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APPROXIMATION OF COMMON FIXED POINTS OF A FAMILY OF
FINITE NONEXPANSIVE MAPPINGS
IN BANACH SPACES

WATARU TAKAHASHI, TAKAYUKI TAMURA, AND MASASHI TOYODA

ABSTRACT. In this paper, we deal with an iterative scheme for finding common fixed
points of a family of finite nonexpansive mappings in a Banach space. We extend a result
of Bauschke in a Hilbert space to a Banach space and a result of Shioji and Takahashi
for a single nonexpansive mapping to a family of finite mappings.

1. INTRODUCTION

Let C be a closed convex subset of a Banach space E. A mapping T : C — C is called
nonexpansive if ||Tax — Ty|| < ||z —y|| for all z,y € C. We denote by F(T') the set of fixed
points of T. We deal with the iterative process: zqg € C' and

Tp41 = Qp41%0 + (1 - O‘n+1)Tn+1xnv n= 07 1727 R

where T1,T5, ... , T, are nonexpansive mappings of C into itself, Ty,4, = T and 0 < apyq <
1. In 1992, Wittmann [11] dealt with the iterative process for r = 1 in a Hilbert space and
obtained a strong convergence theorem for finding a fixed point of the mapping; see originally
Halpern [3]. Shioji and Takahashi [7] extended the result of Wittmann to a Banach space.
On the other hand, in 1996, Bauschke [1] dealt with the iterative process for finding a
common fixed point of finite nonexpansive mappings in a Hilbert space; see also Lions [5].

The objective of this paper is to obtain a strong convergence theorem which unifies the
results by Bauschke [1] and Shioji and Takahashi [7]. Then, using this result, we consider
the problem of image recovery in a Banach space setting.

2. PRELIMINARIES

Throughout this paper, all vector spaces are real. Let E be a Banach space and let E*
be its dual. The value of f € E* at x € E will be denote by (z, f). We denote by I the
identity mapping on E and by .J the duality mapping of E into 227, i.e., Jo = {f € E* |
(. f) = [|z]]* = |fII*}, x € E. Let U = {x € E | ||z|| = 1}. A Banach space E is said to be
strictly convex if ||z 4+ y||/2 < 1 for 2,y € U. In a strictly convex Banach space, we have
that if ||z|| = Jly|]| = |[(1 — Az + Ay|| for 2,y € E and 0 < A < 1, then @ = y. For every ¢
with 0 < e < 2, we define the modulus §(€) of convexity of E by

. x+y
) =it {1 = B g <1y < 1, e - = ).

A Banach space E is said to be uniformly convex if d(¢) > 0 for every ¢ > 0. A Banach
space E is said to be smooth provided

Ll tyl = o]

t—0 t
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exists for each z,y € U. The norm of E is said to be uniformly Gateaux differentiable if,
for each y € U, the above limit exists uniformly for € U. It is known that if F is smooth
then the duality mapping J is single-valued. Moreover it is known that if the norm of E is
uniformly Gateaux differentiable then the duality mapping is norm to weakstar, uniformly
continuous on each bounded subset of E.

Let C be a closed convex subset of E and let F be a subset of C'. A mapping P of C'
onto F' is said to be sunny if P(Px + t(x — Pz)) = Pz for each ¢ € C and ¢t > 0 with
Pax + 1‘(;5 — P;E) € C. A subset F of C is said to be a nonexpansive retract of C' if there
exists a nonexpansive retraction of C onto F. We know the following [6] (see also [9]):

Theorem 2.1. Let E be a uniformly conver Banach space whose norm is uniformly Gateaus
differentiable, let C be a closed conver subset of E and let T be a nonerpansive mapping of
C into itself with F(T) # 0. Let wg € C and let z; be a unique element of C which satisfies
ze =txg+ (1 —8)T2z and 0 <t < 1. Then {z} converges strongly to a fized point of T as
t = 0. Moreover (zo —y,J(y — 2)) > 0 for all z € F(T). Further if Pxy = limy_q 2 for
each xg € C, then P is a sunny nonezpansive retraction of C onto F(T).

