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APPROXIMATION OF COMMON FIXED POINTS OF A FAMILY OF

FINITE NONEXPANSIVE MAPPINGS

IN BANACH SPACES

WATARU TAKAHASHI, TAKAYUKI TAMURA, AND MASASHI TOYODA

Abstract. In this paper, we deal with an iterative scheme for �nding common �xed

points of a family of �nite nonexpansive mappings in a Banach space. We extend a result

of Bauschke in a Hilbert space to a Banach space and a result of Shioji and Takahashi

for a single nonexpansive mapping to a family of �nite mappings.

1. Introduction

Let C be a closed convex subset of a Banach space E. A mapping T : C ! C is called

nonexpansive if kTx� Tyk � kx� yk for all x; y 2 C. We denote by F (T ) the set of �xed

points of T . We deal with the iterative process: x0 2 C and

xn+1 = �n+1x0 + (1� �n+1)Tn+1xn; n = 0; 1; 2; : : : ;

where T1; T2; : : : ; Tr are nonexpansive mappings of C into itself, Tn+r = Tn and 0 < �n+1 <

1. In 1992, Wittmann [11] dealt with the iterative process for r = 1 in a Hilbert space and

obtained a strong convergence theorem for �nding a �xed point of the mapping; see originally

Halpern [3]. Shioji and Takahashi [7] extended the result of Wittmann to a Banach space.

On the other hand, in 1996, Bauschke [1] dealt with the iterative process for �nding a

common �xed point of �nite nonexpansive mappings in a Hilbert space; see also Lions [5].

The objective of this paper is to obtain a strong convergence theorem which uni�es the

results by Bauschke [1] and Shioji and Takahashi [7]. Then, using this result, we consider

the problem of image recovery in a Banach space setting.

2. Preliminaries

Throughout this paper, all vector spaces are real. Let E be a Banach space and let E�

be its dual. The value of f 2 E� at x 2 E will be denote by hx; fi: We denote by I the

identity mapping on E and by J the duality mapping of E into 2E
�

, i.e., Jx = ff 2 E� j

hx; fi = kxk2 = kfk2g, x 2 E. Let U = fx 2 E j kxk = 1g. A Banach space E is said to be

strictly convex if kx + yk=2 < 1 for x; y 2 U . In a strictly convex Banach space, we have

that if kxk = kyk = k(1 � �)x + �yk for x; y 2 E and 0 < � < 1, then x = y. For every �

with 0 � � � 2, we de�ne the modulus Æ(�) of convexity of E by

Æ(�) = inf
n
1�

kx+ yk

2
j kxk � 1; kyk � 1; kx� yk � �

o
:

A Banach space E is said to be uniformly convex if Æ(�) > 0 for every � > 0. A Banach

space E is said to be smooth provided

lim
t!0

kx+ tyk � kxk

t
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exists for each x; y 2 U . The norm of E is said to be uniformly Gâteaux di�erentiable if,

for each y 2 U , the above limit exists uniformly for x 2 U . It is known that if E is smooth

then the duality mapping J is single-valued. Moreover it is known that if the norm of E is

uniformly Gâteaux di�erentiable then the duality mapping is norm to weakstar, uniformly

continuous on each bounded subset of E.

Let C be a closed convex subset of E and let F be a subset of C. A mapping P of C

onto F is said to be sunny if P (Px + t(x � Px)) = Px for each x 2 C and t � 0 with

Px + t(x � Px) 2 C. A subset F of C is said to be a nonexpansive retract of C if there

exists a nonexpansive retraction of C onto F . We know the following [6] (see also [9]):

Theorem 2.1. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux

di�erentiable, let C be a closed convex subset of E and let T be a nonexpansive mapping of

C into itself with F (T ) 6= ;. Let x0 2 C and let zt be a unique element of C which satis�es

zt = tx0 + (1� t)Tzt and 0 < t < 1. Then fztg converges strongly to a �xed point of T as

t ! 0. Moreover hx0 � y; J(y � z)i � 0 for all z 2 F (T ). Further if Px0 = limt!0 zt for

each x0 2 C, then P is a sunny nonexpansive retraction of C onto F (T ).

We use this result in the proof of Theorem 3.2.

