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ON SENSIBLE FUZZY SUBALGEBRAS OF BCK-ALGEBRAS WITH
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ABSTRACT. The notion of fuzzy subalgebras with respect to a s-norm is introduced,
and some related results are investigated. A kind of product, called S-product, and the
direct product of fuzzy subalgebras of BC K-algebras via a s-norm S are also defined,
and some properties of the S-product and the direct product of fuzzy subalgebras of
BC K-algebras with respect to a s-norm are discussed.

1. INTRODUCTION

A BCK-algebra is an important class of logical algebras introduced by K. Iséki and was
extensively investigated by several researchers. L. A. Zadeh [7] introduced the notion of
fuzzy sets. At present this concept has been applied to many mathematical branches, such
as group, functional analysis, probability theory, topology, and so on. In 1991, O. G. Xi
[5] applied this concept to BC K-algebras, and he introduced the notion of fuzzy subalge-
bras(ideals) of BC'K-algebras with respect to minimum, and since then Y. B. Jun et al.
studied fuzzy subalgebras and fuzzy ideals (see [1, 2, 3, 4]). In the present paper, we will
redefine the fuzzy subalgebra of BC K-algebras with respect to a s-norm S, and obtain some
related results. We will define a kind of product, called S-product, and the direct product
of fuzzy subalgebras of BC' K-algebras via a s-norm S. We will investigate some properties
of the S-product and the direct product of fuzzy subalgebras of BC K-algebras with respect
to a s-norm.

2. PRELIMINARIES

An algebra (X;*,0) of type (2,0) is said to be a BCK -algebra if it satisfies:
(1) () (@ 2)) 5 (25 y) =0,
() (2 +5)) 5y =0,
(III) zxx =0,
(IV) 0%z =0,
(V) z+y=0and y*x =0 imply z =y,
for all z,y,z € X. Define a binary relation “<” on X by letting = < y if and only if
z*xy = 0. Then (X;<) is a partially ordered set with the least element 0. A subset S of
a BCK-algebra X is called a subalgebra of X if x xy € S whenever z,y € S. A mapping
6 : X — X' of BOK-algebras is called a homomorphism if 6(z x y) = 0(z) * 6(y) for all
z,y € X. In what follows, let X denote a BC K-algebra unless otherwise specified. A fuzzy
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setin X is a function p: X — [0,1]. Let p be a fuzzy set in X. For « € [0, 1], the set
L(p; o) ={z € X | p(z) < o}

is called a lower level set of p.
A fuzzy set p in X is called a fuzzy subalgebra of X if it satisfies:

(Va,y € X) (u(z = y) > min{u(z), u(y)}),
and is called an anti fuzzy subalgebra of X if it satisfies:

(Vo,y € X) (u(w xy) < max{u(z), u(y)}).
3. SENSIBLE FUZZY SUBALGEBRAS WITH RESPECT TO A S-NORM

Definition 3.1. ([6]) A binary operation S on [0, 1] is called a s-norm if

(S1) S(,0) =«
(52) S(e, B) < S(ev,y) whenever 3 < 7,
(S3) S(a,B) = S(8, ),
(84) S(a,S(3,7)) = S(S(ex. ).7),
for all « B,fy € [0,1].

For a s-norm S, note that max(a, 8) < S(a, ) for all a, 8 € [0, 1].

Definition 3.2. Let S be a s-norm. A fuzzy set p in X is said to be sensible if Im(p) C Qg,
where Qg :={a € [0,1] | S(o, ) = a}.

Definition 3.3. Let S be a s-norm. A function pu: X — [0, 1] is called a fuzzy subalgebra
of X with respect to S if p(z xy) < S(u(x),u(y)) for all z,y € X. If a fuzzy subalgebra

wnof X with respect to S is sensible, we say that u is a sensible fuzzy subalgebra of X with
respect to S.

Example 3.4. Let Sy be a s-norm defined by So(a,0) = oo = Sp(0, ) and So(e, 5) = 1 if
a#0# [ foral o p € [0,1]. Let X = {0,a,b,c} be a BCK-algebra with the following
Cayley table:

>|<|Oabc
0 0000
a a 00 a
b baOb
c cccO

Define a fuzzy set p : X — [0,1] by u(0) = ag, p(a) = u(b) = a1 and u(c) = ag, where
ag, a1, ae € [0,1] with ag < aq < az. Routine calculations give that p is a fuzzy subalgebra
of X with respect to Sy, which is not sensible.

