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ABSTRACT. Let Cla,b] be the space of all real-valued continuous functions on a com-
pact interval [a,b] and suppose that C[a,b] is endowed with the supremum norm. If
we consider a finite dimensional Chebyshev space G as an approximating space, then a
series of important results of best approximation from G are well known as the Cheby-
shev theory. In this paper, we introduce two other best approximation problems and
show that Chebyshev type theory holds in the problems.

1. Introduction

We shall study relations among results of three best approximation problems. Before
stating precisely the purpose of this paper, we have to explain some definitions, notations,
and best approximation problems.

Let F[a, b] be the space of all real-valued functions on a compact nondegenerate interval

[a,b] of R. A finite subset {ui,...,u,} of Fla,b] is called a system if uq,...,u, are
linearly independent. We denote by Span{ui, ... ,u,} the space spanned by {u1,... ,un}.
A system {uq,...,u,} of Fla,b] is called a Chebyshev system if for any n distinct points
Z1,...,Ty € [a,b], the n-th order determinant

ui(xy)  wuz(xy) Un (21)

ui(xe)  uz(xg) Up (22)

. £ 0.

In other words, a Chebyshev system {u1, ... ,u,} is a system such that any nontrivial linear
combination possesses at most n — 1 zeros in [a,b]. If a system {u1,... ,u,} satisfies that
each system {uq,... ,ux},k =1,...,nis a Chebyshev system, then {uq,... ,u,} is called a

complete Chebyshev system. Furthermore, we call a space spanned by a Chebyshev system
(resp. complete Chebyshev system) a Chebyshev space (resp. complete Chebyshev space).
It is well known that Chebyshev systems are of much use to study best approximation,
interpolation, and quadrature formulas in approximation theory. One can see a lot of good
properties and important applications of Chebyshev systems in the books [5, 12] and a
survey in [11].

Let C[a,b] be the subspace of Fl[a,b] which consists of continuous functions. Cfa,b] is
endowed with the following two norms: For f € Cla,b],

[flloc = sup [f(z)],
z€[a,b]
[fllor =[f(@+ sap [f(B) = f(a)l.
ala<pB<b
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For a system {u1,...,u,} of C[a,b], we consider the following problems on best appoxima-
tion from G = Span{us,... ,u,}: For any f € Cla,b],

(P.1) find py € G with ||f — pyllec = infpec [|f — plloo
and
(P.2) find ¢y € G with [|f — qy||s1 = infyec [|f — qllor-

Now we turn to the third best approximation problem. Let L![a,b] be the space of all
real-valued Lebesgue integrable functions on [a,b] and let S be the set of all nongenerate
closed subintervals of [a,b]. For I,J € S, if I N J has no interior points and = < y for all

x € I and y € J, then it is denoted by I < J for this relation. A system {v1,...,v,} of
L'fa,b] is called a quasi Chebyshev system if for any n closed subintervals I1,... ,I, € S
with I} < --- < I, the n-th order determinant
fhvldm fh vodxr - fh vy dx
f12v1dm f12U2d$ fbvndm
. . ) # 0.
J; vide [, vedz - [} vpda

And, we call a space spanned by a quasi Chebyshev system a quasi Chebyshev space. The
definition of a quasi Chebyshev system is introduced by Shi[10] (cf.see integral Tchebysheff

systems in [6] and Hz systems in [7]). L'[a,b] is endowed with a norm || - ||; such that
Ifll7 = supses | [; f(x) dz|. For a system {ui,...,un} of L'[a,b], we consider the following
problem on best appoximation from G = Span{u,... ,u,}: For any f € L'[a,b],

(P.3) find ry € G with || f —ryll; = infrec || f — 71

Throughout this paper, py, gy, and 7y denote one of best approximations to a function f in
the problems (P.1), (P.2), and (P.3), respectively.

The following classical results of best approximation by Chebyshev systems are well
known as the Chebyshev theory.

