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TREE TRANSFORMATIONS DEFINED BY GENERALIZED
HYPERSUBSTITUTIONS
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ABSTRACT. Sequences of tree transformations offer a convenient method to describe
various manipulations that are commonly performed by compilers and language-based
editors. If the considered tree transformations are described by certain mappings de-
fined on the set of all terms, then sequences of tree transformations can be described by
products of such mappings. In this paper we use extensions of generalized hypersubsti-
tutions to define tree transformations. This allows us to describe algebraic properties
of sets of tree transformations by algebraic properties of the set of all generalized hy-
persubstitutions.

1 Generalized Hypersubstitutions. By {f; | 7+ € I} we denote an indexed set of
operation symbols of type 7 where f; is n;-ary and n; > 1. Let W.(X) be the set of
all terms built up by elements of the alphabet X = {x1,...,2,,...,} and by operation
symbols from {f; | 7 € I'}. Then an arbitrary mapping

o:{filiei} =W (X)

is called a generalized hypersubstitution of type T (see [Lee-D;00], [Den-L;00]). In [Den-L;00]
the following concept of superposition

S™ WA (X)™ 5 Wo(X),m e N,n > 1

of terms was defined for all ¢y,... ¢, € W, (X):
(i) Wt =w;,1 <i<m,then S™(z;,t1,... ,tm) =1
(i) ¢t =y, i >m, then S™(2;,t1,... ,tm) := 2.
(ii1) If t = fi(s1,...,8n,;) for an n; — ary operation symbol f;, then S™(¢,t1,... 1) :=

f;(Sm(s1,t1,... qtm), ,Sm(Sn“th... ,l‘m)).

This kind of superposition means simply to substitute for each occurrence of the variable
z;,1 <1 <m, in the term ¢ the corresponding term ¢;,1 < ¢ < m. If a variable z;,7 > m,
occurs in t, then nothing has to be substituted.

The extension

G WA (X) —s Wo(X)

of a generalized hypersubstitution o is defined inductively by the following steps:
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(i) 6la;] =2 € X,

() 6[fi(tr,- .. vtn)] := S™ (0 (f:), 6[t1]s- . . 6tn.]).

This extension is uniquely determined and allows us to define a multiplication, denoted
by og, on the set Hypg(7) of all generalized hypersubstitutions of type 7 by

01 0¢ 02 1= 01 0 03. (Here o is the usual composition of functions.)

Together with the identity hypersubstitution o;4 which maps each n; —ary operation symbol
fi to the term f;(zy,... ,2,,), one obtains a monoid (Hypg(7); oG, 0iq). If Hyp(r) denotes
the set of all arity-preserving hypersubstitutions of type 7 then Hyp(7) C Hypa(r) forms
a submonoid, since the identity hypersubstitution preserves the arity and since the arity is
preserved under the product og.

We mention that hypersubstitutions and generalized hypersubstitutions can be used to
define the concepts of a hyperidentity and of a strong hyperidentity in a variety V of algebras
of type 7.

Let V be a variety of type 7, let Fr(X) := (W-(X);(fi)ics) be the absolutely free
algebra of type 7, and let Fy(X) := Fr(X)/IdV be the algebra which is relatively free
with respect to the variety V, where IdV denotes the set of all identities satisfied in the
variety V. Sets X of equations of type 7 for which there exist varieties V' with ¥ = IdV are
called equational theories. By Alg(7) we denote the class of all algebras of type 7.

Definition 1.1 Let o be a generalized hypersubstitution of type 7 and let V' be a variety of
type 7. Then
TY = {(t,t") | t,t' € W.(X) and 6[t] = t' € [dV}

a

18 called o V-tree transformation defined by the generalized hypersubstitution o.

Because of &[x] = x for every variable € X and for every tree transformation we have
Ax C TY (where Ax is the diagonal on X). This definition can be generalized to those
tree transformations which map terms of a given type to terms of another type. The most
important tree transformations are those which are induced by tree transducers ([Gec-S;
84])and we may ask for the class of all tree transducers inducing tree transformations of the
form TV .

2 V-proper and V-inner generalized hypersubstitutions. Our next aim is to con-
sider tree transformations by using of generalized hypersubstitutions with respect to vari-
eties V of algebras of type 7 with operation symbols (f;)ier.

Definition 2.1 Let V' be a variety of type 7. A generalized hypersubstitution o of type
7 1s called a V-proper generalized hypersubstitution if for every identity s =~ t of V the
identity &[s] & 6[t] also holds in V. Let Pg(V) be the set of all V-proper generalized
hypersubstitutions. (For the definition of proper hypersubstitutions see [Pto; 94]).)

Definition 2.2 Let V' be a variety of type 7 and assume that 01,09 € Hypa(r). Then
o1 ~v og s o (fi) mo(fi) €IAV for all i € 1.