Example 3.5. Let X = {0, a,b,c,d} be a BC'K-algebra with Cayley table as follows:

x| 0abcd
0] 00000
a| a0a0a
bl bb0boO
c cccOc
d| ddddo
Let Sy, be a s-norm defined by Sy, (o, 8) = min(a+ (4, 1) for all o, 8 € [0, 1]. Define a fuzzy

set u in X by
0 if x€{0,a,b},
w(z) = { { }

1 otherwise,
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By routine calculations we know that pu(x*y) < Sy, (u(z), u(y)) for all z € X, and Im(u) C
Qg . Hence p is a sensible fuzzy subalgebra of X with respect to Si,.

m*

Proposition 3.6. Let S,, be the s-norm in Example 3.5 and let A be a subalgebra of X.
Then a fuzzy set p in X defined by

M(ﬂf)i:{ 0 if zeA,

1 otherwise

is a sensible fuzzy subalgebra of X with respect to Sy, .

Proof. Let x,y € X. If x ¢ Aory ¢ A, then u(x) =1 or p(y) =1 and so Sy, (p(z), u(y))
1> p(z+y). Assume that © € A and y € A. Then zxy € A and thus p(z xy) =0
S (p(x), 1(y)). Obviously Im(u) C Qg,,, ending the proof.

CIIA

Proposition 3.7. Let S be a s-norm. If i is a sensible fuzzy subalgebra of X with respect
to S, then pu(0) < p(z) for all x € X.

Proof. Since z x x = 0 for all z € X, it follows that
1(0) = p(x x ) < S(p(x), u(x)) = p(x)
for all x € X. | O

Proposition 3.8. Let S be a s-norm. Fvery sensible fuzzy subalgebra of X with respect to
S is an anti fuzzy subalgebra of X .

Proof. Let p be a sensible fuzzy subalgebra of X with respect to S. Then
w(xxy) < S(u(x),pu(y)) for all ,y € X.

Since p is sensible, we have

max(u(x), u(y)) = S(max(p(z), u(y)), max(u(x), 1(y))
> S(p(x), u(y)) > max(p(z), u(y))

by using (S2) and (S3). It follows that p(z *y) < S(u(x), u(y)) = max(u(z), u(y)) so that
1 is an anti fuzzy subalgebra of X. o

Theorem 3.9. Let pi be a fuzzy subalgebra of X with respect to a s-norm S and let o € [0, 1].
Then
(i) if @ =0 then the lower level set L(u; ) of p is either empty or a subalgebra of X .
(ii) #f S = max then the lower level set L(u;a) of p is either empty or a subalgebra of
X, and moreover u(0) < u(x) for allx € X.

Proof. (1) Let z,y € L(p;a). Then p(z) < a = 0 and p(y) < a = 0. It follows from
Definitions 3.1 and 3.3 that

p(z xy) < S(p(x), p(y)) < 5(0,0) =0
so that  xy € L(u; ). Hence L(u; ) is a subalgebra of X whenever a = 0.
(ii) Assume that S = max and let x,y € L(y; «). Then

p(xxy) < S(p(@), p(y)) = max(u(z), p(y)) < max(a, @) = a
for all @ € [0,1], which implies that z x y € L(u;«). Thus L(u;«) is a subalgebra of X.
Moreover, since z x z = 0 for all z € X, we have

1(0) = p(x = x) < S(u(x), u(z)) = max(u(z), u(z)) = p(@).
This completes the proof. O O
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Theorem 3.10. Let S be a s-norm and let p be a fuzzy set in X. If the non-empty lower
level set L(p; «) of p is a subalgebra of X, then p is a fuzzy subalgebra of X with respect to
S.

Proof. Assume that there exist zg,yo € X such that p(xo * yo) > S(u(zo), u(yo)). Taking
ap = 5 (p(wo *yo) + S(p(zo), 1(yo))), then

max(1(zo), (o)) < S(1(zo), (o)) < o < plwo * Yo)-

It follows that xo,yo € L(u; ) and xo * yo ¢ L(p;ap). This is a contradiction and hence
u satisfies the inequality p(x *y) < S(p(z), u(y)) for all z,y € X. O

Theorem 3.11. Let S be a s-norm satisfying S(o, ) = « for all a € [0,1]. If a fuzzy
set pin X is a fuzzy subalgebra of X with respect to S, then the non-empty lower level set
L(p; @) of v is a subalgebra of X for every o € [0, 1].