Theorem 1. (see Cheney[2; Chap. 3]) Let {1,u1,...,u,} be a system of (Cla,b], || - |loo)
and G = Span{1,u1,... ,u,}. Then, the following statements hold:

(1) If every f € Cla,b] has a unique best approzimation py from G, then G is a Chebyshev
space.

Furthermore, suppose that {1,us,... ,u,} is a Chebyshev system.

(2) For any f € Cla,b], py € G is a best approzimation to f from G if and only if there
exist n + 2 distinct points x1,... ,Tny2 (@ S 21 < -+ < Tpya < b) such that

@) [f(zi) —=pr(@)| = If = prllocs i=1,2,... ,n+2,
(11) f(x't) _pf('ri) = _(f(-rz+1) _pf(x’i-‘rl))a 1= 1a 27 L + 1.

(3) Ewvery f € Cla,b] has a unique best approzimation py from G. Furthermore, there
exisits a positive number v depending on f such that

If =plloc Z IIf =Psllc + 7P —Psllc  forallpeG.

(4) For any f € Cla,b], the second Remez algorithm is a method for obtaining a sequence
of G which converges to the unique best approximation to f from G.
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Now we already know several kinds of Chebyshev type theory. Generalized versions of the
Chebyshev theory are treated in [1, 3, 4]. Modified versions are given in [9, 10]. Among
them, Shi[10] has proven a Chebyshev type theory in (C[a, ], ||-||1), that is to say, analogous
results to Theorem 1. In this paper, we show that (P.2) and (P.3) are closely related with
(P.1) and hence, Chebyshev type theory hold in (P.2) and (P.3). In particular, Chebyshev
type theory in (P.3) is an extension of Shi’s results[10]. We study (P.2) in section 2 and
(P.3) is considered in section 3.

2. Best Approximation in Cla, b

For f € Cla,b], we use notations m(f) = mingepqp) f(x), M(f) = max,epqp f(x) and
v1(f) = sup,<a<p<p |f(B) — f(a)|. First we show relations between best approximations in
(P.1) and (P.2).

Proposition 2. Let {1,u1,... ,un} be a system of Cla,b] and put G = Span{l,uy,... ,un}.
For any f € Cla,b], let py and g5 be best approzimations to f from G in (P.1) and (P.2),
respectively. Then, the following hold:

(1) psr+ fla) —ps(a) is a best approzimation to f from G in (Cla,bl, | - [|v1),

m(f —a5) + M(f — gy)
2

) 20f =pslloe = IIf = arllor-

(2) qr+ is a best approzimation to f from G in (Cla,b], || - |lec)s

Proof. (1) First we see that vi(f) = M(f) — m(f) for f € C[a,b]. Let ps be a best
approximation to f from G in (Cla, b], ||-||s). Since 1 € G, we have || f—psllcc = M (f—ps) =
—m(f — py) for f € Cla,b]. Hence, vi(f —py) = 2||f — pslloc- Furthermore, v1(f —p) =
v1(f—py) for all p € G, because if v1 (f —po) < v1(f—py) for some py € G, then the function

— M(f —
po+ m{/ — po) _; (/= po) is a better approximation to f than py in (Cfa, b], |||/ ), which

contradicts to the assumption of py. Noting that v1(f — (py + f(a) — ps(a))) = vi(f — py)
and (f — (py + f(a) —ps(a)))(a) =0, ps + f(a) — py(a) is a best approximation to f from
G in (Cla, b, || - [lv1)-

(2) Let g¢ be a best approximation to f from G in (Cla,b], || - ||s1). If we consider an
approximating function ¢y + m(f — a5) —; M(f —as ), then the function satisfies
m(f —qp) +M(f - 1 m(f —qp) + M(f —
Hf_ <qf+ (f —ar) g (f Qf))H = —un <f_ <qf+ (f —ay) - (f %‘))).
m(f —a5) + M(f - q5)

Since vq <f — (qf + >) = vi1(f — qy), we have for any ¢ € G,

2

I =l 2 07 =00 2 gon(s —a) = 7= (a7 + 2

1 (f—Qf)‘FM(f—Qf))HOO.