Clearly, this relation is an equivalence relation on Hypg(7), but in general it is not a
congruence relation. In ([Den-L;01]) the following properties of this relation were proved:

Proposition 2.3 ([Den-L;01]) Let V be a wariety of type 7 and let 01,02 € Hypg(T).
Then the following hold:
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(1) For all 01,02 € Hypg(7) we have o1 ~y 02 & 61[t] = &3[t] for all t € W (X).
(ZZ) IfO'l ~yv o9 then 5’1[5} =~ (5'1[1‘] cldV & &2[5] ~ &z[t] e IdV.

(111) Pg(V) forms a submonoid of Hypa(r) and the set Pg(V) is a union of equivalence
classes with respect to ~vy .

() If o1 ~v o9 then keryoy, = keryoy (where keryo := {(s,t) | s,t € W (X) and
6[s] m &[t] € IdV'} is called the semantical kernel of the generalized hypersubstitution
7). u

Definition 2.4 Let V be a variety of type 7 and assume that o € Hypa(7). A generalized
hypersubstitution o of type T us called a V-inner generalized hypersubstitution of type 7 if
o~y 0iq. Let PA(V) be the set of all V-inner generalized hypersubstitutions of type .

Then we have:

Proposition 2.5 Let V' be a variety of type 7. Then

(1) If o is a V-inner generalized hypersubstitution and if t is a term of type T then &[t] ~

t € IdV.
(1) PE(V) forms a submonoid of Pg(V).

Proof. (i) We proceed by induction on the complexity of the term ¢. If t = 2 € X, then
6[x] = « and thus 6[z] ~ « € IdV.

If t = fi(t1,... ,tn;) is a composed term and if 6[t;] ~ t; € IdV,j = 1,... ,n;, then
o[t] = S™(a(fi),olt1],... ,6[tn;]) = S™(fi(z1,... ,¥n,),t1,... stn;) € IdV. Here we
used the equations [6¢;]]rav = [¢jlrav,[o(fi)lrav = [fi(#1, -+, 2n;)]rav and the defini-

tion of an operation S™ corresponding to S™¢ on the quotient set F (X )/IdV which gives

(57 (o(£:), 511

ooy Ot Dlrav =[1S™ (fi(z1, .oy n, )st1y .« ot )]1av. Then we have 6[t] = ¢t € IdV.

(ii) Assume that 01,00 € P&(V). Then we get (o1 og 02)(fi) = 61lo2(fi)] ~ o2(fi) =

filz1,...,an,) € IdV for every i € I and this means oy oG o2 ~y 04, 50 010G 72 € PA(V).
| |

;From the definition of T and Definition 2.2 the following proposition can easily be
derived:

Proposition 2.6 Let 01,02 € Hypg(7) and let V be a variety of type 7. Then o1 ~v 03
fFTY =TV ]
) oy oo

It o1 € Pg(V) and o3 € Hypg(7), then from 63[t] = t"" € IdV and &1[t"] = t' € IdV
we obtain 01[02[t]] = 61[t"] & t' € IdV and therefore (o1 oG 02) [t] = t' € IdV and thus
(t,t") €T) .4, Thisshows T} oT, CTY, . . Itiseasy to see that the converse inclusion
is also satisfied and therefore we have

TY o). =Ty oo, if 01 € Pa(V).

og10G02
We consider the set Tp,(v) := {TY | 0 € Pa(V)} together with the relational product as

binary operation and with T;;d ={(t,t) |t =t € IdV} = IdV as identity element. Then
we get
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Proposition 2.7 The monoid (Tp,(v); o, T;,d) is @ homomorphic image of (Pg(V);0q,0:4).
A homomorphism is given by (o) = TY for every o € Pg(V) and the kernel of this
homomorphism 1s ~vy. Therefore (TPG(V)?OﬂToKd) 15 1somorphic to the quotient monoid
Pg(V)/ ~v. (Here ~v denotes the restriction of the relation defined in 2.2 to the set
Pg(V).) ]

This proposition shows also that ~y is a congruence relation on the monoid Pg(V). If
every generalized hypersubstitution from Hypg(7) is V-proper, ie. if Po(V) = Hyp(r),
then V is called strongly solid. In this case for every identity s ~ ¢ in V and for every
generalized hypersubstitution o € Hypg(r), the equation [s] = &[t] is also an identity in
V. The set of all strongly solid varieties of type 7 forms a complete sublattice of the lattice
of all varieties of type 7. Clearly, if V' is strongly solid, then Pg(V) = Hypg(7) and then
(Trype(r); © T;/;d) is isomorphic to the monoid Hypg(7)/ ~v.

3 Properties of Tree Transformations defined by Generalized Hypersubstitu-
tions. Let o be a V-proper generalized hypersubstitution of type 7 and let 7V be the tree
transformation defined by . In this section we want to find out in which way properties of
tree-transformations and properties of hypersubstitutions are related to each other.