Proof. Let z,y € L(p; o) for a € [0,1]. Using (S2) and (S3), we have
plzxy) < S(p(@), py)) < S(p(@),a) = S(a, u(z)) < S(a,a) =«
which means that « *y € L(u; ). Hence L(p; ) is a subalgebra of X. O

Theorem 3.12. Let S be a s-norm and let  be a fuzzy subalgebra of X with respect to S.
If there is a sequence {x,} in X such that

nh—{EO S(p(wn), p(xn)) =0,
then u(0) = 0.
Proof. For any z € X, we get p(0) = p(z xx) < S(u(z),p(x)). Therefore p(0) <
S(p(xn), u(xy)) for each n € N, and so 0 < p(0) < lim S(u(xn), u(z,)) = 0. It follows
n—oo
that ©(0) = 0. O
If pis a fuzzy set in X and 6 is a mapping from X into itself, we define a mapping
wulf] : X — [0,1] by plf](z) = p(6(x)) for all x € X.
Proposition 3.13. Let S be a s-norm. If p is a fuzzy subalgebra of X with respect to S
and 0 is an endomorphism of X, then plf] is a fuzzy subalgebra of X with respect to S.

Proof. For any x,y € X, we have

plo)(z xy) = p(0(z *x y)) = p(6(z) * 6(y))
< S(u6(2)), 1(0(y))) = S(ulb)(2), 1l6](y))-

Hence p[f)] is a fuzzy subalgebra of X with respect to S. O

Let f be a mapping defined on X. If v is a fuzzy set in f(X) then the fuzzy set f~1(v)
in X defined by [f~!(v)](z) = v(f(z)) for all x € X is called the preimage of v under f.

Theorem 3.14. Let S be a s-norm. An onto homomorphic preimage of a fuzzy subalgebra
with respect to S is a fuzzy subalgebra with respect to S.

Proof. Let f: X — X’ be an onto homomorphism of BCK-algebras and let v be a fuzzy
subalgebra of X’ with respect to S. Then

[ W)@ y) = v(f(z*y)) = v(f(2) * f(y))
< S(f(@),v(f ) = S W)@), [f T W)](w)

for all x,y € X. Hence f~1(v) is a fuzzy subalgebra of X with respect to S. O

If p is a fuzzy set in X and f is a mapping defined on X. The fuzzy set u/ in f(X)
defined by uf(y) = ]icng( ),u(a:) for all y € f(X) is called the anti image of p under f.
zef~ (y
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Definition 3.15. Definition 3.15 A s-norm S on [0,1] is said to be continuous if S is a
continuous function from [0, 1] x [0, 1] to [0, 1] with respect to the usual topology.

Theorem 3.16. Let S be a continuous s-norm and let f be a homomorphism on X. If
is a fuzzy subalgebra of X with respect to S, then the anti image of p under f is a fuzzy
subalgebra of f(X) with respect to S.

Proof. Let Ay = f~Y(y1), Aa = f~1(y2) and A1z = f~1(y1 * y2), where y1,y2 € f(X).
Consider the set

Ay x Ao :={x € X | x = a1 *x as for some a1 € A; and as € As}.
If x € Ay x As, then x = x1 * x5 for some z1 € A; and x5 € A and so
f(@) = f(21 x22) = f(21) * f(22) = y1 % Y2,
ie., x € f71(y1 xy2) = A1a. Thus Ay * Ay C Aja. It follows that

Flyg * = inf z) = inf p(x) < inf u(x
" (yl y2) xeffl(yl*yQ)M( ) TEA12 ( )7 rEA1xAs ( )
< inf * < inf S , .
< x1€A111,1x26A2 p(zy * zg) < :816A11r71962€142 (u(xr), p(x2))

Now S is continuous, and therefore if ¢ is any positive number, then there exists a number
0 > 0 such that

* AP . .
S(ay,23) < S( inf p(w1), inf p(e2)) +e
whenever 27 < irellf4 p(x1)+0 and a3 < irelf"4 u(x2) + 0. Choose a1 € A; and az € Ay such
T 1 T2 2

that p(a1) < inf p(zq) + 90 and plag) < inf p(zz) +d. Then
z1€A, T2€A2

S(u(ar), plaz)) < S inf p(z1), inf p(a2)) +e.

Consequently
f < inf S
w (y1 xy2) < xleAlll,leEAg (M(%)aﬂ(mf)) .
< i i =
< S( inf p(x1), inf p(w2)) =S4’ (1), 1’ (y2)),
and so p/ is a fuzzy subalgebra of f(X) with respect to S. O

Lemma 3.17. Let S be a s-norm. Then

S5(5(a, 3),5(7,6)) = 5(S(a,7),5(8,0))
for all ., 3,7,6 € [0,1].

