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INTUITIONISTIC Q-FUZZY IDEALS OF BCK-ALGEBRAS
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ABSTRACT. Given a set €2, the notion of intuitionistic 2-fuzzy ideals of BCK-algebras is
introduced, and some related properties are investigated. Relations between intuition-
istic 2-fuzzy subalgebras in BCK-algebras are given. Finally, we study the properties
of homomorphism of BCK-algebras.

1.Introduction and Preliminaries After the introduction of the concept of fuzzy sets
by Zadeh ([7]), many researches were conducted on the generalization of the notion of fuzzy
sets. The idea of “intuitionistic fuzzy sets” was first published by Atanassov (see [1,2]),
as a generalization of the notion of fuzzy sets. In this paper, using Atanassov’s idea, we
establish the intuitionistic fuzzification of the concept of 2-subalgebras and 2-ideals in
BCK-algebras, and investigate some of their properties.

By a BCK-algebra we mean a nonempty set X with a binary operation * and a constant
0 satisfying the following conditions:

(1) (@ 5y) s (@x2) % (z4y) =0

() (2 + (%)) +y =0

() zxxz =0

(IV) 0xx =0

(V)zxy=0and yxz =0imply z =y
for all z,y,z € X.

A partial ordering “ <” on X can be defined by « < y if and only if z xy = 0.

A nonempty subset S of a BCK-algebra X is called a subalgebra of X if z xy € S for
all z,y € S. A nonempty subset I of a BCK-algebra X is called an ideal of X if

i)oelr

(ii) zxy € I and y € I imply that z € I for all z,y € X.

By a fuzzy set u in a nonempty set X we mean a function g : X — [0,1], and the
complement of p, denoted by i, is the fuzzy set in X given by i(z) = 1 — u(x) for all
x € X. We will use the symbol a A b for min{a, b} and a V b for max{a, b}, where a and b
are any real numbers. A fuzzy set p in a BCK-algebra X is called a fuzzy subalgebra of X
if p(z*xy) > p(x)Ap(y) for all z,y € X. A fuzzy set pu in a BCK-algebra X is called a fuzzy
ideal of X if (i) u(0) > p(x), (i) p(x) > plz xy) A p(y) for all x,y € X. In what follows,
let © denote a set unless otherwise specified. A mapping H : X x Q — [0,1] is called an
Q-fuzzy set in X. An intuitionistic Q-fuzzy set (briefly, IQQF'S)A in a nonempty set X is an
object having the form

A= {(xvaA(m7Q)vﬂA(xaQ)) | T € Xaq € Q}

where the functions a4 : X x  — [0,1] and 54 : X x Q — [0, 1] denote the degree of
membership and the degree of nonmembership, respectively, and 0 < aa(z,q) + Ba(z,q) <
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1,Vz € X, q € Q. An intuitionistic Q-fuzzy set A = {(z,aa(z,q),Ba(z,q)) | x € X,q € 1}
in X can be identified to an ordered pair (a4, 34) in IX*? x [X*?  For the sake of
simplicity, we shall use the symbol A = (a4, 54) for the INFSA = {(x,aa(x,q),Ba(z,q)) |
x € X,q€ N}

2. Intuitionistic (2-fuzzy Ideals

Definition 2.1. An IQFSA=(aa,f4) in X is called an intuitionistic fuzzy subalgebra of
X over Q (briefly, Intuitionistic Q-fuzzy subalgebra of X)) if it satisfies
() aa(z *y,q) = aaz,q) Aaaly,q)

(ii) Ba(r xy,q) < Ba(w,q) V Ba(y, q)
for all z,y € X and q € Q.

Example 2.2. Consider a BCK-algebra X = {0, a, b, ¢} with the following Cayley table:

*|0abc
0 0000
a a 00 a
b baOb
c ccc

Let A = (aa,B4) be an IQFS in X defined by a4(0,q) = aa(a,q) = aa(c,q) = 0.7 >

0.3 = aa(b,q),84(0,q) = Bala,q) = Balc,q) = 0.2 < 0.5 = F4(b,q) for all ¢ € Q. Then
A = (aa,f4) is an intuitionistic Q-fuzzy subalgebra of X.