Let � be a continuous linear functional on l1 and let (a0; a1; : : : ) 2 l1. We write

�n(an) instead of �((a0; a1; : : : )). We call � a Banach limit when � satis�es k�k = �n(1) =

1 and �n(an+1) = �n(an) for all (a0; a1; : : : ) 2 l1. Let � be a Banach limit. Then

lim infn!1 an � �(a) � lim sup
n!1

an for each (a0; a1; : : : ) 2 l1. Specially, if an ! p,

then �(a) = p; see [8] for more details.

3. Strong Convergence Theorem

In this section, we give our main theorem. Before giving it, we prove the following:

Proposition 3.1. Let E be a strictly convex Banach space and let C be a closed convex

subset of E. Let S1; S2; : : : ; Sr be nonexpansive mappings of C into itself such that the set

of common �xed points of S1; S2; : : : ; Sr is nonempty. Let T1; T2; : : : ; Tr be mappings of

C into itself given by Ti = (1 � �i)I + �iSi, 0 < �i < 1 for each i = 1; 2; : : : ; r. Then

fT1; T2; : : : ; Trg satis�es
T
r

i=1
F (Ti) =

T
r

i=1
F (Si) and

r\
i=1

F (Ti) = F (TrTr�1 � � �T1) = F (T1Tr � � �T2) = � � � = F (Tr�1 � � �T1Tr):

Proof. For simplicity, we give the proof of Proposition for r = 2. It is clear that F (S1) \

F (S2) = F (T1) \ F (T2) and F (T1) \ F (T2) � F (T2T1). We prove that F (S1) \ F (S2) �

F (T2T1). Let z be in F (T2T1) and let w be a common �xed point of S1 and S2. Since

kz � wk = k�2S2[(1� �1)z + �1S1z] + (1� �2)[(1� �1)z + �1S1z] �wk

� �2kS2[(1� �1)z + �1S1z]� wk+ (1� �2)k(1 � �1)z + �1S1z �wk

� k(1 � �1)z + �1S1z � wk

� (1 � �1)kz � wk+ �1kS1z � wk

� kz � wk;

we have

kz � wk = k�2S2[(1� �1)z + �1S1z] + (1� �2)[(1� �1)z + �1S1z] �wk

= kS2[(1� �1)z + �1S1z]� wk

= k(1 � �1)z + �1S1z � wk

= kS1z � wk:
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By the strict convexity of E, we have S2[(1��1)z+�1S1z]�w = (1��1)z+�1S1z�w and

z � w = S1z � w. Therefore we obtain that z = S1z = S2z. This completes the proof.

Now we state our main result.

Theorem 3.2. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux

di�erentiable and let C be a closed convex subset of E. Let T1; T2; : : : ; Tr be nonexpansive

mappings of C into itself such that the set F =
T
r

i=1
F (Ti) of common �xed points of

T1; T2; : : : ; Tr is nonempty and

r\
i=1

F (Ti) = F (TrTr�1 � � �T1) = F (T1Tr � � �T2) = � � � = F (Tr�1 � � �T1Tr):

Let f�ng � (0; 1) be a sequence which satis�es limn!1 �n = 0;
P
1

n=1
�n = 1 andP

1

n=1
j�n+r � �nj <1: De�ne a sequence fxng by x0 2 C and

xn+1 = �n+1x0 + (1 � �n+1)Tn+1xn; n = 0; 1; 2; : : : ;

where Tn+r = Tn. Then fxng converges strongly to a point z in F . Further, if Px0 =

limn!1 xn for each x0 2 C, then P is a sunny nonexpansive retraction of C onto F .

Proof. We �rst show that limn!1 kxn+r � xnk = 0. Since F 6= ;, fxng and fTn+1xng

are bounded. Then there exists L > 0 such that kxn+r � xnk � Lj�n+r � �nj + (1 �

�n+r)kxn+r�1 � xn�1k for each n = 1; 2; : : : . Therefore we have

kxn+r � xnk � L

nX
k=m+1

j�k+r � �kj+ kxm+r � xmk

nY
k=m+1

(1� �k+r)

