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UNCOUNTABLE LEVEL SETS OF LIPSCHITZ FUNCTIONS AND
ANALYTIC SETS
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ABSTRACT. We show that a subset of the interval [0, 1] is an analytic set with Lebesgue
measure zero if and only if it coincides with the set of values of uncountable order of
some Lipschitz function from [0, 1] into [0, 1].

1. INTRODUCTION

Let f:[0,1] — R. A value y of the function f is said to be of uncountable order if the
set f71({y}) is uncountable.
The characterization of the set of points where level sets of continuous functions are un-
countable is a very old result of S. Mazurkiewicz and W. Sierpinski ([5], [4]). Their charac-
terization is as follows.

Theorem 1.1. A subset of the interval [0, 1] is analytic if and only if it coincides with the
set of values of uncountable order of some continuous function from [0, 1] into [0, 1].

Recently, in a joint paper with U. B. Darji, we have characterized the set of points where
level sets of C'! functions are uncountable [3]. Our result is as follows.

Theorem 1.2. A subset of the interval [0, 1] coincides with the set of values of uncountable
order of some C' function f :[0,1] — [0,1] if and only if it is analytic and its closure has
Lebesgue measure zero.

In this paper we characterize such sets for Lipschitz functions. Our characterization is
as follows.

Theorem 1.3. Let M be a subset of [0,1]. Then M is equal to {y : f~'({y}) s
uncountable} for some Lipschitz function f:[0,1] — [0,1] if and only if M is an analytic
set with Lebesgue measure zero.

2. UNCOUNTABLE LEVEL SETS

We proceed towards the goal of this paper.
We first need few definitions and terminology. Throughout, A denotes the Lebesgue measure,
and m and my denote coordinate projections.

Definition 2.1. Let f be a Lipschitz function on a closed interval I. By Uy, Dy and Z(ﬂl)
we denote the sets

{y: f7'({y}) is uncountable},
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{x: f is differentiable at v}
and
{e €Dy f V() =0},
respectively.

Theorem 2.2. ([2]: Lemma 1) If f is a continuous function of bounded variation on [0, 1],
there exists a homeomorphism h of [0,1] onto itself such that f o h is a Lipschitz function.

Definition 2.3. A box is a set of the form I x J where I, J are compact intervals.

Definition 2.4. Let I be a closed interval. Then, we use I, Iy, I to denote the left third,
maeddle third and the right third intervals of I, respectively. If B = 1 x J is a boz, then
B, =1, xJ, By =1y xJ, and B = Ig x J. We call By, By, Br the vertical splitting
of B.

Definition 2.5. Let B be a boz. A continuous function f is diagonal to B if the restriction
of f to B is a linear function which passes through the diagonal corners of B.

Definition 2.6. A continuous function f is said to be jagged inside box B if f is diagonal
to each of By, By, Br.

Henceforth, we shall denote by C'BV continuous functions of bounded variation, and,
given a CBV function f, we shall denote by V(f) its variation.

Lemma 2.7. Let I = [a,b], J =[c¢,d], B=1xJ and € > 0. Let {C;}ien be a sequence
of closed subsets of J, let A be a subset of J with \(4A) =0 and AN C; £ B, for every i.
Then, there is a CBV function f from I onto J and there is a sequence {G;}ien of countable
collections of boxes contained in B such that

1. the variation of f on I is less than A(J) + e,

2. f'({y}) is countable for ally € J,

3. f(@) =c, f(b) =d,

4. f is linearly jagged in each B' € U2,G;,

5. if i # j, then G, N G; =0 and U2, G; is a pairwise disjoint collection,
6. ANC; Cma(UG;) and ma(BYNANC; £ 0 for all B' € G;, and

7. diam(B') < € for all B' € G;.

Proof. We will construct a sequence {fj }ren of CBV functions whose uniform limit is the
desired function.