Theorem 3.1 Let V be a variety of type 7 and let 0 € Pg(V) be a V-proper generalized
hypersubstitution of type 7. Then

(i) TV is reflezive iff o ~v 0id,
(11) TY is symmetric iff 0 oG 0 ~y 0ig,
(1i1) TY is transitive iff 0 og o ~vy 0.

Proof. (i) If T is reflexive, then we get &[t] ~ t € IdV for all t € W, (X). This is valid
also for t = fi(x1,...,2n,),¢ € I and then 6[fi(z1,... ,2p,)] = fi(z1,... ,2n,) € IdV, ie.
lfix, ... yan,)] & Gulfilzr,... ,2q,)] and o ~y 044. If conversely, o ~y 044, then we
have 6[t] ~ t € IdV for all t € W,(X), but this means (¢,¢) € TV and then T is reflexive.
(ii) Since T is symmetric, we have TV = (Tav)i1 and this means (¢,¢') € TV iff (¢,¢') €
(TUV)_I. Therefore, 6[t] = t' € IdV iff 6[t'] ~ t € IdV. Since o is V-proper, we obtain
o[6[t]] = o[t'] = t € IdV and this means 0 og 0 ~v 044.

If, conversely o oG o ~v ;4 and (t,t') € T, then 6[t] ~ ' € IdV and since o is V-proper,
we have &[5[t]] = o[t'] € IdV. Now we use 0 oG 0 ~y oiq and obtain ¢t &~ ¢[t'] € IdV and
this means (#',t) € T} or (t,t') € (T;/)fl. This shows T} C (T;/f1 and the opposite
inclusion can be shown similarly.

(iii) If T(y is transitive, then T;/ o T(y - TUV and therefore TUV o TUV = T;;Ga - T;/. This
means, if (t.') € Ty, _,.i.e. ¢ & (6 00)[t] € IdV then (t,t') € T, ie. t' ~ 5[t] € IdV.

But then (6 0 0)'[t] & 6[t] € IdV for all t € W,(X) and therefore o og o ~y 0.

If conversely 0 og 0 ~y o and (t,t') € TY o TY, then (0 og o) "[t] = ' € IdV and
(0 oG o) [t] ~ #[t] € IdV. This means, 6[t] ~ t' € IdV and so (t,t') € TY. Therefore,
T(y ) TUV - T;/. Thus T! is transitive. [ |

Assume that (¢,#') € TY o (T;/)_l. Then there is a term " € W, (X) such that (¢,#") €
(T;/)_l and (t",t') € T) and this means, there is a term " € W, (X) such that &[t"] ~ t €
IdV and 6[t"] =~ t' € IdV and thus t ~ ' € IdV. This shows that TV o (T‘Y)il C Idv.
Assume now that T is surjective. We want to show the equality TY o (T)V)! = IdV,
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i.e. we have only to show the inclusion IdV C T o (T}Y)~!. Assume that ¢ ~ ¢’ € IdV.
Since TV is surjective, to ¢’ there is a term ¢’ such that (#',#') € TV, i.e. such that
6[t"] = t' € IdV. Then we have also 6[t"] ~ t € IdV and (t",t) € TY | ie. (t,#") € (TYV) L.
Altogether, this gives (¢,#') € TV o (T;/:)_1 and thus IdV C TY o (Tﬂ‘)_1

This shows that for surjective tree transformations we have T\ o (T;/)_1 = IdV.

To show the converse, we assume now that 7)) o (T))™! = IdV. Let t € Wr(X) be
an arbitrary term of W, (X). We have to show that there is a term t' € W, (X) with
6[t =t € IdV. ;Fromt =t € IdV = TY o (TY) ! we obtain the existence of a term
t' € W, (X) such that (#',#) € TV, and this shows surjectivity.

If t =t then 6[t] = 6[t'] and thus with ¢ := &[t] we have 6[t] & t"" € IdV and 6[t'] = t"" €
IdV, &[t'] =~ " € IdV. Thus (¢,#"") € TY and (#',#") € TY and therefore (t,1') € (:TUV)_1 o
T), so Aw,(x) C (TUV)_1 o TY. Assume that TV is injective. Then from (¢,¢") € TV and
(t',t") € T) there follows t = t', i.e. from (¢,t') € (T )~ o T it follows (¢,t') € Aw,(x)
and thus (7)) 1o TV C Ay, (x). So, we see that in the case that TY is injective, we have
(TYYy o1y = Aw, (x) and that this equation forces TY to be injective. Altogether we
have

Proposition 3.2 Let V be a variety of type 7 and let o € Hypg(7) be a generalized hyper-
substitution. Then

(i) TV is surjective iff T o (T)Y) ! = IdV

(i) TY is injective iff (TV )™ o T) = Awr(x)- [ ]

Clearly, for the kernel keryo we have keryo = (T;/)il o TY. In the case that T) is
injective, i.e. if keryo = Ay, (x), it is an equational theory since Ay, (x) is the set of all
equations which are satisfied in every algebra of type 7.