� L

nX
k=m+1

j�k+r � �kj+ kxm+r � xmk exp
�
�

nX
k=m+1

�k+r

�

for all n �m. This yields lim sup
n!1

kxn+r�xnk � L
P
1

k=m+1 j�k+r��kj by
P
1

k=1 �k =

1. Hence by
P
1

k=1
j�k+r � �kj < 1, we obtain limn!1 kxn+r � xnk = 0. Next we

prove limn!1 kxn � Tn+r � � � Tn+1xnk = 0. It suÆces to show that limn!1 kxn+r �

Tn+r � � �Tn+1xnk = 0. Since xn+r�Tn+rxn+r = �n+r(x0�Tn+rxn+r�1) and limn!1�n =

0, we have xn+r � Tn+rxn+r�1 ! 0: From

kxn+r � Tn+rTn+r�1xn+r�2k � kxn+r � Tn+rxn+r�1k

+kTn+rxn+r�1 � Tn+rTn+r�1xn+r�2k

� kxn+r � Tn+rxn+r�1k

+kxn+r�1 � Tn+r�1xn+r�2k

= kxn+r � Tn+rxn+r�1k

+�n+r�1kx0 � Tn+r�1xn+r�2k;

we also have xn+r � Tn+rTn+r�1xn+r�2 ! 0. Similarly, we obtain the conclusion.

Let zn
t
be a unique element of C which satis�es 0 < t < 1 and zn

t
= tx0 + (1 �

t)Tn+rTn+r�1 � � �Tn+1z
n

t
. From F (Tn+rTn+r�1 � � � Tn+1) = F and Theorem 2.1, fzn

t
g con-

verges strongly to Px0 of as t # 0, where P is a sunny nonexpansive retraction of C

onto F . We show lim sup
n!1

hx0 � Px0; J(xn � Px0)i � 0. Let A = lim sup
n!1

hx0 �

Px0; J(xn�Px0)i. Then there exists a subsequence fxig of fxng such that A = limi!1hx0�

Px0; J(xni
� Px0)i. We assume that ni � k (mod r) for some k 2 f1; 2; : : : ; rg. Since

kxni
� Tni+r � � �Tni+1z

k

t
k
2

� [kxni
� Tni+r � � � Tni+1xni

k

+kTni+r � � �Tni+1xni
� Tni+r � � � Tni+1z

k

t
k]2

� [kxni
� Tni+r � � � Tni+1xni

k+ kxni
� zk

t
k]2
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and kxni
� Tni+r � � �Tni+1xni

k ! 0, we have

�ikxni
� Tni+r � � � Tni+1z

k

t
k
2
� �ikxni

� zk
t
k
2:

From (1 � t)(xni
� Tni+r � � �Tni+1z

k

t
) = (xni

� zk
t
)� t(xni

� x0), we have

(1� t)2kxni
� Tni+r � � � Tni+1z

k

t
k
2

� kxni
� zk

t
k
2
� 2thxni

� x0; J(xni
� zk

t
)i

= (1 � 2t)kxni
� zk

t
k
2

+2thx0 � zk
t
; J(xni

� zk
t
)i

for each i. These inequalities yield

�ihx0 � zk
t
; J(xni

� zk
t
)i �

t

2
�ikxni

� zk
t
k
2:

As t tends to 0, we obtain

�ihx0 � Px0; J(xni
� Px0)i � 0

because E has a uniformly Gâteaux di�erentiable norm. Hence we have

A = lim
i!1

hx0 � Px0; J(xni
� Px0)i

= �ihx0 � Px0; J(xni
� Px0)i � 0:

Now we can prove fxng converges strongly to Px0. Let � > 0. By lim sup
n!1

hx0 �

Px0; J(xn � Px0)i � 0, there exists a positive integer n0 such that

hx0 � Px0; J(xn � Px0)i �
�

2

for all n � n0. Since (1 � �n)(Tnxn�1 � Px0) = (xn � Px0)� �n(x0 � Px0), we have

(1 � �n)
2
kTnxn�1 � Px0k

2
� kxn � Px0k

2
� 2�nhx0 � Px0; J(xn � Px0)i

� kxn � Px0k
2
� �n�

for all n � n0. This yields

kxn � Px0k
2
� (1 � �n)kTnxn�1 � Px0k

2 + �n�

for all n � n0. Then we have

kxn � Px0k
2
�

� nY
k=n0+1

(1� �k)
�
kxn0 � Px0k

2 +
n
1�

nY
k=n0+1

(1 � �k)
o
�:

Hence by
P
1

k=1
�k = 1, we obtain lim sup

n!1
kxn � Px0k

2 � �. Since � is arbitrary

positive real number, fxng converges strongly to Px0.