Let fo : I — J be a linear function which satisfies Condition 3 of the Lemma. Let
Ji,Jy, ..., JE ... be a sequence of non-overlapping closed intervals contained in J with
the following properties:

a. ANCy CU JHL AnCinJl #0,

b. S0 AMJY) < 55 and AM(fy ' (J}) < €.
Let I} = fo_1 (J1). In each of I}, replace fo by an appropriate continuous function which
is jagged in (I} x J})p, diagonal to (I} x J})p; and diagonal to (I} x J!)g. Let fi be the
resulting continuous piecewise linear function and let G; = {(I} x J}!) : 7 € N}. Then, at
the end of stage 1, the following properties are satisfied:

(i) f1 is a continuous function linearly jagged inside each B’ € G; with fi(a) = ¢ and

fl (b) = dv
(i) [f({yD) <5 forally € J,
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(iii) f1 is a CBV function and

V(fi)

IA

Vifo)+5- 3 A

< V(fo)+5 —

o

= M)+

(iv) ANCi C 7 (UGr) and m(B')NANC # 0 for all B’ € Gy,
() |l = follo < Xiey MJH) < 5.

Let us now construct f,. Let JZ, JZ.....J% ... be a sequence of non-overlapping closed

intervals contained in J such that

a. either there is i’ such that J? C .J} or J? does not overlap with any J!, s € N,

b. ANCy CUR,JZ, ANCyN JE # 0,

c. SS2LAJE) < £55 and M(fy ' (J2)) < 5.
Now, if there is i’ such that J? C J}, we let I? = f7'(J?) N (I})r, otherwise we let
I? = f71(J?). Let f, be the modification of f; on U;I? x.J? as earlier and G = {(I? x.J?)1, :
i € N}. Then, at the end of stage 2, the following properties are satisfied:

(i) f2 is a continuous function linearly jagged inside each B’ € G,, with f2(a) = ¢ and
f2(b) = d,
(i) Ify "({yh) <5+ (2 1) -4forallyec ],
(iil) f2 is a CBV function and

V(f1)+5- > NJP)

=1

V(f2)

IN

(iv) ANCy C w3 (UGy) and m (B )N ANCy # 0 for all B' € Gy,
(V) If2 = fillo € 22 MJP) < 555

Now let us assume that we are at stage k > 1, fr and G have been constructed so that the

following properties are satisfied:

(1) fr is a continuous function linearly jagged inside each B’ € Gi, with fi(a) = ¢ and
fi (b> =d,,
(i) 1fe (wh <5+ (k—1)-dforall y € J,
(iil) fx is a CBV function and
, €
V(fK) <V(fr-1) + 55
(iv) ANCy C m2(UGk) and me(B') N ANCy # ) for all B’ € Gy,
(V) e = frmrllo < 32, ACTF) < 55

Let us now construct fr4q1. Let Jlk'H, JQk'H7 ..., JEF1 . be a sequence of non-overlapping

closed intervals contained in J such that
a. either there is 7’ such that Jik+1 C Jk or Jz-k+1 does not overlap with any J¥ s € N,
b. ANCrer CUZR, T AN Cryn I £0,
¢ L M) < g and A(FTN(IFTY) < 5

(3
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Now, if there is 7’ such that Jl-k"'l C JE, we let IZ-k'H = fk_l(JikH) N (I5) R, otherwise we
let Il-k'H = fk_l(Jf'i'l). Let fr41 be the modification of f; on Uilik"'l X Jik'H as earlier and
Gry1 = {(IFT < JFY i e N}

Now, it is easy to verify that fr4; satisfies all induction hypotheses of stage & + 1 except
(74i). In order to prove (i7i) we notice that

V(fie) < V() +5- > M)

€

< ‘(fk) +5'5,27k+1

_ €
Vi) + Gegi

By (v), we have that {fi} converges uniformly to some continuous function f. By (7i7) we
have that

V() < M) +e.

Hence, f is of bounded variation. Clearly, f satisfies the required conditions. U

Definition 2.8. We will use 7,0 etc. to denote an element of NV (= finite sequences of
elements of N) or NN, We use |o| to denote the length of o and, if |o| > k, then o|k to
denote the restriction of o to the first k coordinates, and o(k) to denote the k—th coordinate
of o. If o 15 a finite string and k s a positive integer, then ok denotes the concatenation

of o followed by k.

Proposition 2.9. Let A C [0,1] be an analytic set with \(A) = 0. Then, there is a CBV
function f:[0,1] = [0,1] such that

(1) f7({y}) 1s uncountable for all y € A, and

(i) f~1({y}) is countable for all y ¢ A.