An answer when keryo is an equational theory can be found in [Den-L;01].

Theorem 3.3 ([Den-L;01]) Let o be a generalized hypersubstitution of type 7. Then the
semantical kernel keryo of o with respect to a nontrivial variety V is an equational theory
iff o maps no operation symbol f; (which is n;-ary) to a variable different from xy,--- @, .

|

4 Tree Transformations with respect to Strongly Solid Varieties of Semigroups.
We mentioned already that an identity s ~ ¢ in a variety V is called a strong hyperidentity
if 6[s] = &[t] are identities in V for every generalized hypersubstitution ¢ of type 7 and
that a variety is called strongly solid if every identity in V is a strong hyperidentity in V.
By Definition 2.1 for a strongly solid variety we have Pg(V) = Hypg(7) and in this case
instead of the monoid Tp, (v) we can consider T, (r). By Proposition 2.7 this monoid is
isomorphic to the quotient monoid Hypg(7)/ ~v. In [Den-L; 00] all strongly solid varieties
of semigroups were determined.

Theorem 4.1 ([Den-L;00]) The varieties

Rec:= Mod({z1(2q23) = (x122)x3 ~ 2123 })

and

Viig := Mod({1(zows) = (1’1502):1:37:011% ~ :c%xz R T T2, T1ToT3Ty A T1T3T2Tg ) )

are the only nontrivial strongly solid varieties of semigroups. ]
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Our aim is to apply the results of chapter 3 to these varieties. We start with the variety
Rec. 1t is easy to see that
Hypc;(Z)/ ~Ree= {[00; Jmpecs [Ous]mnees [Tor2a]mpees [Taaw g [UI?}NREC’ [Uzg]NRec} U
{[oei]~ree 11> 2 U{[002;]~p.. | @ Or j is greater than 2}. Here o4 for a term t € W) (X)
denotes the hypersubstitution which maps the binary operation symbol to the term ¢. In-
stead of the congruence classes we may consider only its representatives. The multiplication
o¢ is described by the following table (here the classes are denoted by their representatives).

o Oxq Oxq Oxix9 Oxoxy Ur% 013 Oxisy O-a:i.rj'/
(1>2) (iorj>2)
Ty Oxy Oy Oy Oy Oz Txq Oz Oz;
(1>2)
0-1}2 0-351 0-1?2 0-1?2 0‘1‘1 0-1‘1 0-1}2 U$iv O’Jjjv
(%2 (>2)
Ul‘ll‘Q 0-351 0-1?2 0-1?11‘2 0‘1‘21‘1 O’x‘f Uré U$iv O’JJ{Z‘]‘:
(1>2) (iorj>2)
Oxpxy Oaq Oxy  Ozoxy Oziza Oz2  O0g2 Oz Oxjx;s
(i1>2) (iorj>2)
02 Opy  Opy  Og2 02 Op2 0,2 Oap, g2
(1>2)
O'Ig Ogxq Ogx, O'I:j Urf sz Uzg Oxio 01127
(i>2) (j>2)
SETD) Oz Ozyg Oy Oz; Oz;  Ozyy Oz, Oy
(1>2) (1>2)
Oxixjy T4 Ozq Oxix; Oz
(i or 7 > 2) (i >2)

For the products which do not occur in the table we have

Opimg f 1>2,5=1
Opimy, f 1>2,7=2
Or;z; OG Opory = Oxox; Zf 1= 17] > 2
Crw, if i=27>2
Oriz; Uf 1,7 > 2,

Ozix1 Zf P> 27] =1
Ories if 1>25=2
Orsny OG Og2 = Ouya; if 1=1,7>2
Opye; f 1=2,57>2

Ovia; Uf 4,5 >2,

Opies Uf 1>2,7=1
Opizn Uf 1>2,7=2
Ogizj OG g2 = Ozow; if i=1,7>2
Cruey if =252

Ovia; Uf 4,5 >2,
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o2 if 1>2,57=1
Oviw; 1f 1>2,j=2
Oziz; OG Ogiz; = Oxixj if 1=1,7>2
O 2 if 1=2,7>2
J
Cure; if 0j > 2.