Remark. When E is a Hilbert space, Theorem 3.2 is the result of Bauschke.

4. Applications to the Feasibility Problem

In this section, we deal with strong convergence theorems which are connected with

the feasibility problem. Using a nonlinear ergodic theorem, Crombez [2] considered the

feasibility problem in a Hilbert space setting. Let H be a Hilbert space, let C1; C2; : : : ; Cr
be closed convex subsets of H and let I be the identity operator on H. Then the feasibility

problem in a Hilbert space setting may be stated as follows: The original (unknown) image

z is known a priori to belong to the intersection C0 of r well-de�ned sets C1; C2; : : : ; Cr in a

Hilbert space; given only the metric projections PCi
of H onto Ci (i = 1; 2; : : : ; r), recover

z by an iterative scheme. Crombez [2] proved the following: Let T = �0I +
P

r

i=1
�iTi with

Ti = (1 � �i)I + �iPCi
for all i, 0 < �i < 2, �i � 0 for i = 0; 1; 2; : : : ; r,

P
r

i=0
�i = 1

where C0 =
T
r

i=1
Ci is nonempty. Then starting from an arbitrary element x of H, the

sequence fTnxg converges weakly to an element of C0. Later, Kitahara and Takahashi [4]
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and Takahashi and Tamura [10] dealt with the feasibility problem by convex combinations

of sunny nonexpansive retractions in uniformly convex Banach spaces.

Using Theorem and Proposition in Section 3, we obtain two results.

Corollary 4.1. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux

di�erentiable and let C be a closed convex subset of E. Let S1; S2; : : : ; Sr be nonexpansive

mappings of C into itself such that
T
r

i=1
F (Si) 6= ;: De�ne a family of �nite nonexpan-

sive mappings fT1; T2; : : : ; Trg by Ti = (1 � �i)I + �iSi for i = 1; 2; : : : ; r; 0 < �i < 1:

Let f�ng � (0; 1) be a sequence which satis�es limn!1 �n = 0;
P
1

n=1
�n = 1 andP

1

n=1
j�n+r � �nj <1. De�ne a sequence fxng by x0 2 C and

xn+1 = �n+1x0 + (1� �n+1)Tn+1xn for all n = 0; 1; 2; : : : ;

where Tn+r = Tn. Then fxng converges strongly to a common �xed point z of S1; S2; : : : ; Sr.

Further, if Px0 = limn!1 xn for each x0 2 C, then P is a sunny nonexpansive retraction

of C onto
T
r

i=1
F (Si).

Proof. By Proposition 3.1 and Theorem 3.2, we have fxng converges to a common �xed

point of S1; : : : ; Sr.

Corollary 4.2. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux

di�erentiable and let C be a closed convex subset of E. Let C1; C2; : : : ; Cr be nonexpan-

sive retracts of C such that
T
r

i=1
Ci 6= ;. De�ne a family of �nite nonexpansive mappings

fT1; T2; : : : ; Trg by Ti = (1 � �i)I + �iPCi
, where 0 < �i < 1 and PCi

is a nonexpansive

retraction of C onto Ci, for i = 1; 2; : : : ; r. Let f�ng � (0; 1) be a sequence which satis�es

limn!1�n = 0;
P
1

n=1
�n = 1 and

P
1

n=1
j�n+r � �nj < 1: De�ne a sequence fxng by

x0 2 C and

xn+1 = �n+1x0 + (1 � �n+1)Tn+1xn; n = 0; 1; 2; : : : ;

where Tn+r = Tn. Then fxng converges strongly to a point z of
T
r

i=1
Ci. Further, if

Px0 = limn!1 xn for each x0 2 C, then P is a sunny nonexpansive retraction of C ontoT
r

i=1
Ci.

Proof. By Corollary 4.1 and
T
r

i=1
F (PCi

) =
T
r

i=1
Ci, we obtain the conclusion.
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