We use this result in the proof of Theorem 3.2.

Let p be a continuous linear functional on [>° and let (ag,a1,...) € 1. We write
pin(ay) instead of pu((ag, a1,...)). We call ;1 a Banach limit when 1 satisfies ||¢|| = pn(1) =
1 and pp(ant1) = pn(an) for all (ag,a1,...) € 1°. Let p be a Banach limit. Then
liminf, e an < p(a) < limsup,_, ., a, for each (ag,a1,...) € [°°. Specially, if a, — p,
then p(a) = p; see [8] for more details.

3. STRONG CONVERGENCE THEOREM
In this section, we give our main theorem. Before giving it, we prove the following:

Proposition 3.1. Let E be a strictly convex Banach space and let C be a closed convex
subset of E. Let S1,S2,...,Sy be nonexpansive mappings of C' into itself such that the set
of common fized points of Si,Sa,...,Sy 15 nonempty. Let Th.T5,... T, be mappings of
C into dtself given by T; = (1 — N\)T 4+ X\iSi, 0 < \; < 1 for each i = 1,2,...,r. Then
{T\,Ts,... T} satisfies (\;—, F(Ti) = iy F(Si) and

m FT)=F(T.T—---T)=FNOT - T)=--=FT— - -T\T,).
=1
Proof. For simplicity, we give the proof of Proposition for r = 2. It is clear that F(Sy) N

F(Sy) = F(Ty) N F(Ty) and F(T,) N F(Ty) C F(T2Ty). We prove that F(S;) N F(S2) D
F(TxTy). Let z be in F(T,T)) and let w be a common fixed point of Sy and S3. Since

Iz —w| = |[A2S2[(1 = A1)z +A1S12] 4+ (1= A2)[(1 = M)z + A.S12] — wl|
< Af[Se[(1— A1)z 4+ MSiz] —w| 4 (1 — X)||[(1 = M)z + M Sz —wl|
< L =A)z+ A S12 —w|
< (1 =Xz — w]| + M||S1z — w|
R E—
we have
Iz —w| = |[A2S2[(1 = A1)z 4+ AS1z] 4+ (1= A)[(1 = X))z + ASiz] — wl|

||SQ[(1 — )\1)2 + /\1512’] — ’LUH
= ||(1—=M)z+ A S1z—w]
1517 — wl.
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By the strict convexity of E, we have Sp[(1 — A1)z + A1 S12]—w = (1= A1)z + A S12—w and
z —w = S1z — w. Therefore we obtain that 2 = S;2 = S32. This completes the proof. [

Now we state our main result.

Theorem 3.2. Let E be a uniformly conver Banach space whose norm is uniformly Gateaus
differentiable and let C' be a closed convex subset of E. Let T1,Ts,... ,T, be nonexpansive
mappings of C' into itself such that the set F = (\i_, F(T}) of common fized points of
T,T5,...,T is nonempty and

r

ﬂF(Ti) =FT,T—--T)=FTNOT - Ty)=---=F(T—y-- - ThT}).
=1
Let {a,} C (0,1) be a sequence which satisfies lim,, oo o, = 0, Znoozl a, = oo and

Yorl i lnr — an] < co. Define a sequence {z,} by xo € C' and

Tpt1 = ant120 + (1 — apy1)Tnpran, n=0,1,2,.. .,
where Ty = Ty, Then {x,} converges strongly to a point z in F. Further, if Pxo =
limy 00 n for each xg € C, then P is a sunny nonexpansive retraction of C onto F.