Proposition 2.7 and the fact that the variety Rec is strongly solid imply that the monoid
(Tpe (Reey: 0 Tia) is isomorphic to (Hyp(2)/ ~Ree; 0G,0iq). Our table shows that the set of
all idempotent elements is given by
Idem = {0y, | z; € X}U{JT? | 2 € X} U{0p0n |0 > 2,2 € X} U {00, | J > 2,25 €
XYUdoway; 1,0 > 20 # j. 25,25 € X} U {040}

Further we see that there are no left-zero elements. Every generalized hypersubstitu-
tion of the form o, (for an arbitrary variable x; € X) is a right-zero element. Now we
want to describe the tree transformations corresponding to these hypersubstitutions. By
leftmost(t) and by rightmost(t) we denote the first and the last variable, respectively, of
the term ¢. Tf;elc ={(t,zp) |t € W5)(X) and leftmost(t) = x4},

THee = {(t,xx) |t € W2)(X) and rightmost(t) = x},

T

Ty ={(tt) [t € Wiuy(X)} = Dwiyyx)s
Tcﬁiil ={(t,t") |t € W2y (X) where t¢ is the term dual to t},

(The dual term t? is defined inductively by 2% := z for variables and f(t;,t2)¢ := f(¢%,%%).)
Tf;zc ={(t,2}) |t € W5y(X) and leftmost(t) =z if t ¢ X} U X?,
ngl ={(t,2}) |t € W(3)(X) and rightmost(t) = a; if t ¢ X} U X?,
TR — {(t,2;) |+ € Wi)(X) and if ¢ ¢ X} UXZ, if i > 2.
For : =1 and j > 2 we have
T(fielcx = {(t,xpz;) |t € Wig)(X) and leftmost(t) = =4 if t ¢ X} U X?,
for i =2 and j > 2 we have
T,,Fi‘;; ={(t,zxx;) |t € W)(X) and t ¢ X and rightmost(t) = =1} U X?,
for 1 7> 2 and j = 1 we have
Tﬁiil ={(t,zizr) |t € W)(X) and t ¢ X and leftmost(t) = zx } U X?,
for 1+ > 2 and 7 = 2 we have
ngi; ={(t,zizr) |t € W)(X) and t € X and rightmost(t) =z } U X2,
and for 7,7 > 2
T;j:;j ={(t,z;7;) |t € W2)(X) and t &€ X} U X,
As a second example now we consider the variety Vj;,. Using the identities of Vj;, we
determine all elements of Hyp(2)/ ~v,,,. Instead of the congruence classes we will give a
system of representatives and obtain

Hyp(?)/ ~Voig = {0-1170-902} U {Urfvgrg7o-xlf270-12x170-%j (] > 2)} U {011I2I1709€21112}
U {O-flfil"'l’ik | Uyeee sl > 2,k > 1}U{J£2Ii1"'ﬂ£ik | Uyenn i > 2,k > 1}

U {0$1$2$i1"'1’ik | U, een i > 2,k > 1}U{0-1?2I1Ii1"'1’ik | Uyeon i > 2,k > 1}

U {O-fil"'l’ikl’l |i17... Jip > 2,k > 1}U{0-13i1"'1’ik1’2 | Uyeen i > 2,k > 1}

U {O-fil"'l’ikl’ll’Q | U, een i > 2,k > 1}U{0‘xi1...xikxle | Uyeen i > 2,k > 1}

U (s o n [t ik > 20k > 1Y U {Gan ey a |i0see it > 20 > 1}

U {Garer e an |11y ik > 2k > 1} U {Gaar oepan |irsee it > 20 > 1}

U {Garrnrs, s |10 ik > 2k 2 1} U {0uprrrs womr a1 ik > 2.k > 1}

U {Garmranrt e Lirits e si > 2 > 1HU {Gmimynsmr, Livinse. ik > 2.0 > 1}
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U {O-:L’il’Qa?il"'l’ik i, ilv s 7ik > 27k 2 1} U {O-(Cil"'l’ik | ilv s

We set m := a;, ---a;, and let 7 € {i,1y,...
Hyp(2)/ ~v,,, is given by the following tables.
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e > 2,k > 1)