Proof. Using (S3) and (S4), it is straightforward. O O

Theorem 3.18. Let S be a s-norm. Let X1 and X5 be BCK -algebras and X = X1 x Xo
be the direct product BCK -algebra of X1 and Xo. Let puy be a fuzzy subalgebra of X1 with
respect to S and s a fuzzy subalgebra of Xo with respect to S. Then u = py X pz is a fuzzy
subalgebra of X with respect to S defined by

(w1, w2) = (p1 X pe)(z1, v2) = S(p1(z1), p2(x2))-

Proof. Let x = (x1,2z2) and y = (y1, y2) be any elements of the BC K-algebra X = X; x Xo.
Then
(@ *y) = p((1, 22) * (y1,y2)) = p(x1 * Y1, T2 * y2)
= S(pa (@1 * 1), po(z2 * y2)) < S(S(pa(21), pa(y1)), S(p2(x2), p2(y2)))
= 5(S(pa (1), p2(w2)), S(ur(y1), p2(y2))) = S(u(r, x2), p(y1, y2)) = S((@), py))-

Hence p is a fuzzy subalgebra of X with respect to S. O
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Now we will generalize the idea to the product of n fuzzy subalgebras. We first need to
n

generalize the domain of s-norm S to [] 0, 1] as follows:
i=1

n
Definition 3.19. Definition 3.19 The function S, : [][0, 1] — [0,1] is defined by

=1
Sn(ahaQa' t ,Oén) = S(ai7Sn—1(a17" Ly 0G—1, 0G4, 0 ,Oén))
for all 1 <7 <n, where n > 2, So =5 and S; = id (identity).

Lemma 3.20. For a s-norm S and every «;,3; € [0,1] where 1 < i < n and n > 2, we

have
Sn(S(ala ﬁl)a S(OQa ﬁQ)a e 7S(ana ﬁn)) = S(Sn(ah Qg, - ,Oén), Sn(ﬁhﬁ% e 76n>)
Proof. Tt can be checked by induction on n. O

Theorem 3.21. Let S be a s-norm and let {X;}7, be the finite collection of BC K -algebras
n
and X = [] X; the direct product BCK -algebra of {X;}. Let u; be a fuzzy subalgebra of

i=1
n
X; with respect to S, where 1 < i <mn. Then p= [] w; defined by
i=1

(@1, 2,0 2y) = (Hui)(xhl‘za coomn) = Sp(pa (1), pa(2), -+, pin(T0))

is a fuzzy subalgebra of the BC'K -algebra X with respect to S.
Proof. Let © = (1,22, -+ ,x,) and y = (y1,¥2, -+ ,Yn) be any elements of X. Then

(@ xy) = pu(z1 * Y1, T2 * Y2, Ty * Yp) = Sn(pa (@1 % Y1), pa(T2 * y2), - fin(Tn * Yn))
< Sn(s(ul(xl),ul (yl))’ S(MQ(xQ)aMQ(yQ))’ T 7S(Mn(xn)nun(yn)))
= S(Sn(p1(x1), p2(x2), - s pn (@), S (1 (Y1), p2(y2), -+ s pin(yn)))
= S(:U’(xlvx% e axn)vﬂ(yhy% e 7y’ﬂ)) = S(LL(I’),‘LL(y))

Hence p is a fuzzy subalgebra of X with respect to S. O
Definition 3.22. Definition 3.22 Let S be a s-norm. Let p and v be fuzzy sets in X. Then

the S-product of p and v, written as [u - v]s, is defined by [ - v]s(x) = S(u(z),v(z)) for all
r e X.

Theorem 3.23. Let i and v be fuzzy subalgebras of X with respect to a s-norm S. Let S*
be a s-norm which dominates S, i.e.,

S(5™ (e, 8), 57(7,6)) = 5™(S(,7), 5(8,9))

for all o, B,7,0 € [0,1]. Then S*-product of p and v, [ - V]s~, is a fuzzy subalgebra of X
with respect to S.