Proof. We first show that lim, e [|[2gtr — 2u|| = 0. Since F # 0, {x,} and {Thy12,
are bounded. Then there exists L > 0 such that ||zp4r — 70| < Llogyr — anl + (1 —

antr)||Tntr—1 — Tp_1]| for each n = 1,2,.... Therefore we have
i iz
H35n+r - 5572” < L Z |y r — | + H35m+7’ - me H (1 - ak+7’)
k=m-1 k=m+1
n n
< L Z ‘ak—l—r - Ofk| + Hmm—l—r - TmH exXp ( - Z Ofk—l—r)
k=m-+1 k=m+1
for all n > m. This yields limsup,,_,  [|Tntr—@a|| < L Ekoim-u |okgr — k| by D gy ak =
co. Hence by Ziczl |aggr — ag] < oo, we obtain lim, s [|[p4r — 25| = 0. Next we
prove lim, oo |20 — Thgr - Tugr2n]| = 0. It suffices to show that lim, o ||Tngr —

Togr - Tngr2a|| = 0. Since yq — TygrTngr = @pgr(T0 — TngrTpgr—1 ) and im,, o0 oy =
0, we have 2,4 — TyngrTnyr—1 — 0. From

Hl'n+r - Tn+rTn+r71wn+r72|‘ < ||='L'n+r - n+rwn+r71H
+|‘Tn+r$n+r—1 - Tn—l—rT??,—I—r—]xn—l—r—QH

IN

||In+r_ n+r-17n+7’71H

+Hl'n+r—1 - Tn+r—1xn+r—2H

= ||In+r_ n+r-17n+7’71H
+angr—t1||to — Tngr—1Tngr—2l|s
we also have x4, — Tt v Tntr—1Tntr—2 — 0. Similarly, we obtain the conclusion.

Let z' be a unique element of C' which satisfies 0 < ¢ < 1 and 2’ = txg + (1 —
Ot r Togr—1 - T2y From F(TptrTnr—1 -+ Tuy1) = F and Theorem 2.1, {z]'} con-
verges strongly to Pxg of as t | 0, where P is a sunny nonexpansive retraction of C'
onto F. We show limsup,,_, (¢ — Pzo, J(2, — Pxg)) < 0. Let A = limsup,,_, (zq —
Pzxg, J(x,—Pxg)). Then there exists a subsequence {z;} of {z,, } such that A = lim;_, o {xg—
Pz, J(x,; — Pxo)). We assume that n; =k (mod r) for some k € {1,2,... ,r}. Since

k2
l2n; = Toitr - Toit12 HO < llens = Taigr - Toirzn, ||
k
+||Tni+r T Tni+1xni - Tni+7”' e Tni+12t |H2
+llzn, — Zk”]z

INA

(lan; = Toipr - Toirrn,
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and ||2n;, — Toigr - Tn4120, || = 0, we have
illen, = Tuckr+ Tosr 242 < pilln, — 2412
From (1 — t)(2p, — To4r - Tnis12F) = (20, — 2F) — t(xn, — 20), we have
(L= 0 ltn, — Tugr - Tupr 2l > Nfons — 2E? — 2t{2n, — 0, J(wn, — 25))
= (1=2t)]en, — 2|

+2t(xg — 28, J(xn, — 2F))

for each i. These inequalities yield
piteo = =k, I (zns = ) < Spullen, — I
As t tends to 0, we obtain
pi{ro — Pxo, J(n, — Pxg)) <0

because E has a uniformly Gateaux differentiable norm. Hence we have

A = lim (w9 — Pxg, J(vn, — Pxg))
11— 00

= pi{xo — Pag, J(xn, — Pzg)) <0.

Now we can prove {z,} converges strongly to Pzy. Let € > 0. By limsup,,_, (w0 —
Pz, J(z, — Pxo)) < 0, there exists a positive integer ng such that

(g — Pzo, J(xy — Pzg)) < %
for all n > ng. Since (1 — ay,)(Th2—1 — Pao) = (2, — Pxo) — o, (x0 — Pag), we have
(1- an)2||Tn:vn_1 — PxOHZ > |lan — P:E0||2 — 20 {29 — Pxg, J(xy — Pag))
> lwn — P:co||2 — apE
for all n > ng. This yields
[n — Paol|* < (1 = ap)|Town—1 — Paol|* + ane

for all n > ng. Then we have

lea — Paof? < ( i (1= ) n, — Prol* + {1 - 11 (1-a)fe.

k=no+1 k=no+1
Hence by Y72, ar = oo, we obtain limsup,_,.. [, — Paol/? < e. Since € is arbitrary
positive real number, {,} converges strongly to Pxg. a

Remark. When E is a Hilbert space, Theorem 3.2 is the result of Bauschke.

