection property;
(i) (Th,Ts) is a (0, p)-contraction pair.
Then
(a) (CSF)z, 1, # 0
(b) if (CSF)r,1, € Z, then 0((CSF)q, 1,) = 0.
The next result is a consequence of the Theorem 4.1 (or of the Theorem 4.2).

Theorem 4.3. Let (X,d) be a complete and bounded metric space and T1,Ts : X — P(X)
two multivalued operators which form a (8, ¢)-contraction pair (6 : P(X) — Ry and ¢ :
Ry — Ry).

Then (CF)T17T2 = (CSF)T17T2 = {.T*}

Proof. We take S = { {z} |z € X } and M&(Y") the set of all pairs of multivalued operators
(ﬁ,ﬁ), where Ty, T3 : Y — P(Y), for each Y € P(X).

Also, we choose Z = P(X), § =6 and 1 : P(X) — P(X) defined by n(A) = A, for each
A€ P(X).

JFrom the Theorem 4.1 (or the Theorem 4.2) it follows that §((CSF)r, 1,) = 0, taking
into account that (X,S,M&)isac. s. f. p. s.. So (CSF)p, 1, = {z*}.

We put Xo = X and let X,,11 = T1(X,,) UT,(X,), for each n € N. We observe that
(CF)ry 1 € Xoo := NpenXyp. Because {z*} = (CSF)p, 1, C (CF)p, 1, and 6(Xs) = 0,
we get that (CF)qy, 1, = (CSF)p, 1, = {z*}. O

Theorem 4.4. Let (X,S,Mg) be a c. s. f. p. s. and (8,n) a compatible pair with the
c. s. fop.s (X,8M&), where§ : Z — Ry andn: P(X) — P(X). LetY € n(Z) and
(Th,T2) € Ma(Y). We suppose that:

(i) x€Y, Ac Z imply AU{z} € Z and (AU {z}) = 6(A);
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(i) (Th,Ts) is a 0-condensing pair.
Then

(a) (CSF)z, 1, # 0

(b) if (CSF)r,1, € Z, then 0((CSF)q, 1,) = 0.

Theorem 4.5. Let (X,S,Mg) be a c. s. f. p. s. and (8,n) a compatible pair with the
c. s. fop. s (X,S,M2), where  : Z — Ry and n: P(X) — P(X). LetY € F, and
(T1,T2) € Ma(Y) such that Tv(Y) UT»(Y) € Z. We suppose that:

(i) xe€Y, Ac Z imply AU{z} € Z and (AU {z}) = 6(A);
(iii) (Ty,T) is a O-condensing pair.
Then

(a) (CSF),.1, £ 1

(b) if (CSE)r, 1, € Z, then 6((CSF)r, 1) = 0.
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