2

(f —ap) + M(f —qy)

This means that the function ¢; + m 5

from G in (C[a,b], || - ||co)-
As for (3), one can see that 2||f — pfl|lcc = ||f — ¢fllv1 Without any difficulty. |

is a best approximation to f

By Theorem 1 and Proposition 2, we immediately have the following statement.
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Theorem 3. (Chebyshev Type Theory in (Cla,b], || - ||v1)) Let {1, u1,... ,un} be a system
of (Cla,bl,|| - |lo1) and G = Span{1, uq,... ,u,}. Then, the following statements hold:

(1) If every f € Cla,b] has a unique best approzimation from G, then G is a Chebyshev
space.

Furthermore, suppose that {1,uq,... ,u,} is a Chebyshev system.

(2) For any f € Cla,b], g5 € G is a best approzimation to f from G if and only if
|(f—qs)(a)] = 0 and there exist n+2 distinct points T1, ... ,Tpia (a S @1 < -+ < Tpyo
< b) such that

@) [(f(@it1) = qp(@iv1)) = (f (@) —qr @) =1 —qrllr, i=1,2,...,n+1,

|
(1) (f(@i1) — gr(xit1)) — (f(zi) — qp (@) = —((f(@ir2) — ¢ (@it2)) — (f(@it1) —
Qf(xifrl)?l)é

(3) Every f € Cla,b] has a unique best approzimation gy from G. Furthermore, there
exisits a positive number 1 depending on f such that

||f—(J||v1 Z ||f_Qf||v1+77||q_Qf”v1 forall g € G.

(4) For any f € Cla,b], let {pn} be a sequence of G obtained by the second Remez
algorithm in Theorem 1 (4). Then, the sequence {p, + f(a) —pn(a)} converges to the
unique best approximation to f from G.

Proof. Since from Theorem 1 and Proposition 2, it is obvious that (1) and (2) hold, we
only show the inequality in (3) and convergence of the sequence in (4).

As for (3), it is sufficient to show the existence of positive number (< 1) such that for
any f € Cla,b]

If =allr 2 If = arllor +nllg = gllor forall g € G, (2.1)
or
I(f=a)(a)|+vi(f—q) 2 |(f —gqp)(a)l+vi(f —ar)+nl(a—qr)(a)|[+nvi(g—qf) forallqeG.
Since ¢y is a best approximation to f, f(a) = ¢;(a). Hence, we have
I(f —a)(@)] 2 |(f — ar)(@)| +nl(g —ar)(a)| foralln (0<n<1). (2.2)
Put py — g5 + m(f —qp) + M(f — qy)

2
G in (Cla,b],| - |lec)- Noting that vi(g) = vi1(g + ¢) for any g € C[a,b] and any ¢ € R, by
Proposition 2, we obtain

v1(f—t1)—2Hf— (q+

, which is the unique best approximation to f from

m(f—q) +M(f—q)
2

)H o (f — a7) = 201 — plloe
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and

H<q+ m(f—Q)J;M(f—q)> _pr
> %Ul (<q+ m(f —q);M(f—q)> _pf) _ %Ul(q_qf)_
On the other hand, since by Theorem 1 (3),

Hf_ <q+m(f—q)J;M(f—q)>

> ||f—pf||oo+7H<q+ ml/ —a) +M(f_q)) —pr 7

2

holds, we have
vi(f —a) 2 vi(f —ay) +yvila — gp)- (2.3)
From (2.2) and (2.3), (2.1) follows immdiately.
For any f € Cla,b], let {p,,} be a sequence of G obtained by the second Remez algorithm
in Theorem 1 (4). Since {p,} converges to the unique best approximation py to f from G,
{pn + f(a) —pn(a)} converges to ps + f(a) — ps(a), which is the unique best approximation
to f from G in (Cla,bl, || - ||v1)- |

3. Chebyshev Type Theory in (L'[a,b],]| - ||1)

First we consider a property of complete Chebyshev systems which is necessary to show
a Chebyshev type theory in (L'[a,b], | - ||1)-