4, APPLICATIONS TO THE FEASIBILITY PROBLEM

In this section, we deal with strong convergence theorems which are connected with
the feasibility problem. Using a nonlinear ergodic theorem, Crombez [2] considered the
feasibility problem in a Hilbert space setting. Let H be a Hilbert space, let C1,C5,... ,C,
be closed convex subsets of H and let I be the identity operator on H. Then the feasibility
problem in a Hilbert space setting may be stated as follows: The original (unknown) image
z 1s known a priori to belong to the intersection Cy of r well-defined sets C7,C5,... ,C,rina
Hilbert space; given only the metric projections P¢, of H onto C; (i =1,2,...,r), recover
z by an iterative scheme. Crombez [2] proved the following: Let T' = apl + 2:21 o;T; with
Ti = (1= X)I 4+ NPe, forall i, 0 < \; <2, a; >0fori=0,1,2,...,r, >\_ja; =1
where Cy = (i_, C; is nonempty. Then starting from an arbitrary element = of H, the
sequence {T"x} converges weakly to an element of Cy. Later, Kitahara and Takahashi [4]
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and Takahashi and Tamura [10] dealt with the feasibility problem by convex combinations
of sunny nonexpansive retractions in uniformly convex Banach spaces.
Using Theorem and Proposition in Section 3, we obtain two results.

Corollary 4.1. Let E be a uniformly convex Banach space whose norm is uniformly Gateaus
differentiable and let C be a closed convexr subset of E. Let S1,S3,... .5, be nonezpansive
mappings of C into itself such that (\;_, F(S;) # 0. Define a family of finite nonezpan-
sive mappings {11, Toy... , T} by T; = (1 = X)L+ \iSi for i =1,2,...,m, 0 < Ay < 1.
Let {a,,} C (0,1) be a sequence which satisfies lim,, oo o, = 0, Z:;l a, = oo and
Yoo |ntr — an| < co. Define a sequence {x,} by zg € C' and

Tpn+1 = Op4120 + (]. — an+1)Tn+1xn fOT‘ all n = 0, 1,2, ey

where Ty = T,. Then {x,} converges strongly to a common fized point z of S1,Sa, ... ,S;.
Further, of Prg = lim, o0 2y, for each xg € C, then P is a sunny nonexpansive retraction

of C onto (i_, F(S:).

Proof. By Proposition 3.1 and Theorem 3.2, we have {z,} converges to a common fixed
point of S1,...,S5,. O

Corollary 4.2. Let E be a uniformly convex Banach space whose norm is uniformly Gateauz
differentiable and let C' be a closed convex subset of E. Let C1,Csy,... ,C, be nonexpan-
siwe retracts of C such that (i_, C; # 0. Define a family of finite nonezpansive mappings
{11, Ty,... ., T} by T; = (1 — \)I + N\iPc;, where 0 < A\; < 1 and P¢, is a nonexpansive
retraction of C onto C;, for i = 1,2,...,r. Let {a,} C (0,1) be a sequence which satisfies
limy o0 ap = 0, 226:1 a, = oo and ZZC:1 |ongr — ap| < co. Define a sequence {x,} by
xo9 € C and

Tpt1 = ant1%0 + (1 — apy1) 170, n=0,1,2,...,

where Tpyr = T,. Then {x,} converges strongly to a point z of ()i, Ci. Further, if
Pxog = lim,—o0 Ty for each xzg € C, then P is a sunny nonexpansive retraction of C onto

ﬂ::1 Ci.
Proof. By Corollary 4.1 and !_, F(Pc,) = (:—, Ci, we obtain the conclusion. |
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