Proof. As A is an analytic subset of [0, 1], we may obtain a Suslin scheme [1] {C;},encw
such that

(a) each of C; is a closed subset of [0, 1],

(b) for each o € NV, Colit1 € Cop, and diam(Cy)p) < 2%,

(c) A=Ugerw N7Z; Copi-
We will construct the desired f as the uniform limit of a sequence of continuous functions
{frtren. Let fo :[0,1] — [0, 1] be the identity map and let Gy = {[0,1] x [0, 1]}. Applying
Lemma 2.7 to B = [0,1] x [0, 1], {Cy1}pern , A and € = %7 we obtain a function f; and a
sequence of countable collections of boxes {H;};en which satisfy the conclusion of Lemma
2.7. Let Gy = {B}, Bl : B’ € H, for some i}. For each B’ € H,, define ¢1(B}) = ¢1(Bjy) =
i. Note that ¢ is well-defined as H; N H; = () for ¢ # j. Then. fi, ¢; and G satisfy the
following conditions:

1. f1 is a CBV function with V(fi) <1+ %,

f1 = fo outside =y (UGy),
fl_l ({y}) is countable for all y,
Gy is a pairwise disjoint collection,
f1 is diagonal to each B’ € Gy,
foreach o € N', ¢ ({¢}) is a countable collection of boxes and ANC, C 72 (U, ' ({o})),
and if B’ € o7 ({o}), then my(B') N ANCy # 0, and
for each B' € Gy, diam(B') < %

O Ot N

-~
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Now, suppose that we are at stage k > 1 and a function f;, a countable collection of boxes
G contained in the unit square and a function ¢ : G — N have been constructed such
that:

fr is a CBV function with V(fz) < 1+ ELI %,

fi'({y}) is countable for all y,

fr = fr—1 outside w1 (UGy),

Gr is a pairwise disjoint collection,

fr is diagonal to each B’ € G,

for each o € NF, ¢>;1({J}) is a countable collection of boxes and ANC,; C ﬂ'Q(Ucf)k_l ({e})),
and if B’ € 95;1 ({o}), then (B )N ANC, # D,

for each o € N¥, Ugi ' ({o}) C Ui ({o](k — 1)}),

for each B’ € Gy, diam(B’) < 35, and

for each B’ € Gp_; with 7 = ¢,_1(B’) and for positive integer m, we have that if
72 (B') N Cryy # 0, then for each y € AN Crp, N 72(B’), there are two disjoint boxes
By, B; € G with ByUB; C B’ such that y € m3(B1)Nm2(B2) and ¢x(B1) = ¢x(B2) =

Tm.

BN

© 0

Let us now define fry1. Enumerate Gy as By, Ba,.... Let | > 1 and ¢ = ¢p(B;). If
there is no 7 so that ma(B;) N AN Cy; # 0, then we let gy = fr on 7 (B;). Otherwise,
we apply Lemma 2.7 to By, ma(Bi) N Cpi, 1 = 1,2,... (listing only the non-empty ones),
ANmy(B;) and € = Z,H]—H_,, and obtain a function g; and a sequence of countable collections
of boxes {H!};en which satisfy the conclusion of Lemma 2.7. For each B’ € H!, define
¢2+1(B'L) = gbiJrl(B}%) = oi. We do this for each [ and let fr41 = fi outside U2, 71 (By)
and fr41 = g1 on m(B;). We let Gpq1 = {B},BRr : B' € /Hé for some 7,1} and let ¢r41 be
the union of all the partial q52+1. These fr41.Gk+1, Pk+1 satisfy the induction hypotheses.
As fr41 is continuous and modified only inside boxes of stage k& and these boxes have
diameters less than 2% we have that {fi}ren converges uniformly to some continuous
function f. By induction hypothesis 1, we have that f also is a CBV function.

Let us now show that f~'({y}) is uncountable for y € A and countable otherwise. We shall
prove that y € A if and only if f7'({y}) is uncountable.

(=) Let y € A. Let 0 € NV be such that y € Ni=1Csk- Applying induction hypothesis
9 at stage k = 1 with B = [0,1] x [0,1], we may obtain two disjoint boxes B and B in
Gy such that y € m(BY) N 72(BY) and that ¢1(BY) = ¢1(BY) = o|1l. Now suppose that
k > 1 and we have 2F many pairwise disjoint boxes BY, o € {0,1}* with each BY € G,y €
Nagfo,1}+ 72 (BY) and ¢r(BY) = o|k for all a. Applying induction hypothesis 9 at stage k+1
to each BY, for a € {0, 1}*¥ and m = o(k+1), we obtain an analogous appropriate collection
of boxes at stage k+ 1. Now, it is easy to verify that the Cantor set U, eqo 1y~ N2y ™1 (Bilk)
maps to y under f.