Definition 1. Let {1,u1,...,u,} be a system of C[a,b]. Then, {1,u,...,u,} is said to

have (*) property if for any n subintervals [a1,b1],... ,[an,by] € S with [a1,01] < -+ <
[an, by, the n-th order determinant

ur(br) —ur(ar)  ug(by) —uz(ar) -+ un(br) —un(ar)

ul(bg) — U1 (ag) ’U,Q(bg) — ’U,Q(ag) R ’U,n(bg) — ’U,n(ag) 7& 0

ur(bn) —ui(an) ua(bn) —uz(an) -+ un(by) —un(ay)

For convenience, we write u([), I = [a, (] for u(8) — u().
Now we obtain

Lemma 4. If a system {1,u1,... ,un} of Cla,b] has (*) property, then {1,u1,... ,un} is a
Chebyshev system.

Proof. On the contrary, suppose that {1,u1,...,u,} is not a Chebyshev system. Then,
there exists a nontrivial linear combination ¢g + ciui(z) + -+ + cpun(x) which possesses
n+1 zeros xg,T1,... , Ty (o < 1 < -+ < xp,) in [a,b]. And ¢34+ c3 + -+ c2 # 0 because
co + crui(x) + - - - + cpun(x) can’t possess n + 1 zeros for ¢ # 0,¢; = -+ = ¢, = 0. Since
it is seen that

(co 4 crur + -+ + cpun)(23) — (co + crur + -+ + cuun)(2i—1) =0, i=1,2,...,n,

if we put I; = [x;-1,2;],4=1,2,... ,n, we obtain
ul(Il) ’U,Q(Il) ’U,n(Il) C1 0

ul(Ig) UQ(IQ) un(Ig) Co 0

ul(.In) 'U,Q(.In) un(In) c.n 0
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But this contradicts the conditon that {1,uq,... ,un} of Cla,b] has (*) property. |
Remark 1. As is easily seen, Lemma 4 holds without continuity of uy, us,... , Un.
To prove the converse of Lemma 4, we prepare some definitions and propositions.

Definition 2. (Zielke[12; p.33, 34]) (1) Let f be a real-valued function on [a,b]. Points
X1, T2,..., T (a S 21 <y < -+ <xy S b) are called a strong (resp. weak) oscillation of f
of length k if

(=)' (f(ziz1) — f(x)) >0 (resp. 20), i=1,2,...,k—1

(=)' (f(ziz1) — f(z)) <0 (resp. £0), i=1,2,...,k—1

hold.

(2) Let U be an n dimensional space which consists of real-valued functions on [a, b]. Then
U is called a strong (resp.weak) oscillation space if no nonconstant f € U has a weak (resp.
strong) oscillation of length n + 1.

We show a slightly special version of Theorem 8.8 in Zielke[12] for this paper.

Proposition 5. (Zielke[12; Theorem 8.8 in p.39]) Let U be an (n+ 1)-dimensional Cheby-
shev space of Fla,b] which contains contant functions. Then the following statements are
equivalent:

(1) U is a strong oscillation space.

(2) U is a weak oscillation space.

(3) U has a basis {1,u1,...,u,} which is a complete Chebyshev system.

From Lemma 4 and Proposition 5, we have a property of a complete Chebyshev system.

Theorem 6. Let U be an (n + 1)-dimensional space of Cla,b] which contains contant
functions. Then the following statements are equivalent:

(1) U has a basis {1,u1, ... ,un} which has (*) property.

(2) U has a basis {1,v1,... ,v,} which is a complete Chebyshev system.