Proposition 2.3. Every intuitionistic Q-fuzzy subalgebra A = (a4, 54) of X satisfies the
inequalities a4 (0,q) > aa(x,q) and $4(0,q) < Ba(x,q) for all z € X and ¢q € .

Proof. For any € X and ¢q € Q, we have a4(0,q) = aa(z*xz,q) > aa(zr,q) A aa(x,q) =
aa(z,q),a(0,q) = Balx*xx,q) < Ba(x,q)V PBalx,q) = Ba(x,q). This completes the proof.

Definition 2.4. An IQFSA=(a4,£4) in X is called an intuitionistic fuzzy ideal of X over
Q (briefly, intuitionistic Q-fuzzy ideal of X) if

(i) @a(0,9) > aa(z,q) and Sa(0,q) < fa(z,q)

(i) ca(z,q) > aa(z*y,q) Aaaly,q)

(iil) Ba(z,q) < Ba(z*y,q) V Ba(y,q)
for all z,y € X and q € Q.

Example 2.5. Let X ={0,1,2,3,4} be a BCK-algebra with

| 01234
0] 00000
1110100
222000
30133000
4] 43410

Define an IQFSA=(aa,84) in X as follows: for every ¢ € Q,a4(0,9) = a@a(2,q) =
17OKA(17q) = 0&A(3,Q) = aA(47q) = t7BA(O7q) = BA(27q) = 07614(17q) = ﬁA(37Q) =
Ba(4,q) = s, where t,s € [0,1] and s +¢t < 1. By routine calculation we know that
A = (4, [4) is an intuitionistic Q-fuzzy ideal of X.
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Lemma 2.6. Let an IQFSA=(a4,B4) in X be an intuitionistic Q-fuzzy ideal of X. If the
inequality zxy < z holds in X, then for any ¢ € Q, aa(z,q) > aa(y,q) Aaa(z,q), Ba(z,q) <
ﬁA(ya q) \v ﬁA(z7 q)

Proof. Let z,y,z € X by such that  xy < z. Then (z xy) *
q € Qaa(@,q) = aalz*y,q) Naa(y,q) = (aal(z *y) * z,q
(aa(0,9)) N aa(2,9) A aaly,q) = aa(z,q) A aaly,q), Ba(z.q
(Ba((z*y)*z,q9)VBal(z,9)VBaly,q) = (Ba(0,9)V Ba(z,q))
This completes the proof.

z = 0, and thus for any
@) N aa(z,q9) N aaly,q) =
) < Balzxy,q) V Baly,q) <
Ba(y,q) = Bal(z,9)VBaly,q)-

Lemma 2.7. Let A = (a4, 4) be an intuitionistic Q-fuzzy ideal of X. If z < y in X, then
for any q € Q,aa(x,q) > aa(y,q),Ba(x,q) < Ba(y,q), that is, a4 is order-reserving, and
(B4 is order-preserving.

Proof. Let z,y € X be such that © < y. Then zxy = 0,aa(z,q) > aa(zxy,¢) Aaaly,q) =

)
aa(0,9) N aa(y,q) = aa(y,q),Ba(z,q) < Ba(x*y,q) V Baly,q) = Ba(0,9) V Baly,q) =
Ba(y,q). This completes the proof.

Theorem 2.8. If A = (aa,/[4) is an intuitionistic Q-fuzzy ideal of X, then for any
x,a1, -+ ,a, € X and ¢ € Q,(---((x * a1) * az) * -+-) * ap, = 0 implies as(z,q) >
aalar, @) Naalaz, q) A+ ANaa(an, q), Ba(z,q) < Balar,q) V Balaz,q) V-V Balan, q).

Proof. Using induction on n and Lemma 2.6 and lemma 2.7.