(<) Let f~'({y}) be uncountable. As f = fi outside 71 (UG, ) and f; ' ({y}) is countable,
we have that there is By € Gy such that By contains uncountably many points of the graph
of f whose second coordinate is y. Let Iy = ¢1(B1). By a similar argument, there has
to be By € G such that By contains uncountably many points of the graph of f whose
second coordinate is y and By C By. By induction hypotheses 4 and 7, we have that

@2(B2) = (I1,13) for some l3. Continuing in this fashion, we obtain a sequence of boxes
{ By }ren and a sequence of integers {I; }ren such that y € 7o(By), By € G, Biy1 C By and
¢k(Bi) = olk where 0 = (I1,13,...). From Condition 6 we have that mo(Bx)NANCyp # 0,

and from Condition 8 that diam(By) — 0 as k — oo. Hence, y € N2, Cy;. Therefore,
y € A. O
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Proposition 2.10. Let A be an analytic subset of [0,1] with N(A) = 0. Then, there is a
Lipschitz function f :[0,1] — [0,1] such that

(i) fr({y}) 1s uncountable for all y € A, and

(i) f~1({y}) is countable for all y ¢ A.

Proof. By Proposition 2.9 there exists a CBV function ¢ : [0,1] — [0, 1] such that ¢ '({y})
is uncountable for all y € A and countable otherwise. Applying Theorem 2.2 we obtain
a homeomorphism & from [0, 1] onto [0,1] such that g o h is a Lipschitz function. Now,
f = goh is the desired function. O

Proposition 2.11. Suppose that f : [0,1] — R is a Lipschitz function. Then, the set of
points where level sets are uncountable 1s an analytic set with Lebesgue measure zero.

Proof. By a very old result of S. Mazurkiewicz and W. Sierpinski [5] Uy is an analytic
set. Let Ufl ={y € Uy : 2y € Dy with f(zy) = y}. As f is Lipschitz, it follows that
AU\ Ufl) = 0. As for every y € Uy f~'({y}) is uncountable, it contains a perfect set and
hence it is clear that for every y € Ufl it is z, € ZN(fyl). Let Ufz be the set of all points
in U;" which are not a local extremum of f. As Ug' \ Uf” is at most countable, it has
Lebesgue measure equal to zero. Let € > 0. For every y € Uf2 choose a sequence {py .k }ren
converging to x, such that, for every k,

(i) the image under f of the semi-open interval J, ; containing », and having as end-

points x, and p,  is a non-degenerate interval, and

(i) 1f(zy) = f(Pyr)l <e-lry —pyil
Let, for every y € Uy? and for every k, f(J, 1) = [f(ay.x), F(by x)]. Now, V, = {[f(ay.x), F(by 1)) ren
is a family of non-degenerate intervals containing y and with diameters going to zero. Let
V =Uyep,2V,. Clearly, V is a Vitali covering of Us?. By the Vitali covering theorem ([1]),
there exists a countable sub-collection of pair-wise disjoint intervals {[f(ay; &; ), f(by: k)] ienw
such that /\(Uf2 \ UL [ flay; & )y by, k:)]) = 0. The collection {I;}ien of closed intervals
having as end-points ay, 5, and by, r, is pair-wise disjoint since so is {[f(ay, &, ), f(by; .k, )] }ien-
Moreover, we have that

|f(ayi,ki) - f(byi,ki)
< |f(a’yi7ki) - f(xyz) + |f($y1) - f(byi,ki)

< € (|aylk — Ty, |+ |‘Lyl - byi,ki )

B

Therefore,
Z |f(ayiyki) - f(byivki)
< Z(W(ayﬁw) = flay )l + 1 f(xy) = fby; k)

(|ayi7k«' - xyi| + |xyi - byi-,ki|)

IA
.Mg

1

IN

N

m s
I

Hence, A(Uy) = )\(Ufz) < 2-¢, for every e.
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Theorem 2.12. Let M C[0,1]. Then the following are equivalent:

1. M is an analytic set with A\(M) =0,
2. there is a Lipschitz function f from [0, 1] into [0,1] such that f~'({y}) is uncountable
for every y € M and countable otherwise.

Proof. (1) = (2) This is Proposition 2.10.
(2) = (1) This is Proposition 2.11. Ol
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