Proof. (1) = (2). U is a Chebyshev space by Lemma 4. Hence, by Proposition 5, it
is sufficient to show that U is a weak oscillation space. On the contrary, suppose that
U isn’t a weak oscillation space. There exists a nonconstant v € U and n + 2 ponits
X1, T2y, Tnta (X1 < T2 < -+ < Tpyo) in [a,b] such that

(=D (u(ziv1) —u(x:)) >0 , i=1,2,...,n+1.
Put d = min{(—1)"(u(zi11) —u(z;)) | i = 1,2,... ,n+ 1}. Since u = ¢ + Y ciu; is
continuous, there exist n subintervals I; = [a;,b;],7 = 1,2,... ,n of [a,b] satisfying that
:Cj<aj<xj+1<bj<xj+2 , 7=12...,n,
L<lb<- <1y,
(1)
3 )

Noting that w = ¢ + Y ;- ; c;u; isn’t a nonconstant function, ¢f + -+ + ¢2 # 0. Thus, we

u(az) = u(byj) = u(rjy1) + i=12... .n
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have
ul(Il) ’U,Q(Il) ’U,n(Il) C1 0
ul (IQ) ’U,Q(IQ) u (IQ) C2o 0
ur(ln) we(lp) -+ un(ly) Cn 0
But this contradicts the conditon that {1, u1,... ,u,} of C[a,b] has (*) property.
(2) = (1). Let {1,v1,...,v,} be a basis which is a complete Chebyshev system. We show
that the system 1, vy, ... , v, has (*) property. On the contrary, suppose that {1,v1,... ,v,}
doesn’t have (*) property. Then, there exist n subintervals I1,...,L,(I1 < -+ < I,) such
that
vi(l1)  wa(lh) vn(I1)
v1(l2)  wa(l2) Un(I2) 0
vi(ln) va(ln) - wva(ln)

Hence, thereisa (c1,ca,. .. ,¢,) € R"—{0} satisfying that > | ¢;v;(I;) =0, =1,2,... ,n.
If we write I; = o, B;] for j =1,2,... ,n, then

n n
Zcivi(aj)zzcivi(ﬁj) ) .7:132, , .
i=1 1=1
Since {1, v1,... ,v,} is a complete Chebyshev system, there exist v; € (a5, 5;),5 =1,2,...,n

such that
n n n n
Z civi(ay) < Z civi(7y;) or Z civi(ay) > Z civi(74)-
i=1 i=1 i=1 i=1

Clearly 1,71, 81 are a strong oscillation of Y ; ¢;v; of length 3 and some 4 points among
points «;,;, 8,1 = 1,2 are a strong oscillation of Z?:l c;v; of length 4. Analogously, we

can find n + 2 points among points «;,;, 3,7 = 1,2,... ,n which are a strong oscillation
of Z?:l c;v; of length n + 2. Since Z:'L=1 ¢;v; is nonconstant, this contradicts Proposition
5. Thus, {1,v1,...,v,} has (*) property. |

Now we proceed to the Chebyshev theory in (L'[a,b], ||-|1). Let AC]a, b] be the subspace
of F'[a, b] which consists of absolutely continuous functions. Then, we begin by the following
lemma.

Lemma 7. Let {u1, ... ,un} be a system in L*[a,b]. Putwo(x) =1 andw;(z) = [ u(t)dt €
ACla,b),i=1,2,...,n. If for any f € AC[a,b], ciwo + Y.;, ciw; is a best approzimation
to f from Span{wo, w1, ... ,w,} in (ACa,b], |- ||lv1), then Y i, ciu; is a best approzimation

to f' from Span{ui, ... ,u,} in (L[a,b], |- |1)-

Proof. Suppose that cfwo+ ;- ¢fw; is a best approximation to f from Span{wg, w1, ... ,w,}
in (AC[a,b], || - ||v1)- For any cowo + Y i c;w; € Span{wg, w1, ... ,wy}, we observe that

vi(f = (cwo + Y cfw)) £ vi(f — (cowo + Y ciwy)),

i=1 =1

because if vi(f — (chwo + Yoiy ciwi)) > vi(f — (cowo + Y_jy csw;)) for some cowy +

Sor ciw; € Span{wo, w1, ... ,wy}, then f(a)wy + > i ¢;w; is a better approximation to
f than cjwo + Y., cfw;, which contradicts the assumption of cfwo + Y i, cfw;. Hence,

we have for any >, c;u; € Span{us, ..., un},
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| =11 <f — zn:ciwi>
I =1
>y (f — (cjwo +262‘w¢)> =1 (f - ZC?W) = | f'= cui
i=1 i=1 i=1