Theorem 2.9. Every intuitionistic 2-fuzzy ideal of X is an intuitionistic Q-fuzzy subalge-
bra of X.

Proof. Let A = (a4, 4) be an intuitionistic Q-fuzzy ideal of X. Since z *x y < z for all
x,y € X, it follows that aa(x *y,q) > aa(x), Ba(z *xy,q) < Ba(z,q) for all ¢ € Q. Hence
aa(@xy,q) = (xxy,q) = aaly,q) = aalz,q) Naaly, q) = aalz, q) Aaaly, q), Ba(zxy, q) <
Ba(x,q) < Ba(r*y,q)V Baly,q) < Ba(w,q)V Ba(y,q). This shows that A = (aa,B4) is an
intaitionistic Q)-fuzzy subalgebra of X.

The converse of Theorem 2.9 may not be true. For example, the intuitionistic Q-fuzzy
subalgebra A = (a4,4) in Example 2.2 is not an intuitionistic Q-fuzzy ideal of X since
Ba(b,q) =0.5>0.2=Fa(b*a,q) ABala,q). We now give a condition for an intuitionistic
Q-fuzzy subalgebra to be an intuitionistic Q-fuzzy ideal.

Theorem 2.10. Let A = («a,84) be an intuitionistic Q-fuzzy subalgebra of X such that

aa(z,q) > aaly,q) AN aa(z,q), Ba(z,q) < Ba(y,q) V Ba(z,q) for all x,y,z € X satisfying
the inequality x * y < z and ¢ € Q. Then A = (a4, 4) is an intuitionistic Q-fuzzy ideal of
X.

Proof. Let A = (aa,B4) be an intuitionistic Q-fuzzy subalgebra of X. Recall that
aA(0,9) > aa(z,q) and 54(0,q) < Ba(z,q) for all z € X and ¢ € Q. Since x* (x*y) < y, it
follows from the hypothesis that aa(z,q) > aa(z*y,q) Aaa(y, q), Bal(z,q) < Balx*y,q)V
Ba(y,q). Hence A = (aa,84) is an intuitionistic Q-fuzzy ideal of X.

Lemma 2.11. An IQFSA=(aa,34) is an intuitionistic -fuzzy ideal of X if and only if
the Q-fuzzy sets a4 and (3, are Q-fuzzy ideals of X.



302 MA XUELING & ZHAN JIANMING

Proof. Let A = (aa,84) be an intuitionistic 2-fuzzy ideal of X. Clearly a4 is an Q-
fuzzy ideal of X. For every z,y € X and ¢ € Q, we have 3,(0,q) = 1 — 84(0,q) <
1=Ba(x,q) = Ba(z,9), Ba(z,q) = 1=Ba(x,q) > 1-La(rxy,q) = 1-LBa(x*y,q)VBa(z,q) =
(1—=Ba(z*xy,q)) AN(1—Baly,q)) = Balx*xy,q) A Ba(y,q). Hence B4 is an Q-fuzzy ideal of
X.

Conversely, assume that a4 and 3, are Q-fuzzy ideals of X. For every z,y € X and
q € Q, we get @a(0,q) > aa(x,q)1 — Ba(0,q9) = B4(0,9) > Ba(x,q) =1 — PBa(z,q), that
i_57 BA(qu) S_ﬁA(J?,q),OéA(l',q) 2 OéA(JZ * yvq) A aA(yvq) and 1 — BA(x7Q) = ﬁA('r7q) <
Balxxy,q) ANBa(y,q) = (1= Ba(@*y,q) AN (1= Baly,q) =1—Ba(z*y,q) V1-PBa(y,q),
that is, Ba(x,q) < Ba(z*xy,q)V Ba(y,q). Hence A = (aa,4) is an intuitionistic Q-fuzzy

ideal of X.

Theorem 2.12. Let A = (aa,B4) be an IQFS in X. Then A = (s, Ba) is an intuitionstic
Q-fuzzy ideal of X if and only if A = (aa,@4) and OA = (84,04) are intuitionistic Q-
fuzzy ideals of X.