,ik}. The multiplication in the monoid

oG Oy Ozy Oy2 T2 CEZED SEPES T2 Triwom:
Trq Trq Oy Oxq Oxy Oxq Oxy Ox; Oxrq

Try Trq Oy Oxq Oxy Oxy Oxq Ox; Oxrq

0'1.? Trq (o2 U;vf O'l.g U;vf O'l.g O'sz O-l'f

UT% 0-171 0-172 0-.17% 0-373 0-373 0-.17% 0-.17‘;2 O‘T%
Oxyao Oy O, O-;L‘f U;L‘% Ox12, Oy O-L]:) Orywum
Txomy Oxy Oy Oy O3 Oaoay Ozyao T2 Oxywom
Ur? Trq (o2 O’I;_g O’I;_g O’I;_g O’I;_g O’I;_g Ur?
Txywom Oxy Oy Oy O3 SRR REPYAR T2 Oxywom
Oxaziao Oz Oy g2 02 Oxoxiay Oxizom, O'sz Oxyxozy
Trym Ty Ty Txym Txom Txym Txom Tz;m Trym
Txom Ty Ty Txym Txom Txom Txym Tz;m Trym
Oxyzam Ty Ty Txym Txom Txyxom Oxozim Tz;m Txyzom
Trozim Ty Ty Txym Txom Txoxim Oxyz9m Tx;m Tryzom
Tmay Ty Ty Tmay Tmag Tmay Tmaq Oma; Tmay
Tmazq Ty Ty Tmay Tmag Tmag Tmay Oma; Tmay
Omzixo Ty Ty Tmay Tmag Omaqxo Omarax, Oma; Tmaax
Omaxax, Trq Oy Omax, Omaxsy Omarsmr, Omaxqxs Omaxor,
Orimz; Trq Oy Oximaz, Oxomao Oximaz, Oxomaxs Orimaz,
Tromas Trq Oy Oximaz, Oxomao Oxomao Oximax, Orimaz,
[T Trq Oy Oximaz, Oxomao Oxrimzo Oxomax, Orimzor,
Tromay Trq Oy Oximaz, Oxomao Oxoma, Oximxs Orimzor,
0-171172)71$1 0-171 0’1’2 lemxl O-:CQmIQ O-:L’l:lJle’l O-:L’Ql?lm:lJQ O-:ijl’] 0’1’11’2771171
0’172171m$g 0-171 0’1’2 lemxl O-:CQmIQ O-:L’Q:Clml’Q lexgmxl O-:ijl’] 0’1’11’2771171
Or;x120m Oy Orya  Oxizim Ogx;ram Ogx;x120m Ogx;xom1m Oxizjm Or,x1x0m
Or;o1m Oy Orya  Oxizim Ogx;ram Ox;z1m Ox;ram Oxizjm Or;z1m
Or;xom Oy Oz,  Oxizim Ox;rom Og;rom Ogx;z1m Ox;x;m Ox;x1m
Om Oy Or, Om Om Om Om Om Om

o@ Tyowizo Tx1m Trom Tgqxom Orozim Tma,

UCL’l 0'1»2 0-551 0'1,2 0-551 0'1,2 O-ffil

0'172 0'1»2 O”"’k o-ﬁik O”"’k o-ﬁik 0-5'31

ng Umg 0-'17121@ O-x?k O-Jl?k O-x?k UJJ%

Tyyao Tgoxio Tgim Orom Ogizom Oroxim Tma,

Oroxy Oroxi20 Omdz, Omdg, Omdzor Omdgiza Ogymd

UTJQ UT? 0.17? O-x? UJJ? O-x? UJJ?

Orirar; Ororires  Oximar Ozomey Oxixam Ozomzixs Omzizq,
Oxozize | Ozozizs (dexlxik (dexzxik (dexlexik Umdngclxik Oximda,

Trim Trom Txim Trom Txim Trom Tm

Trom Trom (Ta:,'km (Tzikm (Tz,'km (Tzikm Txim
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Sle Tyoxqaa Txim Tgom Tgqxom Ogxoxim Tma,
Tgizom Tgoxim Tgim Ogom Ogixom Ogxorim Umxlxik
Ororym Oxozim Umdxlxik O'mdxzxik O'mdxlexik Umd([lfﬂzftik Oxim
Umxl Ume Umxl Umxg Um$1 Umxg Um$i1
Tmao Tmao Tm Tm Tm Om Tma,
Tma,xo Tma, xo O_mzlzik O_mrgrik O_mzleT_ik O—mrgrlrik Tma,
Omarar; Omer,x, Oma; Omaxy Omear; Omz,rs Omzizq,
Orimaz, Troma, Txymaz, Oromaa Tximaz Oromzo O-mr,jl
Tromao Tromas O_zikm O_T.ikm O_T_ikm Urikm Tgqymaq
0-1’1771172 O-CL’Qm:L’l:L’Q lem ngm 0-1711727)’1 Uﬁgﬁlm Umxl
Oroma, Oromzias Omd g, Omdgq Omdzoz, Omdziaq Oy md
0’1’11’2771171 0’1’2:1]17711’2 lemxl ngmxg O-:L’l:lJle’l 0-$3$1 mxso Umx1$i1
Orozimzo Oxozimzo O-m’lxlxik O-mdxzxik (dexyclxik (de(Cl(CQ(Cik Tzymaz,
Ox;xq100m Ox;xq100m Or;z1m Ox;rom Ox;xir0m Oxixorim Ox;z1m
Or;xz1m Or;xom Or;z1m Ox;rom Ox;x1m Oxirom Ox;m
Or;xom Or;xom Or;m Ox:m Ox;m Oxim Ox;x1m
Om Om Om Om Om Om Om
o@ Tmzo Omzxo Tmzox, Ozimaz, Tromrs Trymaxo
O, Oz, Ozy, Oz, Oy Oxs Oz,
0-1/’2 0-1/’2 ng Url 0-901 UI2 0-902
O’If 0-1/,'2 O-I2 0-172 O-I2 0-172 O-I2