Thus, Y7, ciu; is a best approximation to f’ from Span{uy,... ,u,} in (L[a,b],|-|;). B

i=1"1

n
= cu
i=1

I

We are in position to state

Theorem 8. (Chebyshev Type Theory in (L'[a,b], || - |1)) Let {u1,...,u,} be an ap-
prozimating system (L'[a,bl,| - ||1) and Gy = Span{u1,... ,ux}, k =1,2,... ,n. Then, the
following statements hold:

(1) If every f € L'[a,b] has a unique best approzimation from Gy, k = 1,2,... ,n, then
G, is a quasi Chebyshev space.

Furthermore, suppose that G,, is a quasi Chebyshev space.

(2) For any f € L'a,b], rs € G, is a best approximation to f from Gy, if and only if
there exist n + 1 subintervals I, I, ... ;141 € S with Iy < -+ < I41 of [a,b] such
that

|f[ _Tf d$|—||f—’l"f”[7 j:172a"'7n+1;

(ii ij —rg)dr = — f1+1 —rp)de j=1,2,...,n

(3) FEwvery f € L' a,b] has a unique best approzimation vy from Gy,. Furthermore, there
exisits a positive number n depending on f such that

If =rlle 2 1f =rellr +nllg =relr - for all v € Gy (2.4)

(4) Let f be any function in L'[a,b] and put p(z) = [T f(t)dt. Let {wo = 1wy =
Jrua(t)dt,. .. owy = [Tun(t)dt} be an appro:mmatmg system of (Cla,bl, || -||v1). For
o € ACla,b], let {qr} be a sequence of Span{wy, ... ,w,} obtained by the algorithm
in Theorem 3 (4). Then, the sequence {q,} converges to the unique best approzimation
to f from G,.

Proof. (1) We show that the system {wo = 1, w1 = [ ui(t)dt,... ,w, = [ un(t)dt} has
(*) property. By Theorem 6, it is sufficient to prove that each system {1, ws,... ,wi}, k=
1,2,... ,n is a Chebyshev system.

Let f be any function in AC[a, b]. From the assumption, f’ € L'[a,b] has a unique best
approximation Zle ciu; from Gy in (LY[a, b], ] - ||1). Hence, by Proposition 7, f € AC|[a, b]
has a unique best approximation ¢y = f(a)wo + Zle ciw; from Span{l,wi,... ,wi} in
(ACla,bl, | - ||v1). Moreover, by Proposition 2, f has a unique best approximation g +

(f—Qf)+M(f—Qf)

from Span{wg, w1, ... ,wx} in (AC[a,b],|| - ||sc). Using the same

proof as that of Theorem 1 (1), we can verify that {1, w1,... ,w} is a Chebyshev system.
But, to make sure, we show a proof for this setting.
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On the contrary, suppose that {wg, w1, ... ,wi} isn’t a Chebyshev system. Then, there
exist k 4+ 1 distinct points g, 21, ... , 2y in [a,b] such that
wo(wo) wi(xo) -+  wk(xo)
| PO D |
U)O(.ffk) wl(.ffk) wk@k)

Since A is singular, there are ¢ = (¢;),d = (d;) € R**1 — {0} satisfying that
k k
Zciwj(xi)zo, jZO,l,...,k 5 Zdjwj(xi):o, iZO,l,...,k. (25)
=0 §=0

Without loss of generality, we assume that h(z) = E?:o d;jw;(x) satisfies ||h|loc < 1. Let
us consider f; € ACa,b] with || fi|lcc = 1 and fi1(z;) = sign(¢;), = 0,1,...,n (Polygonal
lines are suitable for f1.). If we put f(z) = f1(z)(1—|h(x)]), then f is a function in AC|a, D]
such that

[fllo =1 and  f(z:) = fr(@:)(1 = [h(z:)]) = fr(z:) = sign(ei) , i=0,1,... .k

Now we show that Hf - Ef:() a;w;