Proof. For any x,y € X we have

(- v]s-(zxy) = S*(u(z *y),v(z*y)) < S*(S(u(x), u(y)), S(v(z),v(y)))
< S(S*(u(x),v(2)), S* (w(y),v(v))) = S([p - v]s=(z), [ - v

Hence [u - v]g+ is a fuzzy subalgebra of X with respect to S. O

9]

*
—
<
=
=

Let f : X — X' be an onto homomorphism of BCK-algebras. If y and v are fuzzy
subalgebras of X’ with respect to a s-norm S, then the S*-product of p and v, [p - V)]s,
is a fuzzy subalgebra of X’ with respect to S whenever S* dominates S (see [Theorem
3.23]). Then by Theorem 3.14, the preimages f~'(u), f~'(v) and f~'([p - v]s~) are fuzzy
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subalgebras of X with respect to S. The next theorem provides that the relation between
(- v]s-) and the S*-product [f (1) - /= (1)]s+ of f~} () and =} ().

Theorem 3.24. Let f : X — X' be an onto homomorphism of BCK -algebras. Let ji and v
be fuzzy subalgebras of X' with respect to a s-norm S. Let S* be a s-norm which dominates
S. If [u- V)]s is the S*-product of p and v and [f~1(u) - f~1(v)]s- is the S*-product of
Y (w) and f~(v), then

=

N—

~

L

—
X

=

0
*

7w vls) = 17X
Proof. For any x € X we get

[F=H (e - Vs )l(@) = i vs- (f(z :
=S (1), [f (@) = [f7Hw) - FH)]s= (),

ending the proof. O

Let o and v be fuzzy subalgebras of X with respect to a continuous s-norm S. Let f be
a homomorphism on X and let S* be a s-norm which dominates S. Then the S*-product
[@ - v]s« of p and v is a fuzzy subalgebra of X with respect to S (see [Theorem 3.23]).
Using Theorem 3.16, u/, vf and ([u - v]s-)? are fuzzy subalgebras of f(X) with respect to
S. Tt follows from Theorem 3.23 that the S*-product [uf - vf]s+ of puf and v/ is a fuzzy
subalgebra of f(X) with respect to S. Now for each y € f(X), we have

(n-vls )= _inf fu-vls-(o) = _in  $*(ula),v(o)
> 5°(_int (o), _inf (@) = 8"l (0,0 @) = [ 75 ().

Hence we have the following theorem.

Theorem 3.25. Let u and v be fuzzy subalgebras of X with respect to a continuous s-norm
S and let f be a homomorphism on X. If a s-norm S* dominates S, then ([ - v]s+)’, the
image of the S*-product of p and v under f, and [u! - v']s-, the S*-product of ' and v’

satisfy the inclusion:

vl s € ([ v]s)T.

REFERENCES

[1] S. M. Hong and Y. B. Jun, Fuzzy and level subalgebras of BCK (BCI )-algebras, Pusan Kyongnam
Math. J. (presently, East Asian Math. J.) 7(2) (1991), 185-190.

[2] S. M. Hong and Y. B. Jun, Anti fuzzy ideals in BCK -algebras, Kyungpook Math. J. 38(1) (1998),
145-150.

[3] Y.B. Jun, S. M. Hong, S. J. Kim and S. Z. Song, Fuzzy ideals and fuzzy subalgebras of BC K -algebras,
J. Fuzzy Math. 7(2) (1999), 411-418.

[4] Y. B. Jun, S. M. Hong and E. H. Roh, Fuzzy characteristic subalgebras/ideals of a BCK -algebra,
Pusan Kyongnam Math. J. (presently, East Asian Math. J.) 9(1) (1993), 127-132.

[5] O. G. Xi, Fuzzy BCK -algebras, Math. Japon. 36(5) (1991), 935-942.

[6] Y. Yu, J. N. Mordeson and S. C. Cheng, Elements of L-algebra, Lecture Notes in Fuzzy Math. and
Computer Science, Creighton Univ., Omaha, Nebraska 68178, USA (1994).

[7] L. A. Zadeh, Fuzzy sets, Inform. and Control. 8 (1965), 338-353.

Y. U. CHO, DEPARTMENT OF MATHEMATICS EDUCATION, COLLEGE OF EDUCATION, SILLA UNIVERSITY,
PusaN 617-736, KOREA
E-mail address: yucho@silla.ac.kr

Y. B. JUN, DEPARTMENT OF MATHEMATICS EDUCATION, GYEONGSANG NATIONAL UNIVERSITY, CHINJU
660-701, KOREA
E-mail address: ybjun@gsnu.ac.kr  icedoor@hotmail.com



18 Y. U. CHO, Y. B. JUN AND E. H. ROH

E. H. RoH, DEPARTMENT OF MATHEMATICS EDUCATION, CHINJU NATIONAL UNIVERSITY OF EDUCATION,
CHINJU 660-756, KOREA
E-mail address: ehroh@cue.ac.kr