i2 i i 1 > 1
T2 Ox2 Ox2 O g2 Oz2 Ox2 Ox2
[ Orimas Ome,xs Omeox; Ozyme; Oromas Ozimas
0-1,21,1 UIde O-IQI1 md UI]Ide O-I1 de‘l UIdeIQ O-IdeI‘l
O-z? O-z? O'IJ? O-z? O'IJ? O-z? O'IJ?
Ty wom O-ngr,jl O-mzngril (7ng1311:,:1 Ozimaz, Tromrs Orimzox
Orox 2o Ogomizg Ozomizizs Oximizor Ozimdzy Oromdrs Oromizr o
O-Ilm O-m 0-777, O-m O-‘I'lm O-IQTII O-‘I'lm
Trom Trom Tgom Teim Tgxim Trom Tgom
Ty xom O_m17217ik O_mrlrgrik O_mIQIlzik Tgxim Trom Ogi 2o
Ux2x1m O-CL’Qm a-xgﬁlm 0’1’1:1]2771 lem O-CL’Qm a-xgﬁlm
Tma, O'mapil a'mxil O'mapil Oma, Tmas Oma,
Omas Omas Omas Oma, Oma, Tmazs Omaxs
Omazyixo Omaxq2 Omzyixo Omrar Omazy Omas Omaxqxo
Omaxar, O-mmgmh o-mmg.rl.rh Oma, Ty, Oma, Omas Omazor,
Tyyma, O_ngl O_mril O_ngl Ogxyma, Tromrs Ogxyma,
Oromas Oromas Oxomas Orima; Ozyme; Oromas Oxomas
Trimeo Tmazs Omezi o Trimay Ogzima, Tromes Ogromaa
Oromae, O zomd Ozorymd Ox1xomd Ozymzx; Oromas Oxome,
T zome, Omaqw;, Oma,zowi, Omaox iz, Ogzima, Tromes Ogizome,
Ororimes | Txoma Ozorimas Orixoma, Ozyma; Oromas, Ogorimay
Orizirom Ogx;rom Og;x10om Ox;xom1m Ogx;e1m Ogx;rom Og;x100m
Ox;x1m Or;m Oz;m Or;m Ogx;e1m Ogx;rom Ogx;e1m
Ogx;rom Ox;rom Ox;xom Ox;x1m Ogx;z1m Ox;rom Og;xom
Om Om Om Om Om Om Om
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oG Ozoma, Ozizoma; Ozozimas Oz,z130m Oz;z1m
Oy Ozq Ogy Ty T, Ou;
O'x% O-o:f O’x% O'xg 0'0512 0'1.?
0'm§ O'_T% O'm% 0'm§ O.szk OT?k
Ozqi2o Ozoma Ozizomay Ozozimas Oz,z130m Ozizim
Ozawy lemde O—xlrnde:Ul Umedxl:vg (77nd:l:2:vlo:i (dexlsc,
T2 052 052 T2 g2 052

J J J J J J
Oxqwomy Ozomayzo Ozqzomay Ogozimasg Ogiz1moma; Ogizyma; Ozizoma;
Owowyws Urlmdexl lemdx2$1 lemdxlwg o’mda:ixlzgojik o'mda;ixlz‘ik o‘mdx{rgxik
Oz1m Ozom Oz1m Ozom Tz;m Oz;m Oz;m
Ozom Oz1m Oz1m Ozom O'xikm O'xikm O'x{km
Ozizom Ozyzim Ozizom Ozuozim Oz;z132m Oziz1m Oz;zom
Ozoxyim Ozyzom Ozyaom Ozyaym 07ndx2x1xixik Umdxlxixik amdx2xixik
Omae, Omaz, Omaz, Omaeo Ome; Oma; Omaz;
Omey Omaz, Omaz, Omaey Om Om Om
Omzyzs Omazyzy Omazyz, Omzyzy U7nxixlx2xik Umo:i:leik O'm:cixz:vik
Omaeox; Omazizo Omaor, Ome, oo Omeqzia; Omazqz; Omaqx;
Ozimz; Ozomasy Ozyme; Ozomesy Oz,ma; Oz;ma; Oz, maz;
Ozomesy Ozyma; Ozyma; Ozomey O'xikm Uxikm O'xik m
Ozimeo Ozoma, Ozizoma; Ozozimas Oz,z130m Oz;z1m Oz,zom
Ozome, Ozymaso Ozyzoma; Ozoziman Oz,z1z0ma; Oz;z1maz; Oz,zoma;

Ozizoma;
Ozozimas
Oz,z120m
Oz,z1m
Oz,zom

Om

This calculation gives us the set of all idempotent elements of Hyp(2)/ ~v;

Ozyzimas
Ozyzoma;
Oz;zox1m
Oz;zom
Oz;z1m

Om

Ozizoma;
Ozizoma;

Oz;zy20m

Ozuozimas
Ozozimas

Oz,z0z1m

O'xik ToTT;Mm
Oz,z1x0ma;