Proof. If A = (aa,B4) is an intuitionistic Q-fuzzy ideal of X, then @4 = a4 and B,
are Q-fuzzy ideals of X from lemma 2.11, thence A = (a4,@4) and OA = (B4, 34) are
intuitionistic 2-fuzzy ideals of X.

Conversely, if JA = (aa,a@a) and O0A = (84,84) are intuitionistic Q-fuzzy ideals of
X, then the Q-fuzzy sets ay and 3, are Q-fuzzy ideals of X, hence A = (aa,Ba) is an
intuionistic Q-fuzzy ideal of X.

A mapping f : X — Y of BCK-algebras is called a homomorphism if f(z*y) = f(z)* f(y)
for all z,y € X. Note that if f : X — Y is a homomorphism of BCK-algebras, then
f(0)=0. Let f: X — Y be a homomorphism of BCK-algebras. For any IQFSA=(aa,4)
in Y, we define a new IQFSAS = (aﬁ,ﬁﬁ) in X by aﬁ(m,q) = aA(f(x),q),ﬁﬁ(Lq) =
Ba(f(x),q),Vr € X and g € Q.

Theorem 2.13. Let f : X — Y be a homomorphism of BCK-algebras. If an IQFSA =
(a4, B4) in Y is an intuitionistic Q-fuzzy ideal of Y, then an IQFSAT = (ai, ﬁf;) in X is
an intuitionistic Q-fuzzy ideal of X.

Proof. We first have that ai(as,q) =aa(f(z),q) > aa(0,q) = aa(f(0),q) = ozA(O,q),ﬁf;(J:,q) =
Ba(f(x),q) < Ba(0,q) = Ba(f(0),q) = ﬂ£(07q) forallz € X and g € Q. Let 2,y € X
and g € Q. Then oy(2,q) = aa(f(z),q) > aa(f(@) * f(¥),9) A aa(f(y),q) = aa(f(z
Y):0) A aa(f(y):q) = oy (@ y,9) A oy (y,0), B4 (@, 9) = Ba(f(2),q) < Ba(f () * f(y),q) v

Ba(f(y),a) = Balf(x xy),q) V Ba(f(y),q) = B4(x * y,a) V B4 (y, a). Hence oy = (o}, B)
is an intuitionistic Q-fuzzy ideal of X.

—

If we strengthen the condition of f, then we can construct the converse of Theorem 2.13
as follows.

Theorem 2.14. Let f : X — Y be an epimorphism of BCK-algebras and let A = (a4, 84)
be an INFSAin Y. If Af = (aﬁ,ﬁfl) is an intuitionistic Q-fuzzy ideal of X, then A =
(ca, B4) is an intuitionistic Q-fuzzy ideal of Y.
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Proof. For any x € Y, there exists a € X such that f(a) = x. Then for any ¢ €
Q, aA(xvq) = aA(f(a)’q) = O‘i(a’q) > Oéi(o,q) = aA( ( ) q) OKA(O7(]),ﬁA($,q) =
Ba(f(a),q) = Bh(a,q) < B4(0,9) = Ba(f(0),q) = Ba(0,q). Let z,y € Y and q € Q.
Then f(a) = z and f(b )—yfor some a,b € X. It follows that aa(x,q) = aa(f(a),q) =
ody(a,q) > aly(axb,q) Aady(b,q) = aa(f(axb),q) Aaa(f(b),q) = aa(f (a) * f(b),q) A
(b),q) = aa(z*y,q) A aa(y,q), Ba(z,q) = Ba(f(a),q) = Bh(a,q) < Bh(axbq) Vv

= (f(b )V

aa(f
ﬁf;( ,q) ( (axb),q) V Ba(f(b),q) = Ba(f(a) x f(b),q) V Ba(f(b),q) = Ba(z xy.q
4(y,q). This completes the proof.

3>\./
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