> 1 for all a = (a;) € RFTL. On the contrary,

suppose that Hf — Zf:o a;w;
we have

< 1 for some a = (a;) € R*!. For any z; with ¢; # 0,
o)
k
sign <Z aiwi(xj)> = sign(f(z;)) = sign(c;) # 0.
i=0
Hence, Zf:o cj (Zf:o aiwi(xj)) > 0 holds. But we see that by (2.5),

Z Cj (Z aiwi(xj)> = Z a; ZCjwi(l‘j) = 0,

7=0 1=0 =0

which leads to a contradiction. Hence,

f= Zf:o a;W; = 1forall a= (a;) € Rk

We consider vh(z),0 < v £ 1 as approximations to f from Span{wg, w1, ... ,wy}. Then,
we obtain for any x € [a, b],

[f(2) = ()] = [f (@) +~[h(@)] = [f1(2)[(1 = [A(z)]) +y[h(2)]| = 1+ (v = D]h(2)] = 1.

This implies that ||f — Zf:() Yd;willoo = 1 for 0 < v < 1 and Ef:o ~vdjw; for 0 £ v <1
are best approximations to f from Span{wo,w1,... ,wg} in (AC[a,b], | - ||oc). But this
contradicts to the uniqueness of best approximation to f from Span{wg,w1,... ,wk}.

(2) From Theorem 3 (2) and Lemma 7, (2) follows immdediately.

(3) Let f be any function in L'[a,b] and put ¢s(x) = [ f(t)dt, wo(x) = 1, wi(z) =
f; wui(t)dt,i =1,2,...,n. Since {uy,... ,u,} is a quasi Chebyshev system, {wg, w1, ... ,wn}
has (*) property. By Theorem 3 (3), there exist a unique best approximation Y ! cfw; to
@y from Span{wg,ws,... ,w,} and a positive number 7 depending on f such that for any
> i ciw; € Span{wo, w1, ... ,wn},

n n
or—>_ cw; or =Y ciw;
=0 1=0

v

n n
E c;w; — E crw;
i=0 i=0

+7
1

vl v vl
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Since ¢s(a) = 0 and w;(a) =0,i=0,1,... ,n, we have

n n n
S P Hf—zciui I o
1=0 =1 1=0

n
- |- Y
i=1

vl I vl I

and
n n n n

Zciwi—ZCIwi = Zciui_zcrui

i=0 i=0 vl =1 =1 I
Thus we see that the inequality (2.4) holds.
(4) Put g = >0, afw;, k = 1,2,.... Since p; has a unique best approximation ¢ =
S aiw; from Span{wg,wr, ... ,wy,}, each sequence {af},i = 0,...,n converges to a;.
Hence, {q,} converges to ¢’ = Y_I"_, a;w} in (L'[a,d], || - ||7) which is a unique best approxi-
mation to f from Span{ui,...,un}. |

Remark 2. In (Cla,b], | - ||1), Shi[10] gave constructive proofs of Theorem 8 (2), (3), and
Kitahara and Sakamori[8] showed an algorithm to obtain a best approximation from a quasi
Chebyshev space.

Finally, we give a problem in order to find best approximation problems in which Cheby-
shev type theory holds.

Problem. For a positive integer k, let || - ||, be a norm on Cfa, b] such that

k—1
[flow =1f(@)]+  sup > |f(zig1) — f(z:)l . f€Cla,b].

aSzo<-<zp<b i=0

Let G be a finite dimensional complete Chebyshev space of Cfa,b] which contains constant
functions. If G is an approximating space, then is it true that Chebyshev type theory holds?

Remark 3. In case k = 1, the problem stated above is (P.2) itself. Let us consider the
function space C''[a, b] of all real-valued continuously differentiable functions on [a, b]. As a
norm on C'[a,b], we consider | f|lvoo = limk—oo || fllox = |f(a)| + v(f), f € C'la,b], where
v(f) denotes the total variation of f. It is stated in [7] that every finite dimensional complete
Chebyshev space which contains constant functions isn’t a unicity space in (C[a, ], |||/ voo)-
Hence, we have a negative answer of Problem for k = oo.
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