Oz,z1x0m

Oz;z1m Oz;zom Tz;m

Oz;z1m Oz;zom Tz;m

0-771 O'm O'm
oG Om oG Om
Tg, TS Oma, Oma;,
Oz, Oxq, Oma, Om
0’1}% (Tz,l Tmaxqxo Tm
2 le?k Omazox, Oma;,
Oryx Om Oxyma, Omaxy,
Oxpzq T md Tromas Urikm
0-1;]2 0-3:12 0-1?1 mxo Um
Oxiao01 | Omay, Oxoma, Oma;,
Oroxi2o Umdmik Oxixome, Ozi,m
Trim Tm Ogorimas Oma;,
Orom Ozim Og;x120m Oz:m
Oxyzom Om Ox;z1m Oxim
Troxim Oz m Ox;zom Oxim
Om Oz

O—l‘ik TyT;m
Oz;z1ma;
Oz;z1m
Oz;m
Oz;m

Om

O'xik Tox;m
Oz, zoma;
Oz,zom
Oz;m
Oz;m

Tm

big*

Idem = {o,, | 7, EX}U{O’xlz | 2 GX}U{UrMZ}U{JgE? | 7€ {iyin, ik}, 0,01, ik

> 27 k 2 ]‘} U {0-‘1}11}21}1‘,0-.1}21}11}2} U {0-.1'17IL7 O—‘EI‘EQTYL*, O-"L.I‘Q‘,O-"l.’llll‘27 0-.’L'17nl'1 b O—‘L'QTYL‘L'21 0-‘1}1"1“1}2‘,
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Ozizomeys Oxozymzys Om | m =y - fik;ilv cee g > 2, k> 1}U {O'xixlrzm | M= Ty =Ty
Gty ... i > 2,k > 1}

Now we want to describe the tree transformations corresponding to these hypersubsti-
tutions.

Toi? ={(t,21) |+ € Wy (X) and leftmost(t) = 21},

Tori = {(t,a) | t € Wigy(X) and rightmost(t) = @},

Vz

Torit, = {8 1) [ 1€ Wio)(X)} = By (),

;/:;1 = {(t.t) | t € W(2)(X) where t? is the term dual to t},

Vl”g ={(t,27) |t € W5)(X) and leftmost(t) = x4 if t ¢ X} U X2,

Vb“ ={(t,23) |t € W(z)(X) and rightmost(t) = oy if t ¢ X} U X?,
Tgb;g‘j> 2) ={(t,2%) [t € W()(X) and if t € X} U X?

;l/:l’iﬂl = {(t,txp) |t € W(3)(X) and leftmost(t) = =, if t ¢ X} U X2,

;/:;ilm2 = {(1‘ zpt) |t € W(Z)( ) and rightmost(t) =z, if t ¢ X} U X2
Form=w; -2 01, - ,ig > 2,k > 1 we have
T;jf’l’gm =A{(t,zpm) |t € Wi5y(X) and t ¢ X and leftmost(t) = 2} U X?,
T;/:;Zn ={(t,zpm) |t € W(3)(X) and ¢ ¢ X and rightmost(t) = 2} U X?,
Ty = {(t,tm) |t € Wz)(X) and # & X} U X2,
Tp . = {(t.t%m) |t € Wp)(X) and t ¢ X} U X2,

- {(t,mzp) |t € Wi5y(X) and ¢t ¢ X and leftmost(t) =z} U X2,

Oy

TVb’g = {(t,maxp) |t € Wi5y(X) and t ¢ X and rightmost(t) = .} U X?,

Tave = {(t.mt) |t € Wip)(X) and ¢ ¢ X} U X2,

Tphie ., = {(t,mt?) |t € Wy)(X) and t ¢ X} U X2,

T;/:l’iwl = {(t,xpma,) |t € W(3)(X) and ¢t ¢ X and leftmost(t) = zx} U X?,
T;/:;ZNQ ={(t,xpmz,) |t € W)(X) and t ¢ X and rightmost(t) = 25} U X?,
T;Z’l’gmw = {(t, gqmx;, ) |t € Wiy (X) and t € X and ¢ is of the form gz, where

q=aj v, FUX?
T;f;gm“ = {(t,xj,mq?) |t € Wy (X) and t ¢ X and t is of the form gz, where
q=wj, a5 w5, FUX?,
‘ x’fiQmml = {(t.tma,) [t € W(3)(X) and ¢ ¢ X and leftmost(t) = x,} U X?,

Tg:;ilmrl ={(t,tma,) | t € W(3)(X) and t € X and rightmost(t) = z,} U X2,
= {(t,xitm) |t € Wgy(X) and t ¢ X} U X?,

Viig

T;?Zilm =A{(t,zjx,m) |t € W(z)( X) and t ¢ X and leftmost(t) = x,,i > 2} U X2,
Txbikm ={(t,z;z,m) (X) and t € X and rightmost(t) = 2,,i > 2} U X2,

Ty = {(t,m) | t € W5 (X) and t ¢ X} U X2,
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